“Frontmatter” 

The Engineering Handbook. 

Ed. Richard C. Dorf 

Boca Raton: CRC Press LLC, 2000 




The Engineering Handbook 




CMC. PRTAS 



CMQfTAi. DATA 





Library of Congress Cataloging-in-Publication Data 

The engineering handbook [computer file] / Richard C. Dorf, [editor-in-chief].— CD-ROM 
version. 

1 computer laser optical disc: 4 3/4 in. 

Computer data and program. 

System requirements: IBM PC; 8MB RAM; 

Windows 3.1 or higher; VGA graphics capabilities; color monitor; CD-ROM 
drive. 

Title from title screen 

Audience: Engineering professionals and postgraduate students. 

Summary: Electronic version of The Engineering Handbook. Features search capabilities, zoom 
option, hypertext links, line drawings, photographs, bookmark and notebook functions, and the 
ability to print, save, and copy information into word processing program. 

ISBN 0-8493-8576-8 

1. Engineering— Handbooks, manual, etc. I. Dorf, Richard C. II. Engineering 
handbook. 

TA151, 1997 00577> <MRC> 

620— DC 12a 

97-4535 

CIP 

This CD-ROM contains information obtained from authentic and highly regarded sources. 
Reasonable efforts have been made to publish reliable data and information, but the author and the 
publisher cannot assume responsibility for the validity of all materials or for the consequences of 
their use. Neither this CD-ROM nor any part may be reproduced or transmitted in any form or by 
any means, electronic or mechanical, including photocopying, microfilming, and recording, or by 
any information storage or retrieval system, without prior permission in writing from the publisher. 
The consent of CRC Press does not extend to copying for general distribution, for promotion, for 
creating new works, or for resale, nor does it extend to portions of the work taken from other 
sources with permission of their respective copyright holders. Specific permission must be 
obtained in writing from CRC Press or the copyright holder for such copying. Direct all inquiries, 
suggestions, or problems to CRC Press LLC, 2000 Corporate Blvd., NW, Boca Raton, Florida 
33431. If there are questions or problems regarding the operation of The Engineering Handbook 
CD-ROM Version, call CRC Press at 561-994-0555 extension 2515 (e-mail: 
epd@crcpress.com). 

Library of Congress Card Number 97-4535 
ISBN 0-8493-8576-8 
© 1998 by CRC Press LLC 




Preface 



Purpose 

The purpose of The Engineering Handbook is to provide in a single volume a ready reference for 
the practicing engineer in industry, government, and academia. The book in its comprehensive 
format is divided into 30 sections which encompass the field of engineering. The goal is to provide 
the most up-to-date information in the classical fields that comprise mechanical, electrical, civil, 
chemical, industrial, and aerospace engineering as well as the underlying fields of mathematics and 
materials. This book should serve the information needs of all professional engineers engaged in 
the practice of the profession whether in industry, education, or government. The goal of this 
comprehensive handbook is to replace a myriad of books with one highly informative, 
well-organized, definitive source of fundamental knowledge. 



Organization 

The fundamentals of engineering have evolved to include a wide range of knowledge, substantial 
empirical data, and a broad range of practice. The focus of the handbook is on the key concepts, 
models, and equations that enable the engineer to analyze, design, and predict the behavior of 
complex devices, circuits, instruments, systems, structures, plants, computers, fuels, and the 
environment. While data and formulae are summarized, the main focus is the provision of the 
underlying theories and concepts and the appropriate application of these theories to the field of 
engineering. Thus, the reader will find the key concepts defined, described, and illustrated in order 
to serve the needs of the engineer over many years. 

With equal emphasis placed on materials, structures, mechanics, dynamics, fluids, 
thermodynamics, fuels and energy, transportation, environmental systems, circuits and systems, 
computers and instruments, manufacturing, aeronautical and aerospace, and economics and 
management as well as mathematics, the engineer should encounter a wide range of concepts and 
considerable depth of exploration of these concepts as they lead to application and design. 

The level of conceptual development of each topic is challenging, but tutorial and relatively 
fundamental. Each of the more than 200 chapters is written to enlighten the expert, refresh the 
knowledge of the mature engineer, and educate the novice. 

The information is organized into 30 major sections. The 30 sections encompass 211 chapters, 
and the Appendix summarizes the applicable mathematics, symbols, and physical constants. Each 
section contains one or more historical vignettes that serve to enliven and illuminate the history of 
the subject of that section. Furthermore, each section is preceded by a photo of a device, circuit, or 
system that demonstrates an application illustrative of the material in the section. 

Each chapter includes three important and useful categories: defining terms, references, and 
further information. Defining terms are key definitions, and the first occurrence of each term 
defined is indicated in boldface in the text. The definitions of these terms are summarized as a list 
at the end of each chapter. The references provide a list of useful books and articles for follow-up 
reading. Finally, further information provides some general and useful sources of additional 





information on the topic. 



Locating Your Topic 

Numerous avenues of access to information contained in the handbook are provided. A complete 
table of contents is presented at the front of the book. In addition, an individual table of contents 
precedes each of the 30 sections. Finally, each chapter begins with its own table of contents. The 
reader should look over these tables of contents to become familiar with the structure, organization, 
and content of the book. For example, see Section III, Dynamics and Vibration, and then Chapter 
15, Forced Vibration. This tree-and-branch table of contents enables the reader to move up the tree 
to locate information on the topic of interest. 

Three alphabetical indexes have been compiled to provide multiple means of accessing 
information: (1) index of contributing authors, (2) index of key equations by title or name, and (3) 
subject index. The subject index can also be used to locate key definitions. The page on which the 
definition appears for each key (defining) term is clearly identified in the subject index. 

The Engineering Handbook is designed to provide answers to most inquiries and direct the 
inquirer to further sources and references. We hope that this handbook will be referred to often and 
that informational requirements will be satisfied effectively. 
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An understanding of the basic principles of statics is necessary for both the design and construction 
phases of the Delaware Memorial Bridge, shown here. The first steel for the nearly half-mile-long 
plate girder portion of the west approach is being hoisted into place and set atop 80-foot-high land 
piers. Each plate girder is 1 18 feet long, 9 feet deep, weighing 35 tons. (Photo courtesy of 
Bethlehem Steel.) 
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Russell C. Hibbeler 
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1 Force-System Resultants and Equilibrium R. C. Hibbeler 
Force-System • Resultants • Equilibrium 

2 Centroids and Distributed Forces W. D. Pilkey and L. Kitis 

Centroid of a Plane Area • Centroid of a Volume Surface • Forces • Line Forces • Calculation of Surface 
Area and Volume of a Body with Rotational Symmetry • Determination of Centroids 

3 Moments of Inertia J. L. Meriam 

Area Moments of Inertia • Mass Moments of Inertia 

STATICS IS THE STUDY of the resultants of force systems and is concerned with problems that 
involve the equilibrium of a body. It is a very practical subject of vital importance in the design 
and analysis of all structural and mechanical components. For this reason, a fundamental 
understanding of statics is imperative if one is to build any structure or perform a force analysis of 
linkage, gearing, or the framework for a machine. 

The subject of statics is the oldest branch of mechanics, with its beginnings at the time of the 
Babylonians and Egyptians. Archimedes recorded how forces act on levers; however, the main 
principles of statics were developed by the 17th century, notably from the work of Varignon, 
Stevinus, and Newton. These principles are few in number and have been established through 
experience and verified by experiment. 

The chapters of this section provide a comprehensive review of the many topics covered in 
statics, including simplification of concentrated and distributed force systems, the definition of the 
moment of a force and couple, the necessary and sufficient conditions for equilibrium, frictional 
effects, and a discussion of the geometric properties of an area, namely, the centroid and moment 
of inertia. The latter topics are of vital importance in the development of many formulas used in 
mechanics of materials and hydrostatics, as will be shown in later sections of this 
handbook. 
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Force-System Resultants and 
Equilibrium 



1 . 1 Force-System Resultants 

Concurrent Force Systems • Moment of a Force • Couple • Resultants of a Force and Couple System • 
Distributed Loadings 

1.2 Equilibrium 

Equations of Equilibrium • Free-Body Diagram • Support Reactions • Friction • Constraints • Internal 
Loadings • Numerical Applications 



Russell C. Hibbeler 

University of Louisiana 

Statics is a branch of mechanics that deals with the equilibrium of bodies, that is, those that are 
either at rest or move with constant velocity. In order to be able to apply the laws of statics, it is 
first necessary to understand how to simplify force systems and compute the moment of a force. In 
this chapter these topics will be discussed, and some examples will be presented to show how the 
laws of statics are applied. 

1.1 Force- System Resultants 

Concurrent Force Systems 

Force is a vector quantity that is completely characterized by its magnitude, direction, and point of 
application. When two forces Fi and F 2 are concurrent they can be added together to form a 
resultant F fl = Fi + F 2 using the parallelogram law, Fig. 1.1. Here Fi and F 2 are referred to as 
components of F^ . Successive applications of the parallelogram law can also be applied when 
several concurrent forces are to be added; however, it is perhaps simplest first to determine the two 
components of each force along the axes of a coordinate system and then add the respective 
components. For example the x, y, and z (or Cartesian) components of F are shown in Fig. 1.2. 
Here, i, j, k are unit vectors used to define the direction of the positive x, y, and z axes, and F x , F y , 
and F z are the magnitudes of each component. By vector addition, F = F x \ + F y j + F.k . When 
each force in a concurrent system of forces is expressed by its Cartesian components, the resultant 
force is therefore 
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Fr — £FJ + SF v j + FF : k (1.1) 



where Y,F X , T,F y , T,F Z represent the scalar additions of the x, y, and z components. 



Figure 1.1 Addition of forces by parallelogram law. 




Figure 1.2 Resolution of a vector into its x, y , z components. 

Z 




Moment of a Force 

When a force F acts on a body, it will cause both external and internal effects on the body. These 
effects depend upon where the force is located. For example, if F acts at point A on the body in 
Fig. 1.3, it will cause a specific translation and rotation of the body. If instead F is applied to some 
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other point, B, which lies along the line of action of F, the external effects regarding the motion of 
the body remain unchanged, although the body's internal effects will be different. This is referred 
to as the principle of transmissibility. However, if the force acts at point C, which is not along the 
line of action AB , then both the external and internal effects on the body will change. The 
difference in external effects — notably the difference in the rotation of the body — occurs because 
of the distance d that separates the lines of action of the two positions of the force. 




Figure 



This tendency for the body to rotate about a specified point O or axis as caused by a force is a 
vector quantity called a moment. By definition, the magnitude of the moment is 

M 0 = Fd (1.2) 

where d is the moment arm or perpendicular distance from the point to the line of action of the 
force, as in Fig. 1.4. The direction of the moment is defined by the right-hand rule, whereby the 
curl of the right-hand fingers follows the tendency for rotation caused by the force, and the thumb 
specifies the directional sense of the moment. In this case, M 0 is directed out of the page, since F 
produces counterclockwise rotation about O. It should be noted that the force can act at any point 
along its line of action and still produce the same moment about O. 



© 1998 by CRC PRESS LLC 



Figure 1.4 Moment of a force. 




Sometimes the moment arm d is geometrically hard to determine. To make the calculation easier, 
the force is first resolved into its Cartesian components and then the moment about point O is 
determined using the principle of moments, which states that the moment of the force about O is 
equal to the sum of the moments of the force's components about O. Thus, as shown in Fig. 1.5, 
we have M 0 = Fd = F x y + F y x . 

Figure 1.5 



y 




The moment about point O can also be expressed as a vector cross product of the position vector 
r directed from O to any point on the line of action of the force F, as shown in Fig. 1.6. Here, 

M 0 = r x F (1.3) 

If r and F are expressed in terms of their Cartesian components, then as in Fig. 1.7 the Cartesian 
components for the moment about O are 
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M 0 = r x F = {x\ + yj + zk) x (F x \ + F y j + F z k) 



= (yF z - zFy ) i + (zF x - xF z ) j + ( xFy - yF x ) k 



I J 

x y 
F F 

-L T. J- V 



z 

F, 



( 1 - 4 ) 




Figure 1.6 




Couple 

A couple is defined as two parallel forces that have the same magnitude and opposite directions, 
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and are separated by a perpendicular distance d, as in Fig. 1.8. The moment of a couple about the 
arbitrary point O is 



M c = h x F + r 2 x (-F) = (r x - r 2 ) x F 

= r x F (1.5) 

Here the couple moment M c is independent of the location of the moment point O. Instead, it 
depends only on the distance between the forces; that is, r in the above equation is directed from 
any point on the line of action of one of the forces (— F) to any point on the line of action of the 
other force F. The external effect of a couple causes rotation of the body with no translation, since 
the resultant force of a couple is zero. 

Figure 1.8 




Resultants of a Force and Couple System 

A general force and couple-moment system can always be replaced by a single resultant force and 
couple moment acting at any point O. As shown in Figs. 1.9(a,b) these resultants are 

F r = EF (1.6) 

M Ro = EM g (1.7) 

where EF = Fi + F 2 + F 3 is the vector addition of all the forces in the system, and 
EM 0 = (ri x Fi) + (r 2 x F 2 ) + (r 3 x F 3 ) + Mi + M 2 is the vector sum of the moments of all 
the forces about point O plus the sum of all the couple moments. This system may be further 
simplified by first resolving the couple moment M Ro into two components — one parallel and the 
other perpendicular to the force F R , as in Fig. 1.9(b). By moving the line of action of F R in the 
plane perpendicular to M_l a distance d = M±/F R , so that F R creates the moment M about O, 
the system can then be represented by a wrench, that is, a single force F R and collinear moment 



© 1998 by CRC PRESS LLC 



M, , Fig. 1.9(c). 



Figure 1.9 




M 



0 ) 






(c) 



Note that in the special case of 6 — 90° , Fig. 1.9(b), M| = 0 and the system only reduces to a 
single resultant force F R having a specified line of action. This will always be the case if the force 
system is either concurrent, parallel, or coplanar. 

Distributed Loadings 

When a body contacts another body, the loads produced are always distributed over the area of 
each body. If the area on one of the bodies is small compared to the entire surface area of the body, 
the loading can be represented by a single concentrated force acting at a point on the body. 
However, if the loading occurs over a large surface area — such as that caused by wind or a 
fluid — the distribution of load must be taken into account. The intensity of this surface loading at 
each point is defined as a pressure and its variation is defined by a load-intensity diagram. On a flat 
surface the load intensity diagram is described by the loading function p — p(x. y) , which consists 
of an infinite number of parallel forces, as in Fig. 1.10. Applying Eqs. (1.6) and (1.7), the resultant 
of this loading and its point of application (x , y) can be determined from 




( 1 . 8 ) 



fxp(x,y)dA _ f y p(x,y) dA 



x 



f p(x,y) dA f p(x,y) dA 
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Figure 1.10 



P 




Geometrically F R is equivalent to the volume under the loading diagram and its location passes 
through the centroid or geometric center of this volume. Often in engineering practice, the surface 
loading is symmetric about an axis, in which case the loading is a function of only one coordinate, 
w = w(x) . Here the resultant is geometrically equivalent to the area under the loading curve, and 
the line of action of the resultant passes through the centroid of this area. 

Besides surface forces as discussed above, loadings can be transmitted to another body without 
direct physical contact. These body forces are distributed throughout the volume of the body. A 
common example is the force of gravity. The resultant of this force is termed the weight; it acts 
through the body's center of gravity and is directed toward the center of the earth. 

1.2 Equilibrium 

Equations of Equilibrium 

A body is said to be in equilibrium when it is either at rest or moves with constant velocity. For 
purposes of analysis, it is assumed that the body is perfectly rigid, meaning that the particles 
composing the body remain at fixed distances from one another both before and after applying the 
load. Most engineering materials deform only slightly under load, so that moment arms and the 
orientation of the loading remain essentially constant. For these cases, therefore, the rigid-body 
model is appropriate for analysis. The necessary and sufficient conditions to maintain equilibrium 
of a rigid body require the resultant external force and moment acting on the body to be equal to 
zero. From Eqs. (1.6) and (1.7) this can be expressed mathematically as 
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EF = 0 (1.10) 



EM o = 0 (1.11) 

If the forces acting on the body are resolved into their x, y, and z components, these equations 
can be written in the form of six scalar equations, namely, 



s F x 


= 0 


S Mox 


ZFy 


= 0 


T.Moy 


S F z 


= 0 


S Mqz 



Actually, any set of three nonorthogonal, nonparallel axes will be suitable references for either of 
these force or moment summations. 

If the forces on the body can be represented by a system of coplanar forces, then only three 
equations of equilibrium must be satisfied, namely, 

S F x = 0 

E F y = 0 (1-13) 

YjMo — 0 

Here the x and y axes lie in the plane of the forces and point O can be located either on or off the 
body. 

Free-Body Diagram 

Application of the equations of equilibrium requires accountability for all the forces that act on the 
body. The best way to do this is to draw the body's free-body diagram. This diagram is a sketch 
showing an outlined shape of the body and so represents it as being isolated or "free" from its 
surroundings. On this sketch it is necessary to show all the forces and couples that act on the body. 
Those generally encountered are due to applied loadings, reactions that occur at the supports and at 
points of contact with other bodies, and the weight of the body. Also one should indicate the 
dimensions of the body necessary for computing the moments of forces and label the known and 
unknown magnitudes as well as directions of the forces and couple moments. Once the free-body 
diagram has been drawn and the coordinate axes established, application of the equations of 
equilibrium becomes a straightforward procedure. 



Support Reactions 

Various types of supports can be used to prevent a body from moving. Table 1.1 shows some of 
the most common types, along with the reactions each exerts on the body at the connection. As a 



© 1998 by CRC PRESS LLC 



general rule, if a support prevents translation in a given direction, then a force is developed on the 
body in that direction, whereas if rotation is prevented, a couple moment is exerted on the body. 

Table 1.1 Force Systems 
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Friction 

When a body is in contact with a rough surface, a force of resistance called friction is exerted on 
the body by the surface in order to prevent or retard slipping of the body. This force always acts 
tangent to the surface at points of contact with the surface and is directed so as to oppose the 
possible or existing motion of the body. If the surface is dry, the frictional force acting on the body 
must satisfy the equation 



F < /j, s N (1.14) 

The equality F = n s N applies only when motion is impending. Here N is the resultant normal 
force on the body at the surface of contact, and //., is the coefficient of static friction, a 
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dimensionless number that depends on the characteristics of the contacting surfaces. Typical values 
of /i, are shown in Table 1.2. If the body is sliding, then F — /i k N , where ///, is the coefficient of 
kinetic motion, a number which is approximately 25% smaller than those listed in Table 1.2. 

Table 1.2 Typical Values for Coefficients of Static Friction 



Materials 


Ms 


Metal on ice 


0.03-0.05 


Wood on wood 


0.30-0.70 


Leather on wood 


0.20-0.50 


Leather on metal 


0.30-0.60 


Aluminum on aluminum 


1.10-1.70 



Constraints 

Equilibrium of a body is ensured not only by satisfying the equations of equilibrium, but also by its 
being properly held or constrained by its supports. If a body has more supports than are needed for 
equilibrium, it is referred to as statically indeterminate, since there will be more unknowns than 
equations of equilibrium. For example, the free-body diagram of the beam in Fig. 1.11 shows there 
are four unknown support reactions, A x , A y , M A , and B y , but only three equations of equilibrium 
are available for solution [Eq. (1.13)]. The additional equation needed requires knowledge of the 
physical properties of the body and deals with the mechanics of deformation, which is discussed in 
subjects such as mechanics of materials. 



Figure 1.11 
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A body may be improperly constrained by its supports. When this occurs, the body becomes 
unstable and equilibrium cannot be maintained. Either of two conditions may cause this to 
occur — namely, when the reactive forces are all parallel (Fig. 1.12) or when they are concurrent 
(Fig. 1.13). 



Figure 1.12 





© 1998 by CRC PRESS LLC 






Figure 1.13 



F 




F 




In summary, then, if the number of reactive forces that restrain the body is a minimum — and 
these forces are not parallel or concurrent — the problem is statically determinate and the equations 
of equilibrium are sufficient to determine all the reactive forces. 



Internal Loadings 

The equations of equilibrium can also be used to determine the internal resultant loadings in a 
member, provided the external loads are known. The calculation is performed using the method of 
sections, which states that if a body is in equilibrium, then so is any segment of the body. For 
example, if an imaginary section is passed through the body in Fig. 1.14(a), separating it into two 
parts, the free -body diagram of the left part is shown in Fig. 1.14(b). Here the six internal resultant 
components are "exposed" and can be determined from the six equations of equilibrium given by 
Eq. (1.12). These six components are referred to as the normal force, N y , the shear-force 
components, V x and V z , the torque or twisting moment, T y , and the bending-moment components, 
M x and M z . 
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Figure 1.14 





If only coplanar loads act on the body [Fig. 1.15(a)], then only three internal resultant loads 
occur [Fig. 1.15(b)], namely, the normal force, N, the shear force, V, and the bending moment, M. 
Each of these loadings can be determined from Eq. (1.13). Once these internal resultants have been 
computed, the actual load distribution over the sectioned surface involves application of the theory 
related to mechanics of materials. 
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Figure 1.15 
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Numerical Applications 

The following examples illustrate application of most of the principles discussed above. Solution 
of any problem generally requires first establishing a coordinate system, then representing the data 
on a diagram, and finally applying the necessary equations for solution. 

Example 1.1. Simplify the system of three parallel forces acting on the plate in Fig. 1.16 to a 
single resultant force and specify where the force acts on the plate. 
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Figure 1.16 
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Solution. First Eqs. (1.6) and (1.7) are applied in order to replace the force system by a single 
resultant force and couple moment at point O. 

Fr = SF Fr = -300k - 400k - 200k = {-900k} N Ans. 

Mr 0 = EM 0 M R() = r 4 x (-300k) + r B x (-400k) + r c x (-200k) 

= (2i + 1 . 5 j ) x (— 300j) + (2.5j) x (-400k) 

+ (— 0.5i + 2 . 5 j ) x (-200k) 

= {— 1950i + 500j} N • m 

Since the forces are parallel, note that as expected Fr is perpendicular to Mr 0 . 

The two components of Mr 0 can be eliminated by moving Fr along the respective y and x axes 
an amount: 

X = Mo y /F R = 500 N • m/900 N = 0.556 m Ans. 

y = M 0x /F r = 1900 N • m/900N = 2.17 m Ans. 

Both coordinates are positive since Fr acting at r = {0.556i + 2 . 1 7 j } m will produce the required 
moment Mr 0 = r x Fr . 

Example 1.2. Determine the reactions at the supports for the beam shown in Fig. 1.17(a). 
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Figure 1.17 
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Ay 
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Solution. Using Table 1.1, the free-body diagram for the beam is shown in Fig. 1.17(b). The 
problem is statically determinate. The reaction N B can be found by using the principle of moments 
and summing moments about point A to eliminate A,, and A (/ . Applying Eq. (1.13) with reference 
to the coordinate system shown gives 

EM a = 0 - 500 N (3/5) (2 m) + N B cos 60° (4 m + 2 cos 60° m) 

+ N b sin 60° (2 sin 60° m) = 0 



N b = 150 N Ans. 

E F x =0 A x - 500 N (4/5) - 150 sin 60° N = 0 
A x = 530 N Ans. 
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Ay - 500 N (3/5) + 150 cos 60° N = 0 



T,Fy — 0 



A y = 225 N 



Ans. 



Since the answers are all positive, the assumed sense of direction of the once unknown reactive 
forces are shown correctly on the free-body diagram. 

Example 1.3. The compound beam shown in Fig. 1.18(a) consists of two segments, AB and BC , 
which are pinned together at B . Determine the reactions on the beam at the supports. 



Figure 1.18 
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(a) 





Solution. The free-body diagrams of both segments of the beam are shown in Fig. 1.18(b). Notice 
how the principle of action — equal but opposite reaction, Newton's third law — applies to the two 
force components at B. Also, the distributed loading has been simplified to resultant forces, 
determined from the area under each loading diagram and passing through the centroid or 
geometric center of each area. 

The six unknowns are determined by applying Eq. (1.13) to each segment. For segment BC : 
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E F x = 0 B x = 0 Ans. 

EAf R = 0 - 600 N(1 m) + C„(3 m) = 0 

C„ = 200 N Ans. 

EFy =0 By - 600 N + 200 N = 0 

= 400 N Ans. 

For segment AB : 

E F x =0 A x — 0 Ans. 

E F y =0 A y - 1600 N - 400 N = 0 

A y = 2000 N Ans. 

E M a = 0 M a = 1600 N (2 m) - 400 N(4 m) = 0 

AIa = 4800 N • m A?is. 



Example 1.4. The table in Fig. 1.19(a) rests on a rough surface for which n s — 0.3 . If it supports 
a load of 500 N, determine the largest magnitude of force P that can be applied before it begins to 
move. 
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Figure 1.19 




500N 




Solution. The free-body diagram is shown in Fig. 1.19(b). Since the maximum force P is to be 
determined, slipping must impend at both A and B. Therefore, the friction equation F = fi s N 
applies at these points. There are three unknowns. Applying the equations of equilibrium yields 



E Mb =0 — Na(6 m) + 500 N(3 m) + P cos 30° (2 m) = 0 

E F x = 0 0.3N A + 0 .3N B - P cos 30° = 0 

E Fy =0 N a + N b — 500 N - Psin 30° = 0 



Solving, 



P = 209 N 

N a = 310 N Ans. 

N b = 294 N 

Since N A and N n are both positive, the forces of the floor push up on the table as shown on the 
free-body diagram, and the table remains in contact with the floor. 
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Defining Terms 

Concurrent forces: Forces that act through the same point. 

Couple: Two forces that have the same magnitude and opposite directions, and do not have the 
same line of action. A couple produces rotation with no translation. 

Free-body diagram: A diagram that shows the body "free" from its surroundings. All possible 
loads and relevant dimensions are labeled on it. 

Friction: A force of resistance caused by one surface on another. 

Method of sections: This method states that if a body is in equilibrium, any sectioned part of it is 
also in equilibrium. It is used for drawing the free-body diagram to determine the internal 
loadings in any region of a body. 

Parallelogram law: The method of vector addition whereby two vectors, called components, are 
joined at their tails; parallel lines are then drawn from the head of each vector so that they 
intersect at a common point forming the adjacent sides of a parallelogram. The resultant 
vector is the diagonal that extends from the tails of the component vectors to the intersection 
of the lines. 

Principle of moments: This concept states that the moment of the force about a point is equal to 
the sum of the moments of the force's components about the point. 

Principle of transmissibility: A property of a force stating that the force can act at any point 
along its line of action and produce the same external effects on a body. 

Weight: The gravitational attraction of the earth on the mass of a body, usually measured at sea 
level and 45° latitude. 

Wrench: A force and collinear moment. The effect is to produce both a push and simultaneous 
twist. 

Reference 

Hibbeler, R. C. 1995. Engineering Mechanics: Statics, 7th ed. Prentice Hall, Englewood Cliffs, 
NJ. 

Further Information 

Many textbooks are available for the study of statics and they can be found in any engineering 
library. 
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The Engineering Handbook. 

Ed. Richard C. Dorf 

Boca Raton: CRC Press LLC, 2000 
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2 

Centroids and Distributed Forces 



2. 1 Centroid of a Plane Area 

2.2 Centroid of a Volume 

2.3 Surface Forces 

2.4 Line Forces 

2.5 Calculation of Surface Area and Volume of a Body with Rotational 
Symmetry 

2.6 Determination of Centroids 

Walter D. Pilkey 

University of Virginia 



L. Kitis 

University of Virginia 



2.1 Centroid of a Plane Area 

Any set of forces acting on a rigid body is reducible to an equivalent force-couple system at any 
selected point O. This force-couple system, which consists of a force R equal to the vector sum of 
the set of forces and a couple of moment equal to the moment M 0 of the forces about the point O, 
is equivalent to the original set of forces as far as the statics and dynamics of the entire rigid body 
are concerned. In particular, concurrent, coplanar, or parallel forces can always be reduced to a 
single equivalent force by an appropriate choice of the point O. 

Consider, for example, a distributed load p(x) acting on a straight beam (Fig. 2.1). If p(x) has 
units of force per length, the differential increment of force is dR = p(x) dx and the total load R is 
found by integration: 



R 



p(x ) dx (2.1) 



A point O is to be chosen such that the distributed load p(x') is equivalent to a single resultant force 
of magnitude R acting at O. This requires that the moment of R about any point — say, point A — be 
the same as the moment of the load p(x) about that point. Therefore the distance x between A and 
O is given by 

x R — / xp(x) dx = x dR (2.2) 



The line of action of the resultant force R is a vertical line drawn at a distance x from point A. At 
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any point on the line of action of R, the force-couple equivalent of the load p(x) reduces to a single 
force. This is a consequence of the principle of transmissibility, which states that moving a force 
along its line of action leaves the conditions of equilibrium or of motion of a rigid body 
unchanged. 



Figure 2.1 Distributed load on a beam. 

R 




Figure 2.2 Centroid of an area. 
y 




Given a plane area A, the point with coordinates x and y defined by 



xA — x dA yA — y dA (2.3) 

•l a J A 

is known as the centroid of the area A. In the calculation of the resultant force R on a beam, the 
increment of force dR — p(x) dx is a differential element of area under the load curve p( x) and 
the length x given by Eq. (2.2) is the x coordinate of the centroid of the area under the load curve. 
Thus, a distributed load on a beam can be replaced by a single force whose magnitude is equal to 
the area under the load curve p(x) and whose line of action passes through the centroid of the area 
under p(x) . 

Suppose that the homogeneous plate of uniform thickness t shown in Fig. 2.2 is in a uniform and 
parallel field of force due to the earth's gravitational attraction in the negative y direction. The 
resultant of the gravitational forces is a single force in the same direction. The magnitude of this 
force, called the weight, is 



W — 'ytA (2.4) 

where 7 is the weight per unit volume of the material and A is the area of the plate. Since the 
gravitational forces and their single force equivalent must have the same moment about any point 

/ aryi dA — Mo — xW — xjtA (2.5) 

J A 
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or, canceling the constant common factor 7 1 on both sides, 



xA — x dA (2.6) 

J A 

Similarly, if the earth's attraction is assumed to be in the x direction, the line of action of the weight 
W, acting in the same direction, is specified by the coordinate y, given by 

yA = f y dA (2.7) 

J A 



The coordinates x and y locate the centroid of the area A of the plate. Thus, the centroid and the 
center of gravity of a homogeneous plate in a parallel and uniform gravitational field are 
coincident. 

It can be shown that the coordinates x and y given by Eq. (2.3) define the same geometric point 
regardless of the choice of coordinate axes. Thus, the location of the centroid is independent of any 
particular choice of orientations for the axes and of the choice of origin. As a consequence, the 
centroid is a well-defined intrinsic geometric property of any object having a rigid shape. Table 

3.1 in Chapter 3 lists the centroids of some common shapes. 

2.2 Centroid of a Volume 

If a rigid body of volume V is subjected to a distributed force of intensity f (force per unit volume), 
the force-couple equivalent of this distributed force at an arbitrarily selected origin O of 
coordinates can be determined from 



R = / 


1 fdV 


( 2 . 8 ) 


J v 




M 0 = ) 


' r x f dV 


(2.9) 



v 



where r is the position vector of volume elements dV measured from point O. In particular, if only 
one component of f is nonzero, the resulting parallel system of distributed body forces acting on 
the body is reducible to a single equivalent force. For example, with f x — f y — 0 and f z nonzero, 
the force-couple equivalent at O has the components 

R x = 0 R y = 0 R z = f z dV ( 2 . 10 ) 

■ J v 

and 

M x = [ yf z dV M y = — f xf z dV M z = 0 (2.11) 

J v J v 
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The single force equivalent of this force-couple system is found by moving the force R, z from point 
O to a point in the xy plane such that the moment of R z about O is equal to the moment of the 
force-couple system about O. The coordinates x and y of this point are therefore given by 

xR z = / xf z dV yR z = / yf z dV (2.12) 

J v J v 

The arbitrary choice of z = 0 for the point of application of the resultant R z is permissible because 
R z can be slid along its line of action according to the principle of transmissibility. 

If the rigid body is homogeneous and f z is its specific weight in a uniform gravitational field, 
f z dV is an incremental weight dW and R z is the total weight W of the body. Equation (2.12) 
becomes 



xW 



x dW 



v 




(2.13) 



However, since the specific weight f z is constant and 

d\V = f z dV W = f z V (2.14) 



Eq. (2.13) can be written as 

xV = x dV yV = y dV (2.15) 

J v J v 

Similarly, if the body is placed in a uniform gravitational field that exerts a force in the x direction 
only, then the line of action of the single equivalent force penetrates the yz plane at y defined in 
Eq. (2.15) and ~z given by 



zV = / z dV (2.16) 

J v 

The point with coordinates x, y, 1 defined in Eqs. (2.15) and (2.16) is the centroid C of the 
volume V of the body. The centroid and the center of gravity of a homogeneous body in a uniform 
and parallel gravitational field are coincident points. If the body is not homogeneous, Eqs. (2.15) 
and (2.16) cannot be used to find the center of gravity; they still define the centroid, which is an 
intrinsic geometric property of any rigid shape. The center of mass of a rigid body is defined by 



r m 



r dm (2.17) 



where m is the mass. The center of mass depends solely on the mass distribution and is 
independent of the properties of the gravitational field in which the body may be placed. In a 
uniform and parallel gravitational field, however, dW = g dm where g is the gravitational 
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constant, so that the center of mass coincides with the center of gravity. If, in addition, the body is 
homogeneous, the x, y, z components of the vector r given by Eq. (2.17) are x, y, J defined in Eqs. 
(2.15) and (2.16). In this case, the centroid, the center of mass, and the center of gravity are 
coincident. The mass centers of some homogeneous solids are listed in Table 3.2, Chapter 3. 



2.3 Surface Forces 

Suppose the distributed load is a force per unit area p and let p be a function of the position vector 
r with respect to an origin O. For a surface of area A, the resultant of the distributed surface forces 
is 



R = 




P 



dA 



(2.18) 



where dA is a differential surface element. The resultant moment of the distributed surface forces 
with respect to the reference point O is given by 



Mo 



rx p dA 



(2.19) 



The line of action of a single force equivalent for a parallel surface force distribution is 
determined as in the case of volume forces. For example, with a plane surface in the xy plane and 
with p z as the only nonzero force, the line of action of the resultant force intersects the xy plane at 
the point whose coordinates are x, y given by 

_ = J A xp 1 dA _ = [ A yP 1 dA_ (220) 

I A Pz dA J A p z dA 



2.4 Line Forces 

In general the formula for body forces can be employed for a line. For the special case of a plane 
curve of length / in the xy plane and distributed line force p z (force/length) acting in the z 
direction, the force resultant is 



Rz= Pz(s) ds (2.21) 

J i 

where 5 is the coordinate along the curve. The moment resultant about the reference point O is 

Mo = J (ypz'l ~ xp z j) ds (2.22) 
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where i, j are unit vectors in the x, y directions, respectively. The coordinates where the line of 
action of the single force resultant intersects the xy plane are 




2.5 Calculation of Surface Area and Volume of a Body with 
Rotational Symmetry 

The two Pappus-Guldin formulas 

Pappus of Alexandria was a 3rd-century Greek geometer. Of a collection of eight mathematical 
books, only a portion survived. This is an informative source on ancient Greek mathematics. 
Included in this collection is a method for the measurement of a surface area bounded by a spiral 
on a sphere. 

Paul Habakuk Guldin (1577-1643) was a professor of mathematics in several Italian and 
Austrian Jesuit colleges. In 1635 he revealed a relationship between the volume and the area of a 
body of revolution. 

take advantage of the definition of the centroid to assist in the calculation of the surface area and 
the volume of a body with rotational symmetry. 

When a plane meridian curve (Fig. 2.3) that does not intersect the y axis is rotated through (j) 
radians about the y axis, a line element ds generates a surface of area 



dS = xcj) ds ( 2 . 24 ) 



The total surface area generated by a meridian curve of length / is 




o 



( 2 . 25 ) 



Therefore 



5 = <j>xl ( 2 . 26 ) 



where x locates the centroid of the meridian curve. This is the first Pappus-Guldin formula. 



Figure 2.3 A surface with rotational symmetry. Figure 2.4 A volume with rotational symmetry. 



y 
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y 

jl 



/ 



/ 



r 




x 
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If the meridian curve forms a shell of revolution, <j) — 2n and 

5 = 2t vxl (2.27) 

When a plane area A (Fig. 2.4) that is not cut by the y axis is rotated through an angle 4> radians 
about the y axis, a volume element 



dV = cj)x dA (2.28) 

is generated and the total volume is given by 

V = 4>~xA (2.29) 



This is the second Pappus-Guldin formula. 
For a solid of revolution, with <j) = 2ir , 



V — 2n xA (2.30) 



If A and V are known, the centroid of A can be determined from 

V 



x — 



2-kA 



(2.31) 



2.6 Determination of Centroids 



When an area or a line has an axis of symmetry, the centroid of the area or line is on that axis. If an 
area or line has two axes of symmetry, the centroid of the area or line is at the intersection of the 
axes of symmetry. Thus, the geometric centers of circles, ellipses, squares, rectangles, or lines in 
the shape of the perimeter of an equilateral triangle are also their centroids. When a volume has a 
plane of symmetry, the centroid of the volume lies on that plane. When a volume has two planes of 
symmetry, the centroid of the volume lies on the line of intersection of the planes of symmetry. 
When a volume has three planes of symmetry intersecting at a point, the point of intersection of the 
three planes is the centroid of the volume. Thus, the geometric centers of spheres, ellipsoids, cubes, 
or rectangular parallelepipeds are also their centroids. 

Centroids of unsymmetrical areas, lines, or volumes can be determined by direct integration. The 
Pappus-Guldin formulas can be used to determine the centroid of a plane curve when the area of 
the surface generated by the curve is known, or to determine the centroid of a plane area when the 
volume generated by the area is known. 

If a body can be divided into n parts, for which the volumes V and the centroids T t , y t , are 
known, the centroid of the entire body has coordinates x, y, V, given by 

n n n 

xV = ^2 XiVi yV = y^JJ l V l = z l V l (2.32) 

i— 1 i— 1 i—1 

where V is the total volume of the body. The same equations are applicable for a body with 
cutouts, provided that the volumes of the cutouts are taken as negative numbers. 
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Example 2.1. Determine the location of the centroid for the triangle shown in Fig. 2.5. The 
triangle is symmetric about the y axis. Hence the centroid lies on the y axis and x = 0 . T o 
determine y, select an element of area dA parallel to the x axis, thus making all points in the 
element an equal distance from the x axis. Then dA = 2xdy and, with A = b h/2 , 



_ f 0 V(2x dy) 4 f xy dy 

y — — ; = — 

bh/2 bh 



The expression for x in terms of y follows from the proportionality of the similar triangles ABC 
and DEC . This provides 



x 



h-y 



b 

2 h 



or x 



1 b 

2 h 



( h - y) 



(2.34) 



Finally, 

- 4 Cl ( b / h )(h- y)y dy 

y = — 

y bh 




h 

3 



(2.35) 



Figure 2.5 Centroid of a triangle. 




Thus the centroid of the triangular area is on the y axis at a distance of one-third the altitude from 
the base of the triangle. 



Example 2.2. Figure 2.6 shows a complicated shape that is made up of a semicircle, a rectangle, 
and a triangle. The areas and centroids of the semicircle, rectangle, and triangle are known: 



A] = — A 2 = 8 r 2 j 4 3 = 2 r 2 (2.36) 



Ci 




2(2 + 37r)r 
37T 



C 2 = (0,0) C 3 



r 8r \ 

3’ y J 



(2.37) 



The x coordinate x of the centroid of the figure is given by 



3 

xA = ^2 XiA i 
i— 1 



2?’ 3 

y 



(2.38) 
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Figure 2.6 Centroid of a complicated area. 



y 




where A is the total area 



A — A\ + A 2 + A 3 



( 7 t + 20 )r 2 
2 



(2.39) 



Therefore, 



4r 

3(tt + 20) 



(2.40) 



Similarly, the y coordinate y of the centroid is calculated from 



which yields 



3 

yA = Y, ViAi (2.41) 
1=1 



2(14 - 37 r)r 
3 (tt + 20) 



(2.42) 



Example 2.3. In this example, the y coordinate of the centroid of the frustum of the right circular 
cone shown in Fig. 2.7 will be found by treating the frustum as a cone of height h with a cutout 
cone of height h/2 . From Table 3.2 of Chapter 3, the y coordinates of the centroids of these two 
cones are 
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(2.43) 





The corresponding volumes are 

irr 2 h 




nr 2 h 




(2.44) 



and the y coordinate of the centroid of the frustum of the cone is 

45 h 



_ 2/1 Vi - y 2 V 2 

V = 

V, - v 2 



56 



(2.45) 



Figure 2.7 Frustum of a cone. 



Figure 2.8 Plane area of Example 2.4. 




y 




Example 2.4. The centroid of the area enclosed between the semicircles of radius R and r and 
part of the x axis (see Fig. 2.8) can be found by an application of the second Pappus-Guldin 
formula. The volume generated by rotating this area through 2i r is 

v =Y( r3 - '' 3 ) I 2 - 46 ) 



Hence 



V 4 (r 2 + rR ! + R 2 ) 

2ttti{R 2 — r 2 )/2 3n(r + R) 



(2.47) 



Example 2.5. Consider the problem of finding the centroid of the half torus in Table 3.2 of 
Chapter 3. The half torus is obtained by revolving a circle of radius a through tt radians about the 
z axis, and the second Pappus-Guldin formula gives its volume V = tt 2 arR . To calculate the x 
coordinate x of the centroid, a volume element obtained by taking a horizontal slice of thickness 
dz (see Fig. 2.9) can be used. The volume of this element is given by 

d V = \ (r 2 0 ~ rf) dz (2.48) 
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where 



Vi = R — a cos 9 
r Q — R + a cos 9 



(2.49) 



Since dz — a cos 9 d9 , the expression for dV simplifies to 

r'i — R — a cos 9 
r a = R + a cos 9 



(2.49) 



Since dz = a cos 9 d9 , the expression for dV simplifies to 

dV = 2ttci 2 R. cos 2 9 d9 (2.50) 

It is known from Example 2.4 that the x coordinate of the centroid of the volume element is 

4 + rir 0 +rl) a 2 (l + cos 29) + 6 R 2 



x — 



3tt( 



n + r n 



37 tR 



(2.51) 



Therefore, the x coordinate of the centroid of the half torus is 

r /2 X dV A 



x — 2- 



V 



4 

3tt 2 R J g 



I'TT/Z 

/ (a 2 (1 + cos 29) + 6 R 2 ) cos 2 9 d9 (2.52) 

J n 



in which the integration limits extend over the upper half of the volume so that the additional 
multiplicative factor of 2 is necessary. The result is 



x = 



a 2 + 4 R 2 
2tt R 



(2.53) 



Figure 2.9 Example 2.5. 

z 
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Example 2.6. Figure 2.10 shows a t hin homogeneous semicircular cantilever beam of specific 
weight 7 in a uniform gravitational field. Suppose that the only force acting on the beam is the 
gravitational force of attraction perpendicular to the plane of the figure. To determine the internal 
forces at any section E of the beam, the free-body diagram of the circular arc from B to E is used. 
The force distribution on this circular arc is a line force of constant intensity so that Eqs. (2.23), 
which give the coordinates of a point on the line of action of the single force resultant of a line 
force, show that the resultant passes through the centroid of the arc. The centroid C of the arc is at 
a distance f from the center O: 



r sin 9/2 
9/2 



(2.54) 



The single force equivalent of the gravitational forces acting on the arc BE is the weight 7 r9 
acting at the centroid C in the direction perpendicular to the plane of the figure. The moment arm 
for the twisting moment T at E is DE and the moment arm for the bending moment M at E is DC . 
Hence 



T 



7 r9 



r — r cos 




M 



7 r9r sin 



9 

2 



(2.55) 

(2.56) 



These expressions may be rewritten as 



T = 7 r 2 (<9 - sin 0) (2.57) 

M = 7 r 2 (l — cos 9) (2.58) 



Figure 2.10 Semicircular cantilever beam. 
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Defining Terms 

Center of gravity: The point of application of the single force resultant of the distributed 
gravitational forces exerted by the earth on a rigid body. 

Center of mass: A unique point of a rigid body determined by the mass distribution. It coincides 
with the center of gravity if the gravity field is parallel and uniform. 

Centroid: A unique point of a rigid geometric shape, defined as the point with coordinates 

x = f y x dV/V , y = Jf v y dV/V — f v z dV/V , for a three-dimensional solid of volume 
V. 

Pappus-Guldin formulas: Two formulas that use the definition of the centroid to assist in the 
calculation of the area of a surface of revolution and the volume of a body of revolution. 

References 

Pilkey, W. D. 1994. Formulas for Stress, Strain and Structural Matrices. John Wiley & Sons, New 
York. 

Pilkey, W. D. and Pilkey, O. H. 1986. Mechanics of Solids. Krieger, Malabar, FL. 

Further Information 

Consult undergraduate textbooks on statics, dynamics, and mechanics of solids. 
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3 

Moments of Inertia 



3 . 1 Area Moments of Inertia 
Defining Relations 

3.2 Mass Moments of Inertia 
Defining Relations 

J. L. Meriam 

University of California ( Retired ) 

The mass moment of inertia, /, of a body is a measure of the inertial resistance of the body 
to rotational acceleration and is expressed by the integral I — Jr 2 dm, where dm is the 
differential element of mass and r is the perpendicular distance from dm to the rotation axis. 
The area moment of inertia of a defined area about a given axis is expressed by the integral 
I — f s 2 dA, where dA is the differential element of area and s is the perpendicular distance 
from dA to a defined axis either in or normal to the plane of the area. The mathematical 
similarity to mass moment of inertia gives rise to its name. A more fitting but less used term 
is the second moment of area. 

The frequent occurrence of area and mass moments of inertia in mechanics justifies 
establishing and tabulating their properties for commonly encountered shapes, as given in 
Tables 3.1 and 3.2 at the end of each section. 

3.1 Area Moments of Inertia 

Figure 3.1 illustrates the physical origin of the area moment-of-inertia integrals. In Fig. 3.1(a) 
the surface area ABCD is subject to a distributed pressure p whose intensity is proportional 
to the distance y from the axis AB. The moment about AB that is due to the pressure on the 
element of area dA is y(p dA) — ky 2 dA. Thus the integral in question appears when the 
total moment M = k fy 2 dA is evaluated. 
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Figure 3.1 ( Source : Meriam, J. L. and Kraige, L. G. 1992. Engineering Mechanics, 3rd ed. John 
Wiley & Sons, New York.) 








Figure 3.2 (Source: Meriam, J. L. and Kraige, L. G. 1992. Engineering Mechanics, 3rd ed. John 
Wiley & Sons, New York.) 



y 
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Figure 3.1(b) shows the distribution of stress acting on a transverse section of a simple 
linear elastic beam bent by equal and opposite couples applied one to each end. At any 
section of the beam a linear distribution of force intensity or stress a, given by a — ky, is 
present, the stress being positive (tensile) below the axis 0-0 and negative (compressive) 
above the axis. The elemental moment about axis 0-0 is dM — y(a dA ) = ky 2 dA. Thus 
the same integral appears when the total moment M — k fy 2 dA is evaluated. 

A third example is given in Fig. 3.1(c), which shows a circular shaft subjected to a twist or 
torsional moment. Within the elastic limit of the material this moment is resisted at each 
cross section of the shaft by a distribution of tangential or shear stress r that is proportional 
to the radial distance r from the center. Thus r = kr and the total moment about the central 
axis becomes M — Jr(r dA) — k Jr 2 dA. Here the integral differs from that in the 
preceding two examples in that the area is normal instead of parallel to the moment axis and 
in that r is a radial coordinate instead of a rectangular one. 



Defining Relations 

Rectangular and Polar Moments of Inertia 

For area A in the xy plane, Fig. 3.2, the moments of inertia of the element dA about the v and 
y axes are, by definition, dl x — y 2 dA and dl y — x 2 dA, respectively. The moments of 
inertia of A about the same axes become 

Ix= f y 2 dA 

(3.1) 

I y — J x 2 dA 

where the integration is carried out over the entire area. 

The moment of inertia of dA about the pole O (z axis) is, by definition, dl z — r 2 dA, and 
the moment of inertia of the entire area about O is 

I z = J r 2 dA (3.2) 



The expressions defined by Eq. (3.1) are known as rectangular moments of inertia, 
whereas the expression of Eq. (3.2) is known as the polar moment of inertia. (In the literature 
the polar moment of inertia is sometimes denoted by the symbol J.) Because x 2 + y 2 — r 2 , it 
follows that 



I z — d-x + Iy ( 3 - 3 ) 

A polar moment of inertia for an area whose boundaries are more simply described in 
rectangular coordinates than in polar coordinate is easily calculated using Eq. (3.3). 
Because the area moment of inertia involves distance squared, it is always a positive 
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quantity for a positive area. (A hole or void may be considered a negative area.) In contrast, 
the first moment of area f y dA involves distance to the first power, so it can be positive, 
negative, or zero. 

The dimensions of moments of inertia of areas are L 4 , where L stands for the dimension of 
length. The SI units for moments of inertia of areas are expressed in quartic meters (m 4 ) or 
quartic millimeters (mm 4 ). The U.S. customary units are quartic feet (ft 4 ) or quartic inches 
(in. 4 ). 

Rectangular coordinates should be used for shapes whose boundaries are most easily 
expressed in these coordinates. Polar coordinates will usually simplify problems where the 
boundaries are expressed in r and 6. The choice of an element of area that simplifies the 
integration as much as possible is equally important. 

Radius of Gyration 

Consider the area A, Fig. 3.3(a), which has rectangular moments of inertia I x and I y and a 
polar moment of inertia I z about O. If the area is visualized as being concentrated into a long 
narrow strip of area A a distance k x from the x axis, Fig. 3.3(b), by definition the moment of 
inertia of the strip about the x axis will be the same as that of the original area if k 2 v A = I x . 
The distance k x is known as the radius of gyration of the area about the x axis. A similar 
relation for the y axis is found by considering the area to be concentrated into a narrow strip 
parallel to the y axis as shown in Fig. 3.3(c). Also, by visualizing the area to be concentrated 
into a narrow ring of radius k z , as shown in Fig. 3.3(d), the polar moment of inertia becomes 
k 2 A — I z . Summarizing, 



= k 2 x A 


k x = y/h/A 




= %A 


ky = yj ' Iy/ A 


( 3 . 4 ) 


= k 2 z A 


kz — yf I z / A 





A rectangular or polar moment of inertia may be expressed by specifying its radius of 
gyration and its area. Substituting Eq. (3.4) into Eq. (3.3) gives 

k 2 = k 2 , + k 2 y ( 3 . 5 ) 
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Figure 3.3 ( Source : Meriam, J. L. and Kraige, L. G. 1992. Engineering Mechanics, 3rd ed. John 
Wiley & Sons, New York.) 





Parallel-Axis Theorem 

The moment of inertia of an area about a noncentroidal axis may be easily expressed in terms 
of the moment of inertia about a parallel centroidal axis. In Fig. 3.4 the x Q and y 0 axes pass 

through the centroid C of the area. By definition the moment of inertia of the element dA 
about the x axis is dl x — (y 0 + d x ) 2 dA. Expanding and integrating give 



h 



yl dA + 2d x 



yo d A + d? x 



dA 



The first integral is by definition the moment of inertia I x about the centroidal Xq axis. The 
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second integral is zero because f y 0 dA — Ay 0 where y Q is automatically zero because the 
centroid for the area lies on the x {) axis. The third term is simply Ad 2 x . Thus, the expression 
for I x and the similar expression for I y become 



lx — lx + Ad 2 x 
ly = Iy + Ad? y 



(3.6) 



By Eq. (3.3) the sum of these two equations gives 

I z = I z + Ad 2 (3.6 a) 



Equations (3.6) and (3.6a) are the so-called parallel-axis theorems. It is noted that the axes 
between which transfer is made must be parallel and that one of the axes must pass through 
the centroid of the area. The parallel-axis theorems also hold for radii of gyration. 
Substitution of the definition of k into Eq. (3.6) gives 

k 2 — k 2 + d 2 (3.6 b) 

where k is the radius of gyration about the centroidal axis parallel to the axis about which k 
applies and d is the distance between the two axes. The axes may be either in or normal to 
the plane of the area. 



Figure 3.4 ( Source : Meriam, J. L. and Kraige, L. G. 1992. Engineering Mechanics, 3rd ed. John 
Wiley & Sons, New York.) 




A summary of formulas for area moments of inertia for various commonly encountered 
plane areas is given in Table 3.1. 
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Table 3.1 Properties of Plane Areas 




York. 
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Composite Areas 

When an area is the composite of a number of distinct parts, its moment of inertia is obtained 
by summing the results for each of the parts in terms of its area A, its centroidal moment of 
inertia /, the perpendicular distance d from its centroidal axis to the axis about which the 
moment of inertia of the composite area is being computed, and the product Ad ? . The results 
are easily tabulated in the form 



Part Area, A I x 


h 


d x 


dy 


Ad 2 x 


Adi 


Sums X] F 


E ly 






E Ad 2 x 


E Ad l 



The final results are simply 

= ^2 h + ^2 Adi ly = X / dy + Ad 2 y 



Products of Inertia 

In certain problems involving unsymmetrical cross sections, an expression of the form 
dl xy — xy dA occurs, and its integral 

I xy = J xy dA (3.7) 



is known as the product of inertia. Unlike moments of inertia, which are always positive for 
positive areas, the product of inertia may be positive, negative, or zero, depending on the 
signs of v and y. 

Rotation of Axes 

It may be shown that the moments and products of inertia for the area of Fig. 3.5 about the 
rotated axes x'-y' are given by 
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I* = + Ij hr ]L cos 20 - h, sin 20 

I y > = ^ — —— — — cos 20 + I xy sin 20 (3-8) 

Z Z 

I x ' y i — — ~ sin 2 0 + I xy cos 2 6 

The angle that makes 4/ and I y > a maximum or a minimum is determined by setting the 
derivative of I x < and 4/ with respect to 9 equal to zero. Denoting this critical angle by a 
gives 

tan 2a — 21 xy (3.9) 

ly -*-x 

Substitution of Eq. (3.9) for 2 6 in Eq. (3.8) gives I x < y ' — 0 and 
4nax = - 1 4 + 4/ + \J (4r ~ lyY + ^ xy } 

(3.10) 

4nin = ~ | 4: + 4/ — \J (4: ~ ly) 2 + 4 I% y | 



Figure 3.5 ( Source : Meriam, J. L. and Kraige, L. G. 1992. Engineering Mechanics, 3rd ed. John 
Wiley & Sons, New York.) 



V 




3.2 Mass Moments of Inertia 

The dynamics of bodies that rotate with angular acceleration calls for a knowledge of mass 
moments of inertia and is treated in the chapter on Dynamics and Vibration. 
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Defining Relations 



Fixed Axis 

The moment of inertia of the body of mass m in Fig. 3.6 about the fixed axis 0-0 is given by 



L 




r 2 dm 



(3.11) 



The dimensions are (mass) (length) 2 , which are kg-m 2 in SI units and lb-ft-s 2 in U.S. 
customary units. If the density p of the body is constant, then dm. — p dV and the integral 
becomes 



I 0 = p J r 2 dV (3.12) 

where dV is the differential volume of the mass element. To facilitate integration, 
coordinates that best suit the boundaries of the body should be utilized. 

Figure 3.6 ( Source : Meriam, J. L. and Kraige, L. G. 1992. Engineering Mechanics, 3rd ed. John 
Wiley & Sons, New York.) 



o 




o 
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Knowledge of the geometric properties of the cross section of a structural member is 
important for its design. The wide-flange members shown here are to be used for the Transit 
Expressway demonstration project in Pittsburgh, Pennsylvania. It consists of a 
9340-foot-long, 8000-foot-elevated experimental loop designed to test and display a new 
concept in urban rapid transit. (Photo courtesy of Bethlehem Steel.) 



Radius of Gyration 

The radius of gyration k of a mass m about an axis for which the moment of inertia is I is 
defined as 



k — y/l/m or I — k 2 m. (3.13) 

Thus k is a measure of the distribution of mass about the axis in question, and its definition is 
analogous to the similar definition of radius of gyration for area moments of inertia. 

Parallel-Axis Theorem 

If the moment of inertia of a body of mass m is known about an axis through the mass center, 
it may easily be determined about any parallel axis by the expression 
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(3.14) 



1 = 1 + md 2 

where I is the moment of inertia about the parallel axis through the mass center and d is the 
perpendicular distance between the axes. This parallel-axis theorem is analogous to that for 
area moments of inertia, Eq. (3.6). It applies only if transfer is made to or from a parallel axis 
through the mass center. From the definition of Eq. (3.13) it follows that 

k 2 = k 2 + d 2 (3.15) 

where k is the radius of gyration about an axis a distance d from the parallel axis through the 
mass center for which the radius of gyration is k. 

Flat Plates 

The moments of inertia of a flat plate, Fig. 3.7, about axes in the plane of and normal to the 
plate are frequently encountered. The elemental mass is p{t dA ), where p is the plate density, 
t is its thickness, and dA = dx dy is the face area of dm. If p and t are constant, the moment 
of inertia about each of the axes becomes 



I xx = / y 2 dm, = pt 



Iyy = x 2 dm = pt 



I 2Z = / r 2 dm, = pt 



y 2 dA = ptl x 

x 2 dA = ptly 

r 2 dA = ptL 



(3.16) 



where the double subscript designates mass moment of inertia and the single subscript 
designates the moment of inertia of the plate area. Inasmuch as I z = I x + I y for area 
moments of inertia, it follows that 

I zz I X x T Iyy (3.16a) 

This relation holds only if t is small compared with the other plate dimensions. 

Composite Bodies 

The mass moment of inertia of a composite body about a given axis is simply the sum of the 
moments of inertia of its individual components about the same axis. 

A summary of formulas for mass moments of inertia for various bodies of common shape 
is given in Table 3.2. 
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Figure 3.7 (Source: Meriam, J. L. and Kraige, 

L. G. 1992. Engineering Mechanics, 3rd ed. John 
Wiley & Sons, New York.) 



y 




i 



Figure 3.8 ( Source : Meriam, J. L. and Kraige, 
L. G. 1992. Engineering Mechanics, 3rd ed. John 
Wiley & Sons, New York.) 




General Rotation 

For three-dimensional rotation of a rigid body the moments and products of inertia assume a 
more general form from Fig. 3.8, as follows: 



I xx = J r\ dm 

J yy = J r l drn 
I-zz = J r l dm, 



J ( y 2 + z 2 ) dm 

J(Z +x >) dm 



d-xy dyx 



d-xz d zx 



dyz d z y 



J Xydm 

j xz dm 

fvzdm 



(3.17) 



Whereas the moments of inertia are always positive, the products of inertia may be positive, 
negative, or zero. Parallel-axis theorems for products of inertia are 

I X y = d xy + mxy 

Ixz = dxz + rrixz (3.18) 

dyz = ~dyz + rnyz 

where the bar represents the product of inertia with respect to axes through the mass center 
and x, y, and J represent the coordinates of the mass center. 
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Table 3.2 Moments of Inertia of Homogeneous Solids (m = Mass of Body 
Shown) ( continues ) 
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Table 3.2 (continued ) 



Body 


Mass 

Center 


Mass Moments 
of Inertia 


Spherical 

q \___ — S * 16 " 


— 


r 2 2 

7 “ = a*' 


z ' Hemispherical 

y shell 

1 

a: 


r 

x — — 
2 


■^xx ^yy ^zz 3 ^ ^ 

_ 5 2 

^yy ^zz — m ? 


/ s\ Sphere 

L -^r WT 


- 


T 2 2 
1 zz = -mr 
5 


Z- ' Hemisphere 

1 

a: 


3r 

x = ■ — • 
8 


2 , 

/« = Iyy = Izz = -mr 
7 7 83 2 

I yy = i zz = mr 

320 


L ^ "H Uniform 

, j j slender rod 

1 Ji 1 ' 


— 


f vv = — m/ 2 
12 

lyiyi ~ ^ m I 


x Quarter- 

circular rod 

/f r*r- y^> 

f \ G ! 

y J~ JLr \ 


3c = y 
2r 

7T 


I xx = Iyy = Jt«r 2 

/ 22 = mr 2 


l 

x rq 

\J 

i*! 


Elliptical 
2 _ 1 cylinder 

k° 

"y 




r 1 2 1 ,2 

I.. = —ma H ml 

4 12 

I vv = -mb 2 + —ml 2 
yy 4 12 

J 22 = im(a 2 + b 2 ) 

4 

Iy, v , = -mb 2 + - ml 2 
ym 4 3 


| | Conical 

shell 


_ _ 2fe 
Z ~ 3 


1 , 1 ,2 

I,. = -mr 4 — mh 
yy 4 2 

hm = ^ mr2 + 

hz = -mr 2 

2 

1 2 1.2 
I V y = —mr + — mr 
rr 4 18 
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Table 3.2 ( continued ) 



Body 



Mass 

Center 



Mass Moments 
of Inertia 



x -- 




Rectangular 

tetrahedron 



_ a 
X ~ 4 



r = 4 



z = 



I xx = + c 2 ) 

10 

Cy = + c2 ) 

hz = ^ m (« 2 + > 2 ) 
Ixx = ^ m ( &2 + c2 ) 

lyy = ^m(« 2 + c 2 ) 
C* = ^jw(a 2 + fc 2 ) 




Half torus 



x = 



a 2 + 4R 2 
2 t tR 



Ixx = lyy = \ mR2 + ^ mfl2 

3 

/ zz = mR 2 + -ma 2 

4 



t-^ J 



Defining Terms 

Area moment of inertia: Defined as J (distance) 2 d(area). 

Mass moment of inertia: A measure of the inertial resistance to angular acceleration. 
Product of inertia: Defined as f xy dA for areas (xy plane) and J xy dm, , f xz dm, and 
J yz dm, for masses. 

Radius of gyration: Defined as y/l/A for areas and \JlJrn for masses. 

Reference 

Meriam, J. L. and Kraige, L. G. 1992. Engineering Mechanics, 3rd ed. John Wiley & Sons, 
New York. 

Further Information 

Consult mechanics textbooks found in any engineering library. 
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10 

Axial Loads and Torsion 



10.1 Axially Loaded Bars 

Axial Strain • Axial Stress • Axial Stress-Strain Relation • Relative Displacement of Cross Sections 
• Uniform Bar • Nonuniform Bars • Statically Indeterminate Bars 

10.2 Torsion 

Power Transmission • Kinematics of Circular Shafts • Equilibrium • Elastic Twisting of Circular 
Shafts • Uniform Shaft • Nonuniform Shaft • Statically Indeterminate Circular Shafts 

Nelson R. Bauld, Jr. 

Clemson University 



10.1 Axially Loaded Bars 

A bar is said to be axially loaded if the action lines of all the applied forces coincide with the 
axis of the bar. The bar axis is defined as the locus of the centroids of the cross-sectional 
areas along the length of the bar. This locus of centroids must form a straight line, and the 
action lines of the applied forces must coincide with it in order for the theory of this section 
to apply. 

Axial Strain 

The axial strain in an axially loaded bar is based on the geometric assumptions that plane 
cross sections in the unloaded bar, such as sections mn and pq in Fig. 10.1(a), remain plane 
in the loaded bar as shown in Fig. 10.1(b), and that they displace only axially. 
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Figure 10.1 Axial displacements of an axially loaded bar. 




(a) 



u(x + ax ) 



— ►! u(x) h* — 

i 

■ 








i 

^ y + h(y\ ^-1^ 


Ay* 













(b) 

The axial strain of a line element such as rs in Fig. 10.1(a) is defined as the limit of the 
ratio of its change in length to its original length as its original length approaches zero. Thus, 
the axial strain £ at an arbitrary cross section x is 

e(x) — lim (Ax * — Ax)/Ax = lim [u(x + Ax) — u(x)]/Ax = du/dx (10-1) 

As— >-0 Ax->-0 

where u(x) and u(x + Ax) are axial displacements of the cross sections at x and x + Ax. 
Common units for axial strain are in./in. or mm/mm. Because axial strain is the ratio of two 
lengths, units for axial strain are frequently not recorded. 

Axial Stress 

The axial stress a at cross section x of an axially loaded bar is 

<r(x) = N{x)/A(x) (10.2) 

where N(x) is the internal force and A(x) is the cross-sectional area, each at section x. 
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Common units for axial stress are pounds per square inch (psi) or megapascals (MPa). 
Equation (10.2) is valid at cross sections that satisfy the geometric assumptions stated 
previously. It ceases to be valid at abrupt changes in cross section and at points of load 
application. Cross sections at such locations distort and therefore violate the plane 
cross-section assumption. Also, Eq. (10.2) requires that the material at cross section jc be 
homogeneous; that is, the cross section cannot be made of two or more different materials. 

Axial Stress-Strain Relation 

The allowable stress for axially loaded bars used in most engineering structures falls within 
the proportional limit of the material from which they are made. Consequently, material 
behavior considered in this section is confined to the linearly elastic range and is given by 

a(x) — E(x)e{x) (10.3) 

where E(x ) is the modulus of elasticity for the material at section x. Common units for the 
modulus of elasticity are pounds per square inch (psi) or gigapascals (GPa). 

Relative Displacement of Cross Sections 

The relative displacement e B / A of a cross section at x B with respect to a cross section at x A 
is obtained by combining Eqs. (10.1-10.3) and integrating from section x A to x B . Using Fig. 
10 . 2 , 



e B /A = u(x B ) - u(x A ) 




N(x)/[A(x)E(x)\dx 



(10.4) 



where e B / A denotes the change in length between the cross sections at x A and x B . 

Figure 10.2 
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Equation (10.4) must be interpreted as the sum of several integrals for a bar for which the 
integrand exhibits discontinuities. Discontinuities occur for cross sections where either N, A, 
E, or combinations thereof change abruptly and can usually be detected by inspection. 

Uniform Bar 

A bar for which the internal force N(x), the cross-sectional area A(x), and the modulus of 
elasticity E(x) do not change over its length is referred to as a uniform bar. If P denotes 
equilibrating forces applied to the ends of the bar and L its length, as shown in Fig. 10.3, then 
Eq. (10.4) gives the change in length of the bar as 

e = PL/AE (10.5) 



Figure 10.3 Uniform bar. 



P 



€ 



P 



Nonuniform Bars 

A nonuniform bar is one for which either A, E, N, or combinations thereof change abruptly 
along the length of the bar. Three important methods are available to analyze axially loaded 
bars for which the integrand in Eq. (10.4) contains discontinuities. They are as follows. 

Direct Integration 

Equation (10.4) is integrated directly. The internal force N(x) is obtained in terms of the 
applied forces via the axial equilibrium equation, A(x) from geometric considerations, and 
E(x) by observing the type of material at a given section. 

Discrete Elements 

The bar is divided into a finite number of segments, for each of which N/AE is constant. 
Each segment is a uniform bar for which its change in length is given by Eq. (10.5). The 
change in length of the nonuniform bar is the sum of the changes in length of the various 
segments. Accordingly, if e* denotes the change in length of the zth segment, then the change 
in length e of the nonuniform bar is 



e = J2 e ‘ < 10 ' 6 ) 
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Superposition 

The superposition principle applied to axially loaded bars asserts that the change in length 
between two cross sections caused by several applied forces acting simultaneously is equal to 
the algebraic sum of the changes in length between the same two cross sections caused by 
each applied force acting separately. Thus, letting e B / A represent the change in length caused 
by several applied forces acting simultaneously, and e! B j A , e" B j A , . . . represent the changes in 
length caused by each applied force acting separately, 

e B/A = e's/A + e B/A + ( 10 - 7 ) 

Superposition of displacements requires that the axial forces be linearly related to the 
displacements they cause, and this implies that the stress at every cross section cannot exceed 
the proportional limit stress of the material of the bar. This requirement must be satisfied for 
each separate loading as well as for the combined loading. 

Statically Indeterminate Bars 

The internal force N(x) in statically determinate axially loaded bars is determined via axial 
equilibrium alone. Subsequently, axial stress, axial strain, and axial displacements can be 
determined via the foregoing equations. 

The internal force N(x) in statically indeterminate axially loaded bars cannot be 
determined via axial equilibrium alone. Thus, it is necessary to augment the axial equilibrium 
equation with an equation (geometric compatibility equation) that accounts for any geometric 
constraints imposed on the bar — -that is, that takes into account how the supports affect the 
deformation of the bar. 

Three basic mechanics concepts are required to analyze statically indeterminate axially 
loaded bars: axial equilibrium, geometric compatibility of axial deformations, and material 
behavior (stress-strain relation). 

Example 10.1. Determine the stresses in the aluminum and steel segments of the composite 
bar of Fig. 10.4(a) when P — 7000 lb. The cross-sectional areas of the steel and aluminum 
segments are 2 in. 2 and 4 in. 2 , respectively, and the moduli of elasticity are 30 • 10 6 psi and 
10 • 10 6 psi, respectively. 

Solution. The bar is statically indeterminate; therefore, the solution requires the use of the 
three mechanics concepts discussed in the previous paragraph. 

Equilibrium. The axial equilibrium equation is obtained from the free-body diagram of Fig. 
10.4(b) as 



-P ST + Pal - 7000 = 0 (10.8) 
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Figure 10.4 Statically indeterminate composite step-bar. 
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(b) 

Geometric compatibility. The compatibility equation is obtained by noting that the total 
elongation of the bar is zero. Accordingly, 

e = e ST + e AL = 0 (10.9) 

Material behavior. The steel and aluminum segments are assumed to behave in a linearly 
elastic manner, so their elongations are given by 

e ST = Pst-^st/I^st-E'st) and e AL = -Palpal /(Aa.l-E’Al) (10.10) 

Combining Eqs. (10.9) and (10.10) yields 
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Pst — —{Lal/Lst)(Est/Em j )(Ast/Aal)Pal 

= — (10/20) (30/10) (2/4 )P AL = -3/4P al (10.11) 

Solving Eqs. (10.8) and (10.11) simultaneously yields 

P ST = -3000 lb and P AL = 4000 lb (10.12) 
from which the stresses in the steel and aluminum are found as follows: 

cr st = —3000/2 = —1500 psi = 1500 psi (compression) 
(Jal = 4000/4 = 1000 psi (tension) 



Example 10.2. Assuming that P — 0 in Fig. 10.4(a), determine the stress in the steel and 
aluminum segments of the bar due to a temperature increase of 10° F. The thermal expansion 
coefficients for steel and aluminum are cmst = 6.5 • 10 6 inches per inch per degree 
Fahrenheit (in./in./°F) and a A L — 13 • 10~ 6 in./in./°F. 

Solution. Because free thermal expansion of the bar is prevented by the supports, internal 
stresses are induced in the two segments. 

Equilibrium. The axial equilibrium equation is obtained from the free-body diagram of Fig. 
10.4(b). Thus, 



—Pst + -Pal = 0 (10.13) 

Compatibility. The compatibility equation is obtained by noting that if the bar could 
expand freely, its total elongation A would be 

A = Ast + A al (10.14) 

where A S t and A al denote the free thermal expansions of the separate segments. Because 
the net change in length of the bar is zero, internal strains are induced in the steel and 
aluminum such that the sum of the changes in lengths of the steel and aluminum segments 
must be equal to A. Therefore, the compatibility equation becomes 

esT + e A L — A = 0 (10.15) 

Material behavior. Assuming linear elastic behavior for both materials 

e ST = PstFst/(^st-Fst) and e AL = Pal Pal/ (^4 al -Pal) (10.16) 
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Also, because 



Ast — «st-^stAT and Aal — c^al-^alAT (10.17) 



it follows that 



A = (6.5 • 10“ b )(20)(10) + (13 • l(T b )(10)(10) = 0.0026 in. (10.18) 
Equations (10.13), (10.15), (10.16), and (10.18) yield 

-Pst{1 + (E^st/-E'Al)(^4st/^4al)(-^al/-^st)} = (-E'St^4st/-^st)A 



or 



Thus 



P ST {1 + (30/10) (2/4) (10/20)} - {[30 • 10 e (2)]/20}(0.0026) 



Pst = Pal = 4457 lb (10.19) 



The corresponding stresses in the steel and aluminum are compression and equal to 
cr ST = 4457/2 = 2228 psi and a AL = 4457/4 = 1114 psi 



10.2 Torsion 

Torsionally loaded bars occur frequently in industrial applications such as shafts connecting 
motor-pump and motor- generator sets; propeller shafts in airplanes, helicopters, and ships; 
and torsion bars in automobile suspension systems. Many tools or tool components possess a 
dominant torsional component such as screwdrivers and drill and router bits. (These tools 
also rely on an axial force component for their effectiveness.) 

Power Transmission 

The specifications for a motor customarily list the power it transmits in horsepower (hp), and 
its angular speed in either revolutions per minute (rpm) or in cycles per second (Hz). To 
design or analyze a shaft, the torque that it is to transmit is required. Therefore, a 
relationship between horsepower, angular speed, and torque is required. In U.S. customary 
units and in the International System of Units (SI units) these relationships are 
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27rnT/[550(12)60] = nT/63 000 (U.S. customary units) 
2TT/T/745.7 = fT / 119 (SI units) 



(10.20) 



lip = 



where /and n denote the angular speed in cycles per second and revolutions per minute, 
respectively, and T denotes the torque transmitted in Newton-meters (N • m) or inch-pounds 
(in.-lb), depending on the system of units used. 

Kinematics of Circular Shafts 

The theory of circular shafts is based on the geometric assumption that a plane cross section 
simply rotates about the axis of the shaft and can be visualized as being composed of a series 
of thin rigid disks that rotate about the axis of the shaft. 

To obtain a formula that expresses the rotation of one cross section relative to another 
infinitesimally close to it, consider a shaft of radius c and examine the angular deformations 
of an interior segment of radius r and length Ax. This portion of the bar is indicated in Fig. 
10.5(a). Before twisting, line element AB is parallel to the shaft axis, and line element AC 
lies along a cross-sectional circle of radius r. The angle between these elements is 90 
degrees. Due to twisting, AC merely moves to a new location on the circumference, but AB 
becomes A * B *, which is no longer parallel to the shaft axis, as is indicated in Fig. 10.5(b). 
The shearing deformation e r at radius r is 

e r — rAcf) — 7 ? .Ax (10.21) 

where 7 r denotes the shearing strain between line elements A* B* and A * ( 7 *, and A / 
represents the angular rotation of the cross section at B relative to the cross section at A. In 
the limit, as Ax becomes infinitesimal, Eq. (10.21) becomes 

7 r — rd(f>/dx (10.22) 

Because a cross section is considered rigid, Eq. (10.22) indicates that the shearing strain 
varies linearly with distance from the center of the shaft. Consequently, because c denotes the 
outside radius of the shaft, the shearing strain at radius r is 

7 V = (r/c) 7 C (10.23) 



Equilibrium 

The shearing stress r r that acts on a differential element of cross-sectional area da is shown 
in Fig. 10.6. A concentrated torque T that is equivalent to the torque produced by the 
distributed shearing stress T r is 



T = 




( T r da)r 



(10.24) 
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Figure 10.5 

A E 




(a) 




Figure 10.6 




Elastic Twisting of Circular Shafts 

Explicit formulas for the angle of twist per unit length and for the shearing stress at any point 
r in a cross section of a circular shaft made from a linearly elastic material are obtained from 
Eqs. (10.22) and (10.24) and the stress-strain relation 

T r = G lr (10.25) 
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in which G is the shearing modulus of elasticity. Common units for G are pounds per square 
inch (psi) or gigapascals (GPa). Accordingly, 



T = 



( Gj r /r)r 2 da — G d(f>/dx 



da 



or 



d(f)/dx — T/JG (10.26) 

in which J is the polar moment of inertia of the cross-sectional area of the bar. Common units 
for J are inches to the fourth power (in. 4 ) or meters to the fourth power (m 4 ), depending on 
the system of units used. 

The shearing stress at radius r is obtained by combining Eqs. (10.22), (10.25), and (10.26). 
Thus, 



T r —TrfJ (10.27) 

Equations (10.26) and (10.27) provide the means needed to analyze the strength and stiffness 
of linearly elastic shafts with circular cross sections. These formulas remain valid for annular 
shafts for which the hollow and solid portions are concentric. Formulas for the polar 
moments of inertia J are 

{ 7t/32 d A (solid cross section) 

(10.28) 

7t/ 32 (d 4 — df) (annular cross section) 
where d Q and dj denote external and internal diameters. 

Uniform Shaft 

A uniform shaft is one for which the cross-sectional area, the shearing modulus of elasticity, 
and the applied torque do not change along its length. Because J, G, and T are constants over 
the length L, Eq. (10.26) integrates to give the angle of twist of one end relative to the other 
end as 



0 = TL/JG (10.29) 

The shearing stress on any cross section at radial distance r is 

T r —Tr/J (10.30) 



© 1998 by CRC PRESS LLC 




Nonuniform Shaft 



A nonuniform shaft is one for which either J, G , T, or a combination thereof changes 
abruptly along the length of the shaft. Three procedures are available to determine the angle 
of twist for circular shafts made from linearly elastic materials. 

Direct Integration 

Equation (10.26) is integrated directly. Because the integrand T/ JG can possess 
discontinuities at cross sections for which J, G, or T changes abruptly, the integration must 
be interpreted as a sum of several integrations. Discontinuities in J, G , and T can usually be 
detected by inspection. The polar moment of inertia J is discontinuous at abrupt changes in 
cross-sectional area, G is discontinuous at cross sections where the material changes 
abruptly, and the internal torque T is discontinuous at points where concentrated torques are 
applied. 

Discrete Elements 

The shaft is divided into a finite number of segments for each of which T/ JG is constant. 
Consequently, the shaft is perceived to be a series of connected uniform shafts for each of 
which Eq. (10.29) applies. Thus, if (j), t denotes the angle of twist of the zth segment, then the 
angle of twist for the shaft is 



0 = (io.3i) 



Superposition 

The superposition principle applied to the twisting of circular shafts stipulates that the 
relative rotation of one cross section with respect to another cross section due to several 
torques applied simultaneously is equal to the algebraic sum of the relative rotations of the 
same cross sections due to each torque applied separately. If (f)' B / A , 4>"b/a > • • • denote relative 
angles of twist for each torque applied separately, then 

&B/A = 0'b/A + &B/A d (10.32) 

Superposition of angles of twist requires that the torques be linearly related to the angles of 
twist that they produce, which in turn implies that the shearing stress must not exceed the 
proportional limit stress for the material involved. This requirement must be satisfied for 
each separate loading, as well as for the combined loading. 
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Statically Indeterminate Circular Shafts 

A shaft is statically indeterminate if the internal torque at a cross section cannot be 
determined from moment equilibrium about the axis of the shaft. In such cases an additional 
equation is obtained by requiring that angles of twist be compatible with the geometric 
constraints imposed on the shaft. As with axially loaded bars, three basic concepts of 
mechanics are involved in the solution of statically indeterminate shafts: equilibrium, 
geometric compatibility, and material behavior. 

Example 10.3. The diameters of the aluminum and steel segments of the statically 
indeterminate step-shaft of Fig. 10.7(a) are 50 mm and 25 mm, respectively. Knowing that 
Gal — 28 GPa, Gst — 84 GPa, and T 0 = 2007T N • m, determine the maximum 
shearing stresses in the aluminum and in the steel. 

Solution. Equilibrium. From Fig. 10.7(b), moment equilibrium about the axis of the shaft 
gives 



T a + T b - T 0 = 0 (10.33) 





Compatibility. The supports at the ends of the shaft prevent the cross sections at A and B 
from rotating; hence, the required compatibility equation is 

4bia = 0 (10.34) 

and, with the aid of the superposition principle, it can be written as 

4>B/A — 4>'b/A + $B/A — ^ (10.35) 

Here (f>' B / A and 4>"b/a denote the relative angular rotations of the cross section at B with 
respect to the cross section at A due to the torques T B and T {) acting separately. 
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To convert Eq. (10.35) into an algebraic equation involving the torques T B and T 0 , the 
discrete element procedure is used. First calculate the polar moments of inertia for the two 
segments: 

J AL = tt/ 32(0.050) 4 = 0.613 • 10“ 6 m 4 

J ST = tt/ 32(0.025) 4 = 0.038 • 10“ 6 m 4 (10.36) 

Using Eq. (10.29) for a uniform shaft, determine that 

4 >' b/a = 0.3r B /{JA L 28 • 10 9 } + 0.3 T b /{J st 84 • 10 9 } = 111.47 • KT 6 T B m 4 

4 )" b/a = 0.2To/{Ja L 28 • 10 9 } = 11.65 • Hr 6 T 0 m 4 (10.37) 

Consequently, 

(f) B/A = {111.47Tb - 11.65T 0 } • 10“ 6 = 0 (10.38) 

Equation (10.38) gives T B and Eq. (10.33) gives T A . Thus, 

T a — 1797 r N • m and T B — 21ir N • m (10.39) 

The maximum shearing stress in each material occurs at the most remote point on a cross 
section. Thus, 

(talUx = Talc/Jal = 179tt(0.025)/0.613 • 10" 6 = 22.9 MPa 

(r ST )max = Tstc/Jst = 21tt( 0.0125)/0.038 • 10“ 6 = 21.7 MPa (10.40) 



Defining Terms 

Bar axis: Straight line locus of centroids of cross sections along the length of a bar. 

Line element: Imaginary fiber of material along a specific direction. 

Nonuniform bar: A bar for which the cross-sectional area or the material composition 

changes abruptly along its length, or external forces are applied intermediate to its ends. 

Nonuniform shaft: A bar of circular cross section for which the diameter or material 

composition changes abruptly along its length, or external twisting moments are applied 
intermediate to its ends. 

Thin rigid disk: Imaginary circular cross section of infinitesimal thickness that is assumed 
to undergo no deformations in its plane. 

Torque: Twisting moment. 

Uniform bar: A bar of uniform cross-sectional area that is made of one material and is 
subjected to axial forces only at its ends. 
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Uniform shaft: A bar of uniform, circular cross-sectional area that is made of one material 
and is subjected to twisting moments only at its ends. 
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Further Information 

Formulas for the twisting of shafts with the following cross-sectional shapes can be found in 
Bauld [1986]: thin-wall, open sections of various shapes; solid elliptical, rectangular, and 
equilateral triangular sections; open sections composed of thin rectangles; and circular 
sections composed of two different concentric materials. Also available in the same reference 
are formulas for the twisting of circular shafts in the inelastic range. 
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During hydrostatic testing, brittle failure of a high pressure, thick-walled chemical reactor vessel occurred 
in the manufacturer's test shop. Brittle failure can occur without any prior noticeable deformation; it is 
characterized by a very rapid crack propagation of up to 6 thousand feet per second. Brittle fracture is the 
most dangerous type of failure. (Source: Harvey, J. 1974. Theory and Design of Modern Pressure 
Vessels , 2nd ed. Van Nostrand Reinhold. With permission.) 
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Fundamental Concepts • The Energy Criterion • The Stress Intensity Approach • Time-Dependent Crack 
Growth and Damage Tolerance • Effect of Material Properties on Fracture 
THE RESPONSE OF MATERIALS TO STRESS is an important topic in engineering. Excessive 
stress can lead to failure by plastic deformation, buckling, or brittle fracture. Thus it is essential for 
the design engineer to estimate stresses correctly and to determine the limit state for the material 
and structure of interest. 

Stress is defined as force per unit cross-sectional area. In general, the stress state in a body can 
be three-dimensional and can vary from point to point. This section, however, focuses primarily on 
simple loading cases such as bending and axial loading of beams, columns, and shafts. Readers 
who are concerned with more complicated situations are encouraged to consult a textbook on solid 
mechanics or theory of elasticity. Forces and moments that induce stresses in a structure can be 
considered as either loads or reactions. Wind loading, gravitational forces, and hydrostatic pressure 
are examples of loads, while reactions are forces that arise from supports thatresist movement of a 
structure that is subject to loads. Chapter 4 discusses reactions in more detail. Beams and 
columns are the primary load-bearing members in a range of structures, including bridges and 
buildings. Chapters 5and 6 address bending stresses and shear stresses in beams, respectively, 
while Chapter 7 introduces shear and moment diagrams for beams. Chapter 8 considers buckling 
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instability in columns subject to compressive axial loads. Vessels that are subject to hydrostatic 
pressure, such as pressure vessels, pipes, and storage tanks, are another important class of 
structure. Chapter 9 lists the basic equations that relate stress to hydrostatic pressure in these 
configurations. Chapter 10 covers the analysis of axial and torsion loading in bars and shafts. 
This chapter addresses both statically determinate and statically indeterminate loading cases. 
Structures can fail by brittle fracture when the material contains cracks or other flaws. Traditional 
strength-of-materials approaches do not address brittle fracture or cracks in materials. Fracture 
mechanics is a relatively new engineering discipline that relates critical combinations of stress, 
crack size, and a property called toughness that quantifies material resistance to fracture. Chapter 
11 gives a brief introduction to this field. 
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Bending Stresses in Beams 

This chapter contains selected material (text and figures) from Gere, J. M. and Timoshenko, S. P. 
1990. Mechanics of Materials, 3rd ed. PWS, Boston. With permission. 



5.1 Longitudinal Strains in Beams 

5.2 Normal Stresses in Beams (Linearly Elastic Materials) 

James M. Gere 

Stanford University 

A beam is a slender structural member subjected to lateral loads. In this chapter we consider the 
bending stresses (i.e., normal stresses) in beams having initially straight longitudinal axes, such as 
the cantilever beam of Fig. 5.1(a). For reference, we direct the positive x axis to the right along the 
longitudinal axis of the beam and the positive y axis downward (because the deflections of most 
beams are downward). The z axis, which is not shown in the figure, is directed away from the 
viewer, so that the three axes form a right-handed coordinate system. All cross sections of the 
beam are assumed to be symmetric about the xy plane, and all loads are assumed to act in this 
plane. Consequently, the beam will deflect in this same plane [Fig. 5.1(b)], which is called 
the plane of bending. 

Pure bending refers to bending of a beam under a constant bending moment M, which means 
that the shear force V is zero (because V — dM/dx). Nonuniform bending refers to bending in 
the presence of shear forces, in which case the bending moment varies along the axis of the beam. 
The sign convention for bending moments is shown in Fig. 5.2; note that positive bending moment 
produces tension in the lower part of the beam and compression in the upper part. 

The stresses and strains in a beam are directly related to the curvature k of the deflection curve. 
Because the x axis is positive to the right and the y axis is positive downward, the curvature is 
positive when the beam is bent concave downward and negative when the beam is bent concave 
upward (Fig. 5.2). 

5.1 Longitudinal Strains in Beams 

Consider a segment DE of a beam subjected to pure bending by positive bending moments M [Fig. 
5.3(a)]. The cross section of the beam at section mn is of arbitrary shape except that it must be 
symmetrical about the y axis [Fig. 5.3(b)]. All cross sections of the beam (such as mn) that were 
plane before bending remain plane after bending, a fact that can be proven theoretically using 
arguments based on symmetry. There lore, plane sections remain plane regardless of the material 
properties, whether elastic or inelastic, linear or nonlinear. (Of course, the material properties, 
like the dimensions, must be symmetric about the plane of bending.) 



© 1998 by CRC PRESS LLC 



Figure 5.1 Bending of a cantilever beam. 






© 1998 by CRC PRESS LLC 



Figure 5.3 Beam in pure bending, (a) Side view of segment of beam showing bending moments M and 
typical section mn. (b) Cross section of beam at section mn . 




With positive bending moments, the lower part of the beam is in tension and the upper part is in 
compression. Therefore, longitudinal lines (i.e., line segments parallel to the x axis) in the lower 
part of the beam are elongated and those in the upper part are shortened. The intermediate surface 
in which longitudinal lines do not change in length is called the neutral surface of the beam. We 
place the origin O of coordinates in this plane, so that the xz plane becomes the neutral surface. 
The intersection of this surface with any cross-sectional plane is called the neutral axis of the 
cross section, for instance, the z axis in Fig. 5.3(b). 

Because plane sections remain plane, the longitudinal strains e x in the beam vary linearly with 
the distance y from the neutral surface, regardless of the material properties. It can also be shown 
that the strains are proportional to the curvature k. Thus, the strains are given by the 
equation 



= ~Ky (5.1) 

The sign convention for e x is positive for elongation and negative for shortening. Note that when 
the curvature is positive (Fig. 5.2) and y is positive (Fig. 5.3), the strain is negative. 

5.2 Normal Stresses in Beams (Linearly Elastic 

Materials) 

Since longitudinal line elements in the beam are subjected only to tension or compression 
(elongation or shortening), they are in a state of uniaxial stress. Therefore, we can use the 
stress-strain diagram of the material to obtain the normal stresses a x from the normal strains e x . If 
the shape of the stress-strain curve can be expressed analytically, a formula can be derived for the 
stresses in the beam; otherwise, they must be calculated numerically. 

The simplest and most common stress-strain relationship is for a linearly elastic material, in 
which case we can combine Hooke's law for uniaxial stress (a — Ee) with Eq. (5.1) and 
obtain 
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o x = Ee x — —Eny (5.2) 



in which E is the modulus of elasticity of the material. Equation (5.2) shows that the normal 
stresses acting on a cross section vary linearly with the distance y from the neutral surface when 
the material follows Hooke's law. 

Since the beam is in pure bending (Fig. 5.3), the resultant of the stresses a x acting over the cross 
section must equal the bending moment M. This observation provides two equations of statics — the 
first expressing that the resultant force in the x direction is equal to zero and the second expressing 
that the resultant moment is equal to M. The first equation of statics leads to the 
equation 



y dA — 0 



(5.3) 



which shows that the first moment of the cross-sectional area with respect to the z axis is zero. 
Therefore, the z axis must pass through the centroid of the cross section. Since the z axis is also the 
neutral axis, we arrive at the following conclusion: The neutral axis passes through the centroid C 
of the cross section provided the material follows Hooke's law and there is no axial force acting on 
the cross section. 

Since the y axis is an axis of symmetry, the y axis also passes through the centroid. Therefore, 
the origin of coordinates O is located at the centroid C of the cross section. Furthermore, the 
symmetry of the cross section about the y axis means that the y axis is a principal axis. The z axis 
is also a principal axis since it is perpendicular to the y axis. Therefore, when a beam of linearly 
elastic material is subjected to pure bending, the y and z axes are principal centroidal axes. 

The second equation of statics leads to the moment-curvature equation 

M = kEI (5.4) 



in which 



I = 



I 



y 2 dA 



(5.5) 



is the moment of inertia of the cross-sectional area with respect to the z axis (that is, with respect to 
the neutral axis). Moments of inertia have dimensions of length to the fourth power, and typical 
units are in. 4 , mm 4 , and m 4 for beam calculations. The quantity El is a measure of the resistance of 
the beam to bending and is called the flexural rigidity of the beam. 

The minus sign in the moment-curvature equation is a consequence of the sign conventions we 
have adopted for bending moments and coordinate axes (Fig. 5.2). We see that a positive bending 
moment produces negative curvature and a negative bending moment produces positive curvature. 
If the opposite sign convention for bending moments is used, or if the y axis is positive upward, 
then the minus sign is omitted in Eq. (5.4) but a minus sign must be inserted in the flexure formula 
[Eq. (5.6)] that follows. 
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The normal stresses in the beam can be related to the bending moment M by eliminating the 
curvature k between Eqs. (5.2) and (5.4), yielding 



O x = 



My_ 

I 



(5.6) 



This equation, called the flexure formula, shows that the stresses are directly proportional to the 
bending moment M and inversely proportional to the moment of inertia I of the cross section. 
Furthermore, the stresses vary linearly with the distance y from the neutral axis, as shown in Fig. 
5.4. Stresses calculated from the flexure formula are called bending stresses. 



Figure 5.4 Bending stresses obtained from the flexure formula. 





The maximum tensile and compressive bending stresses occur at points located farthest from the 
neutral axis. Fet us denote by c\ and c 2 the distances from the neutral axis to the extreme elements 
in the positive and negative y directions, respectively (see Figs. 5.3 and 5.4). Then the 
corresponding maximum normal stresses o\ and <r 2 are 



in which 



0i 



Me i 

~T~ 



M 

57 




M 

57 



(5.7) 



5i 



I 

Cl 




(5.8) 



The quantities S\ and 5 2 are known as the section moduli of the cross-sectional area. From Eq. 
(5.8) we see that a section modulus has dimensions of length to the t hi rd power (for example, in. 3 , 
mm 3 , or m 3 ). 

If the cross section is symmetric with respect to the z axis, which means that it is a doubly 
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symmetric cross section, then c\ — c-> — c. and the maximum tensile and compressive stresses are 
equal numerically: 



in which 



Me M , 

<n = -da = — = — (5.9) 



S = - (5.10) 



is the section modulus. For a beam of rectangular cross section with width b and height h [Fig. 
5.5(a)], the moment of inertia and section modulus are 



I = 



bh 3 

12 



S= h -^~ (5.11) 



For a circular cross section of diameter d [Fig. 5.5(b)], these properties are 



I = 



7 rd l 
64 



S = 



7 rc/ 3 

32 



(5.12) 



The properties of many other plane figures are listed in textbooks and handbooks. 
Figure 5.5 Doubly symmetric cross-sectional shapes. 
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The preceding equations for the normal stresses apply rigorously only for pure bending, which 
means that no shear forces act on the cross sections. The presence of shear forces produces 
warping, or out-of-plane distortion, of the cross sections, and a cross section that is plane before 
bending is no longer plane after bending. Warping due to shear greatly complicates the behavior of 
the beam, but detailed investigations show that the normal stresses calculated from the flexure 
formula are not significantly altered by the presence of the shear stresses and the associated 
warping. Thus, under ordinary conditions we may use the flexure formula for calculating normal 
stresses even when we have nonuniform bending. 

The flexure formula gives results that are accurate only in regions of the beam where the stress 
distribution is not disrupted by abrupt changes in the shape of the beam or by discontinuities in 
loading. For instance, the flexure formula is not applicable at or very near the supports of a beam, 
where the stress distribution is irregular. Such irregularities produce localized stresses, or stress 
concentrations, that are much greater than the stresses obtained from the flexure formula. With 
ductile materials and static loads, we may usually disregard the effects of stress concentrations. 
However, they cannot be ignored when the materials are brittle or when the loads are dynamic in 
character. 

Example. The beam ABC shown in Fig. 5.6 has simple supports at A and B and an overhang 
from B to C. A uniform load of intensity q — 3.0 kN/m acts throughout the length of the beam. 

The beam is constructed of steel plates (12 mm thick) welded to form a channel section, the 
dimensions of which are shown in Fig. 5.7(a). Calculate the maximum tensile and compressive 
stresses in the beam due to the uniform load. 

Figure 5.6 Beam dimensions. 
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Figure 5.7 Cross section of beam. 
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Solution. The maximum tensile and compressive stresses occur at the cross sections where the 
bending moments have their maximum numerical values. Therefore, we construct the 
bending-moment diagram for the beam (Fig. 5.6) and note that the maximum positive and negative 
moments equal 1.898 kN • m and —3.375 kN • m, respectively. 

Next, we determine the position of the neutral axis by locating the centroid of the cross-sectional 
area shown in Fig. 5.7(a). The results are as follows: 

ci = 61.52 mm C 2 = 18.48 mm 

The moment of inertia of the cross-sectional area about the neutral axis (the z axis) is calculated 
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with the aid of the parallel-axis theorem for moments of inertia; the result is 



I = 2.469 • 10 b mm 4 

Also, the section moduli for the bottom and top of the beam, respectively, are 

I , I , 

Si = — = 40 100 mm 3 So = — = 133 600 mm 3 
Cl c 2 

At the cross section of maximum positive bending moment, the largest tensile stress occurs at the 
bottom of the beam ((n) and the largest compressive stress occurs at the top (<r 2 ) : 

M 1.898 kN • m 

at = <7% = — — = — = 47.3 MPa 

Si 40100 mm 3 



M 1.898 kN • m 

S 2 133 600 mm 3 



-14.2 MPa 



Similarly, the largest stresses at the section of maximum negative moment are 



M 

°t = = ~~ = 

>2 



-3.375 kN • m 
133 600 mm 3 



25.3 MPa 



M -3.375 kN • m 
Si 40100 mm 3 



-84.2 MPa 



A comparison of these four stresses shows that the maximum tensile stress due to the uniform load 
q is 47.3 MPa and occurs at the bottom of the beam at the section of maximum positive bending 
moment. The maximum compressive stress is —84.2 MPa and occurs at the bottom of the beam at 
the section of maximum negative moment. 

Defining Terms 

Bending stresses: Longitudinal normal stresses a x in a beam due to bending moments. 

Flexure formula: The formula a x = My /I for the bending stresses in a beam (linearly elastic 
materials only). 

Neutral axis of the cross section: The intersection of the neutral surface with a cross-sectional 
plane; that is, the line in the cross section about which the beam bends and where the bending 
stresses are zero. 

Neutral surface: The surface perpendicular to the plane of bending in which longitudinal lines in 
the beam do not change in length (no longitudinal strains). 

Nonuniform bending: Bending in the presence of shear forces (which means that the bending 
moment varies along the axis of the beam). 
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Plane of bending: The plane of symmetry in which a beam bends and deflects. 

Pure bending: Bending of a beam under a constant bending moment (no shear forces). 

Section modulus: A property of the cross section of a beam, equal to I jc see Eq. (5.8). 
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Extensive discussions of bending, with derivations, examples, and problems, can be found in 
textbooks on mechanics of materials, such as those listed in the References. These books also 
cover many additional topics pertaining to bending stresses in beams. For instance, nonprismatic 
beams, fully stressed beams, beams with axial loads, stress concentrations in bending, composite 
beams, beams with skew loads, and stresses in inelastic beams are discussed in Gere and 
Timoshenko [1990]. 
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Shear Stresses in Beams 

Selected material (text and figures) from Chapter 5 of Gere, J. M. and Timoshenko, S. P. 

1990. Mechanics of Materials, 3rd ed. PWS, Boston. With permission. 



6. 1 Shear Stresses in Rectangular Beams 

6.2 Shear Stresses in Circular Beams 

6.3 Shear Stresses in the Webs of Beams with Flanges 

James M. Gere 

Stanford University 

The loads acting on a beam [Fig. 6.1(a)] usually produce both bending moments M and shear 
forces V at cross sections such as ab [Fig. 6.1(b)]. The longitudinal normal stresses a x 
associated with the bending moments can be calculated from the flexure formula (see 
Chapter 5). The transverse shear stresses r associated with the shear forces are described in 
this chapter. 



Figure 6.1 Beam with bending moment M and shear force V acting at cross section ab. 




jf 



Since the formulas for shear stresses are derived from the flexure formula, they are subject 
to the same limitations: (1) the beam is symmetric about the xy plane and all loads act in this 
plane (the plane of bending)-, (2) the beam is constructed of a linearly elastic material; and (3) 
the stress distribution is not disrupted by abrupt changes in the shape of the beam or by 
discontinuities in loading ( stress concentrations ). 
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6.1 Shear Stresses in Rectangular Beams 



A segment of a beam of rectangular cross section (width b and height h) subjected to a 
vertical shear force V is shown in Fig. 6.2(a). We assume that the shear stresses r acting on 
the cross section are parallel to the sides of the beam and uniformly distributed across the 
width (although they vary as we move up or down on the cross section). A small element of 
the beam cut out between two adjacent cross sections and between two planes that are 
parallel to the neutral surface is shown in Fig. 6.2(a) as element ran. Shear stresses acting on 
one face of an element are always accompanied by complementary shear stresses of equal 
magnitude acting on perpendicular faces of the element, as shown in Figs. 6.2(b) and 6.2(c). 
Thus, there are horizontal shear stresses acting between horizontal layers of the beam as well 
as transverse shear stresses acting on the vertical cross sections. 

Figure 6.2 Shear stresses in a beam of rectangular cross section. 





The equality of the horizontal and vertical shear stresses acting on element ran leads to an 
interesting conclusion regarding the shear stresses at the top and bottom of the beam. If we 
imagine that the element ran is located at either the top or the bottom, we see that the 
horizontal shear stresses vanish because there are no stresses on the outer surfaces of the 
beam. It follows that the vertical shear stresses also vanish at those locations; thus, r = 0 
where y — ±h/ 2. (Note that the origin of coordinates is at the centroid of the cross section 
and the z axis is the neutral axis.) 

The magnitude of the shear stresses can be determined by a lengthy derivation that 
involves only the flexure formula and static equilibrium (see References). The result is the 
following formula for the shear stress: 
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y dA (6.1) 



r 




in which V is the shear force acting on the cross section, I is the moment of inertia of the 
cross-sectional area about the neutral axis, and b is the width of the beam. The integral in Eq. 
(6.1) is the first moment of the part of the cross-sectional area below (or above) the level at 
which the stress is being evaluated. Denoting this first moment by Q, that is, 



Q = 




(6.2) 



we can write Eq. (6.1) in the simpler form 



r = 



VQ 

lb 



(6.3) 



This equation, known as the shear formula, can be used to determine the shear stress r at 
any point in the cross section of a rectangular beam. Note that for a specific cross section, the 
shear force V, moment of inertia /, and width b are constants. However, the first moment Q 
(and hence the shear stress r) varies depending upon where the stress is to be found. 

To evaluate the shear stress at distance y x below the neutral axis (Fig. 6.3), we must 
determine the first moment Q of the area in the cross section below the level y = y x . We can 
obtain this first moment by multiplying the partial area A x by the distance y x from its 
centroid to the neutral axis: 



Q = A iHi = b \\ ~ 26 



yi + 



h/2 — y x \ b f h 2 



2 V 4 



yl 



(6.4) 



Of course, this same result can be obtained by integration using Eq. (6.2): 



Q = y dA = 



r h / 2 b / h 2 \ 

J ybdy= b -^-yl) (6.5) 



Substituting this expression for Q into the shear formula [Eq. (6.3)], we get 

V fh 2 x 



T= 21 \ 



( 6 . 6 ) 



This equation shows that the shear stresses in a rectangular beam vary quadratically with the 
distance y x from the neutral axis. Thus, when plotted over the height of the beam, r varies in 
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the manner shown by the parabolic diagram of Fig. 6.3(c). Note that the shear stresses are 
zero when yi — ±h/ 2. 

Figure 6.3 Distribution of shear stresses in a beam of rectangular cross section, (a) Side view of 
beam showing the shear force V and bending moment M acting at a cross section, (b) Cross section 
of beam showing shear stresses r acting at distance y\ from the neutral axis, (c) Diagram showing 
the parabolic distribution of shear stresses. 




fa) 




(10 





The maximum value of the shear stress occurs at the neutral axis, where the first moment Q 
has its maximum value. Substituting yi — 0 into Eq. (6.6), we get 

_ Vh 2 

7"max g j- 

in which A — bh is the cross-sectional area. Thus, the maximum shear stress is 50% larger 
than the average shear stress (equal to V/A). Note that the preceding equations for the shear 
stresses can be used to calculate either vertical shear stresses acting on a cross section or 
horizontal shear stresses acting between horizontal layers of the beam. 

The shear formula is valid for rectangular beams of ordinary proportions — it is exact for 
very narrow beams (width b much less than height h ) but less accurate as b increases relative 
to h. For instance, when b — h, the true maximum shear stress is about 13% larger than the 
value given by Eq. (6.7). 

A common error is to apply the shear formula to cross-sectional shapes, such as a triangle, 
for which it is not applicable. The reasons it does not apply to a triangle are (1) we assumed 
the cross section had sides parallel to the y axis (so that the shear stresses acted parallel to the 
y axis), and (2) we assumed that the shear stresses were uniform across the width of the cross 
section. These assumptions hold only in particular cases, including beams of narrow 
rectangular cross section. 



31 / 
2 A 



(6.7) 
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6.2 Shear Stresses in Circular Beams 



When a beam has a circular cross section (Fig. 6.4), we can no longer assume that all of the 
shear stresses act parallel to the y axis. For instance, we can easily demonstrate that at a point 
on the boundary of the cross section, such as point m, the shear stress r acts tangent to the 
boundary. This conclusion follows from the fact that the outer surface of the beam is free of 
stress, and therefore the shear stress acting on the cross section can have no component in the 
radial direction (because shear stresses acting on perpendicular planes must be equal in 
magnitude). 



Figure 6.4 Shear stresses in a beam of 
circular cross section. 




Figure 6.5 Shear stresses in a beam 
of hollow circular cross section. 




Although there is no simple way to find the shear stresses throughout the entire cross 
section, we can readily determine the stresses at the neutral axis (where the stresses are the 
largest) by making some reasonable assumptions about the stress distribution. We assume 
that the stresses act parallel to the y axis and have constant intensity across the width of the 
beam (from point p to point q in Fig. 6.4). Inasmuch as these assumptions are the same as 
those used in deriving the shear formula [Eq. (6.3)], we can use that formula to calculate the 
shear stresses at the neutral axis. For a cross section of radius r, we obtain 

7 rr 4 

b — 2r 

(6.8) 



Q = A iVi 




2 r 3 

T~ 
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in which Q is the first moment of a semicircle. Substituting these expressions for 7, b, and Q 
into the shear formula, we obtain 



VQ _ V (2r 3 /3) _ _4V_ _ 4V 

lb (7rr 4 /4)(2r) 37 rr 2 3A 



in which A is the area of the cross section. This equation shows that the maximum shear 
stress in a circular beam is equal to 4/3 times the average shear stress V/A. 

Although the preceding theory for the maximum shear stress in a circular beam is 
approximate, it gives results that differ by only a few percent from those obtained by more 
exact theories. 

If a beam has a hollow circular cross section (Fig. 6.5), we may again assume with good 
accuracy that the shear stresses along the neutral axis are parallel to the y axis and uniformly 
distributed. Then, as before, we may use the shear formula to find the maximum shear stress. 
The properties of the hollow section are 

1=7 ^{r$~rt) b — 2 (r 2 — rQ Q = (r| - r?) (6.10) 

and the maximum stress is 

VQ 4V f rl + V 2 V! A r\\ 

T m « - — ^ ~2 ~ ~2 J (b 

in which A — ir(rl — r\) is the area of the cross section. Note that if n = 0, this equation 
reduces to Eq. (6.9) for a solid circular beam. 




6.3 Shear Stresses in the Webs of Beams with Flanges 

When a beam of wide-flange shape [Fig. 6.6(a)] is subjected to a vertical shear force, the 
distribution of shear stresses is more complicated than in the case of a rectangular beam. For 
instance, in the flanges of the beam, shear stresses act in both the vertical and horizontal 
directions (the y and z directions). Fortunately, the largest shear stresses occur in the web, 
and we can determine those stresses using the same techniques we used for rectangular 
beams. 
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Figure 6.6 Shear stresses in the web of a wide-flange beam, (a) Cross section of beam, (b) Graph 
showing distribution of vertical shear stresses in the web. 



b 




(a) <b) 

Consider the shear stresses at level ef in the web of the beam [Fig. 6.6(a)]. We assume that 
the shear stresses act parallel to the y axis and are uniformly distributed across the thickness 
of the web. Then the shear formula will still apply. However, the width b is now the 
thickness t of the web, and the area used in calculating the first moment Q is the area 
between ef and the bottom edge of the cross section [that is, the shaded area of Fig. 6.6(a)]. 
This area consists of two rectangles — the area of the flange (that is, the area below the line 
abed ) and the area efeb (note that we disregard the effects of the small fillets at the juncture 
of the web and flange). After evaluating the first moments of these areas and substituting into 
the shear formula, we get the following formula for the shear stress in the web of the beam at 
distance y 1 from the neutral axis: 

r ^ ^ [Kh 2 ~ hi) + t{h\ - 4 y\)\ (6.12) 



in which I is the moment of inertia of the entire cross section, t is the thickness of the web, b 
is the flange width, h is the height, and h\ is the distance between the insides of the flanges. 
The expression for the moment of inertia is 

= Tz(bh 3 - bh\ + th\) (6. 




bh 3 (6 - t)h\ 
~Y2 12 



Equation (6.12) is plotted in Fig. 6.6(b), and we see that r varies quadratically throughout the 
height of the web (from y\ — 0 to yi — ±^i/2). 
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The maximum shear stress in the beam occurs in the web at the neutral axis ( yi — 0) , and 
the minimum shear stress in the web occurs where the web meets the flanges (yi — ±/ii/2). 
Thus, we find 




mm 



Wt (.h 2 -h\) (6.14) 



For wide-flange beams having typical cross-sectional dimensions, the maximum stress is 10 
to 60% greater than the minimum stress. Also, the shear stresses in the web typically account 
for 90 to 98% of the total shear force; the remainder is carried by shear in the flanges. 

When designing wide-flange beams, it is common practice to calculate an approximation 
of the maximum shear stress by dividing the total shear force by the area of the web. The 
result is an average shear stress in the web: 



For typical beams, the average stress is within 10% (plus or minus) of the actual maximum 
shear stress. 

The elementary theory presented in the preceding paragraphs is quite satisfactory for 
determining shear stresses in the web. However, when investigating shear stresses in the 
flanges, we can no longer assume that the shear stresses are constant across the width of the 
section, that is, across the width b of the flanges [Fig. 6.6(a)]. For instance, at the junction of 
the web and lower flange ( yi — hi/ 2), the width of the section changes abruptly from t to b. 
The shear stress at the free surfaces ab and cd [Fig. 6.6(a)] must be zero, whereas across the 
web at be the stress is r min . These observations indicate that at the junction of the web and 
either flange the distribution of shear stresses is more complex and cannot be investigated by 
an elementary analysis. The stress analysis is further complicated by the use of fillets at the 
reentrant corners, such as corners b and c. Without fillets, the stresses would become 
dangerously large. Thus, we conclude that the shear formula cannot be used to determine the 
vertical shear stresses in the flanges. (Further discussion of shear stresses in thin-walled 
beams can be found in the references.) 

The method used above to find the shear stresses in the webs of wide-flange beams can 
also be used for certain other sections having thin webs, such as T-beams. 

Example. A beam having a T-shaped cross section (Fig. 6.7) is subjected to a vertical shear 
force V — 10 000 lb. The cross-sectional dimensions are 6 = 4 in., t — 1 in., h — 8 in., and 
hi — 7 in. Determine the shear stress T\ at the top of the web (level nn) and the maximum 
shear stress r max . (Disregard the areas of the fillets.) 




(6.15) 
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Figure 6.7 Example. 




y 

Solution. The neutral axis is located by calculating the distance c from the top of the beam to 
the centroid of the cross section. The result is 

c = 3.045 in. 

The moment of inertia / of the cross-sectional area about the neutral axis (calculated with the 
aid of the parallel-axis theorem) is 



I = 69.66 in. 4 

To find the shear stress at the top of the web we need the first moment Q\ of the area above 
level nn. Thus, Qi is equal to the area of the flange times the distance from the neutral axis 
to the centroid of the flange: 

Qi — A 1 y 1 — (4 in. ) ( 1 in.)(c — 0.5 in.) = 10.18 in. 3 

Substituting into the shear formula, we find 
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1460 psi 



VQ X _ (10 000 lb) (10.18 in. 3 ) 

It (69.66 in. 4 )(l in.) 

Like all shear stresses in beams, this stress exists both as a vertical shear stress and as a 
horizontal shear stress. The vertical stress acts on the cross section at level nn and the 
horizontal stress acts on the horizontal plane between the flange and the web. The maximum 
shear stress occurs in the web at the neutral axis. The first moment Q 2 of the area below the 
neutral axis is 



^ / x/. . / 8 in. — c\ n 

Q 2 = My 2 = (1 in.) (8 in. - c) = 12.28 m. 3 



Substituting into the shear formula, we obtain 

VQ 2 (10 000 lb)(12.28 in. 3 ) 



^rriax 



It (69.66 in. 4 )(l in.) 



= 1760 psi 



which is the maximum shear stress in the T-beam. 



Defining Terms 

Shear formula: The formula r = VQ/Ib giving the shear stresses in a rectangular beam of 
linearly elastic material [Eq. (6.3)]. 

(See also Defining Terms for Chapter 5.) 
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Further Information 

Extensive discussions of bending — with derivations, examples, and problems — can be found 
in textbooks on mechanics of materials, such as those listed in the References. These books 
also cover many additional topics pertaining to shear stresses in beams. For instance, built-up 
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beams, nonprismatic beams, shear centers, and beams of thin- walled open cross section are 
discussed in Gere and Timoshenko [1990]. 
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7 

Shear and Moment Diagrams 



7.1 Sign Convention 

7.2 Shear and Moment Diagrams 

7.3 Shear and Moment Equations 

George R. Buchanan 

Tennessee Technological University 

Computations for shear force and bending moment are absolutely necessary for the successful 
application of the theory and concepts presented in the previous chapters. The discussion presented 
here is an extension of Chapter 4 and the reader should already be familiar with computations for 
reactions. This chapter will concentrate on statically determinate beams. Statically indeterminate 
beams and frames constitute an advanced topic and the reader is referred to the end of the chapter 
for further information on the topic. Even though the problems that illustrate shear and moment 
concepts appear as structural beams, the reader should be aware that the same concepts apply to 
structural machine parts. A distinction should not be drawn between civil engineering and 
mechanical engineering problems because the methods of analysis are the same. 

7.1 Sign Convention 

The sign convention for moment in a beam is based on the behavior of the loaded beam. The sign 
convention for shear in a beam is dictated by the convenience of constructing a shear diagram 
using a load diagram. The sign convention is illustrated in Fig. 7.1. The x axis corresponds to the 
longitudinal axis of the beam and must be directed from left to right. This convention dictates that 
shear and moment diagrams should be drawn from left to right. The direction of the positive y axis 
will be assumed upward, and loads that act downward on the beam will be negative. Note that it is 
not mandatory in shear and moment computations for positive y to be directed upward or even 
defined since the sign convention is independent of the vertical axis. However, for the more 
advanced topic of beam deflections positive y must be defined [Buchanan, 1988]. Positive 
bending moment causes compression at the top of the beam and negative bending moment causes 
compression at the bottom of the beam. Positive shear forces act downward on the positive face of 
the free body as shown in Fig. 7.1. 
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Figure 7.1 Beam element showing positive shear force V and positive bending moment M. 




1.2 Shear and Moment Diagrams 

Two elementary differential equations govern the construction of shear and moment diagrams and 
can be derived using a free-body diagram similar to Fig. 7.1, with w corresponding to a continuous 
load acting along the length of the beam. 



dV = w dx or 




■ x 2 



w dx 



Xl 



(7.1) 



dM —Vdx or 




1 X2 



V dx 



Xl 



(7.2) 



The differential equations show that the change in shear V between any two points x\ and x 2 on a 
beam is equal to the area of the load diagram between those same two points and, similarly, that 
the change in bending moment M is equal to the area of the shear diagram. It follows that the slope 
of a tangent drawn at any point on the moment diagram is given by dM/dx and corresponds to the 
magnitude of V at that point. When the tangent has zero slope, dM/dx = 0, that corresponds to a 
maximum or minimum moment and can be located by examining the shear diagram for a point 
(x location) where V — 0. Locating the largest positive or negative bending moment is important 
for properly designing beam structures when using the equations of the previous chapters. 

Shear and moment diagrams (as opposed to shear and moment equations) offer the most efficient 
method for analyzing beam structures for shear and moment when the beam loading can be 
represented as concentrated loads or uniform continuous loads. An elementary example will 
serve to illustrate the concept. Consider the simply supported beam of Fig. 7.2. There is a single 
concentrated load with reactions as shown. The shear is obtained by directly plotting the load; the 
sign convention of Fig 7.1 specifically allows for this. The reaction on the left is plotted upward as 
the change in the shear at a point, x = 0. The area of the load diagram between x = 0 and x = a 
is zero since the load is zero; it follows that the change in shear is zero and the shear diagram is a 
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straight horizontal line extending from the left end of the beam to the concentrated load P. The 
load changes abruptly by an amount P downward and a corresponding change is noted on the 
shear diagram. Positive shear is above the axis of the shear diagram. There is no change in load 
between x = a and x = L and the shear remains constant. The reaction at the right end of the 
beam is upward and the shear is plotted upward to return to zero. The beam is simply supported, 
indicating that the moment must be zero at the supports. The change in moment between the left 
support and the point where the load is applied, x = a, is equal to the area of the shear diagram or 
a positive Pab/L. The variation in moment appears as a straight line (a line with constant slope) 
connecting M — 0 at x — 0 with M = Pab/L at x — a. The area of the remaining portion of the 
shear diagram is -Pab/L and, when plotted on the moment diagram, returns the moment to zero 
and satisfies the simply supported boundary condition. 

Figure 7.2 Shear and moment diagrams for a simple beam with a concentrated load. 





Equations (7.1) and (7.2) indicate that the load function is integrated to give the shear function, 
and similarly the shear function is integrated to give the moment function. The diagrams are a 
graphical illustration of the integration. An important point is that the order (power) of each 
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function increases by one as the analyst moves from load to shear to moment. In Fig. 7.2, note that 
when the load function is zero (1) the corresponding shear function is a constant and (2) the 
corresponding moment function is linear in * and is plus or minus corresponding to the sign of the 
area of the shear diagram. 

Consider, as a second example, the beam of Fig. 7.3, where a series of uniform loads and 
concentrated loads is applied to a beam with an overhang. The reactions are computed and shown 
in the figure. The shear diagram is plotted starting at the left end of the beam. Shear and moment 
diagrams are always constructed from left to right because Eqs. (7.1) and (7.2) were derived in a 
coordinate system that is positive from left to right. The area of the load between x — 0 and x = 1 
m is -4 kN; this value is the change in shear, which is plotted as a sloping line. The corresponding 
change in bending moment equals the area of the shear diagram, (—4 kN )(1 m)/2 = 2 kN ■ m. A 
curve with continually changing negative slops between x = 0 and x = 1 rn us shown in Fig. 7.3. 
The point of zero shear occurs in the beam section, 2 m < x < 4 m, and is located using similar 
triangles as shown in the space between the shear and moment diagrams of Fig. 7.3. A textbook on 
mechanics of materials or structural analysis should have a complete discussion of the topic. 

Again, refer to "Further Information." 

Figure 7.3 Shear and moment diagrams for a beam with an overhang. The concentrated loads and 

uniform loads illustrate the concept of maximum moment and corresponding zero 

shear. 



4 kN 6 kN 

4 kN/m J 3 kN/m I 

iiiiiiii uuum m 

^ * lm \ 4 lm ^ 4 2 m 

12 kN 






© 1998 by CRC PRESS LLC 



Concentrated loads and uniform loads lead to shear diagrams with areas that will always be 
rectangles or triangles; the change in moment is easily computed. The uniformly varying load 
shown in Fig. 7.4(e) sometimes occurs in practice; locating the point of maximum moment (point 
of zero shear) for some boundary conditions is not so elementary when using geometrical 
relationships. In such cases the use of shear and moment equations becomes a valuable analysis 
tool. 



Figure 7.4 Shear and moment reactions for free-fixed beams. 
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7.3 Shear and Moment Equations 

Shear and moment equations are equations that represent the functions shown in Figs. 7.2 and 7.3. 
As with any mathematical function, they must be referenced to a coordinate origin, usually the left 
end of the beam. Shear and moment equations are piecewise continuous functions. Note that two 
separate equations are required to describe the shear diagram of Fig. 7.2 and, similarly, four 
equations are required to describe the shear diagram of Fig. 7.3. The same is true for the moment 
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diagram. 

The following procedure can be used to write shear and moment equations for almost any beam 
loading: (1) Choose a coordinate origin for the equation, usually, but not limited to, the left end of 
the beam. (2) Pass a free-body cut through the beam section where the shear and moment 
equations are to be written. (3) Choose the free body that contains the coordinate origin. (4) 
Assume positive unknown shear and moment at the free-body cut using the sign convention 
defined by Fig. 7.1. (5) View the free body as a free-fixed beam with the fixed end being at the 
free-body cut and the beam extending toward the coordinate origin. (6) Statically solve for the 
unknown shear and moment as if they were the reactions at the fixed end of any beam, that is, 

Y.F = 0 and EM = 0. (7) Always sum moments at the free-body cut such that the unknown 
shear passes through that point. An example should illustrate the concept. 

A complete description of the beam of Fig. 7.3 would require four shear and moment equations. 
Consider a free body of the first section — the uniformly loaded overhang. The free body is shown 
in Fig. 7.5(a). Compare Fig. 7.4(b) with Fig. 7.5(a); L is merely replaced with x, the length of the 
free-body section. The seven steps outlined above have been followed to give 

V x — —wx = — 4x kN, M x — —wx 2 / 2 = — 4x 2 /2 kN • m, 0 < x < 1 m (7-3) 

The second segment (1 m < x < 2 m) is shown in Fig. 7.5(b) and can be compared with Figs. 
7.4(c) and 7.4(a): merely replace L with an x, a with 1 m, P with 12 kN, and w with 4 kN. 

V x — —wa + P — —(4 kN/m )(1 m) + 12 kN, (7-4) 

M x — —wa(x — a/2) + P(x — a) 

— — (4)(l)(x — 1/2) kN • m + 12(x — 1) kN • m (7-5) 

The general idea is that any shear or moment equation can be broken down into a series of 
individual problems that always correspond to computing the reactions at the fixed end of a 
free-fixed beam. Continuing with the shear and moment equations for the beam of Fig. 7.3, the 
third section (2 m < x < 4 m) is shown in Fig. 7.5(c) and should be compared with Figs. 7.4(a), 
(c), and (d). There are four terms in each equation since there are four separate loadings on the free 
body. 

V x — — (4 kN/m )(1 m) + 12 kN 

— 4 kN — (3 kN/m )(x — 2 m), (7-6) 

M x — —(4 kN/m )(1 m)(x — 1 m/2) + (12 kN)(x — 1 m) — (4 kN)(x — 2 m) 

- (3 kN/m )(x - 2 m) 2 /2 (7.7) 

The last beam section (4 m < x < 5 m) is shown in Fig. 7.5(d). There are five separate loadings 
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on the beam. The shear and moment equations are written again by merely summing forces and 
moments on the free-body section. 



V x = -(4 kN/m )(1 m) + 12 kN 

— 4 kN — (3 kN/m )(2 m) — 6 kN, (7-8) 

M x — —(4 kN/m )(1 m)(x — 1 m/2) + (12 kN)(x — 1 m) — (4 kN)(x — 2 m) 

— (3 kN/m )(2 m)(x — 3 m) — (6 kN)(x — 4 m) (7-9) 

The point of maximum moment corresponds to the point of zero shear in the third beam section. 
The shear equation, Eq. (7.6), becomes V x = 10 - 3.x. Setting V x to zero and solving for x gives 
x = 3.33 m . Substituting into the corresponding moment equation, Eq. (7.7), gives the maximum 
moment as 8.67 kN ■ m. 



Figure 7.5 Free-body diagrams for the beam shown in Fig. 7.3. 
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Defining Terms 

Beam deflections: A theory that is primarily based upon the moment behavior for a beam and 
leads to a second-order differential equation that can be solved to give a mathematical 
equation describing the deflection of the beam. 

Concentrated load: A single load, with units of force, that can be assumed to act at a point on a 
beam. 



© 1998 by CRC PRESS LLC 



Free body: A section that is removed from a primary structural system and is assumed to be in 
equilibrium mathematically. 

Free-fixed beam: A beam that is free to rotate and deflect at one end but is completely clamped 
or rigid at the other end (also known as a cantilever beam). 

Maximum or minimum moment: The bending moment that usually governs the design and 
analysis of beam structures. 

Simply supported beam: A beam that is supported using a pin (hinge) at one end and a surface at 
the other end, with freedom to move along the surface. 

Statically determinate beam: A beam that can be analyzed for external reactions using only the 
equations of engineering mechanics and statics. 

Uniform continuous load: A distributed beam loading of constant magnitude, with units of force 
per length, that acts continuously along a beam segment. 

References 

Buchanan, G. R. 1988. Shear and moment in beams, Chap. 5, and Deflection of beams, Chap. 10, in 
Mechanics of Materials. Holt, Rinehart and Winston, New York. 

Further Information 

Hibbeler, R. C. 1985. Structural Analysis. Macmillan, New York. Chapter 3 contains a discussion 
of shear and moment concepts. Chapters 8 and 9 cover fundamental concepts for analysis of 
indeterminate beams. 

McCormac, J. and Elling, R. E. 1988. Structural Analysis. Harper & Row, New York. Chapter 3 
contains a discussion of shear and moment concepts. Chapters 10, 11, and 13 cover 
fundamental concepts for analysis of indeterminate structures. 

Gere, J. M. and Timoshenko, S. P. 1990. Mechanics of Materials, 3rd ed. PWS, Boston. Chapter 4 
contains a discussion of shear and moment concepts. Beam deflections are covered in Chaps. 

7, 8, and 10. 

Nash, W. A. 1994. Theory and Problems of Strength of Materials, 3rd ed., McGraw-Hill, New 
York. Numerous solved problems for shear and moment are given in Chap. 6 



© 1998 by CRC PRESS LLC 




Zachary, L. W., Ligon, J. B. “Columns” 
The Engineering Handbook. 

Ed. Richard C. Dorf 

Boca Raton: CRC Press LLC, 2000 



© 1998 by CRC PRESS LLC 




8 

Columns 



8.1 Fundamentals 

Buckling of Long Straight Columns • Effective Lengths • Compression Blocks and Intermediate 
Lengths 

8.2 Examples 

8.3 Other Forms of Instability 

Loren W. Zachary 

Iowa State University 



John B. Ligon 

Michigan Technological University 

A column is an initially straight load-carrying member that is subjected to a compressive 
axial load. The failure of a column in compression is different from one loaded in tension. 
Under compression, a column can deform laterally, or buckle, and this deflection can become 
excessive. The buckling of columns is a major cause of failure. To illustrate the fundamental 
aspects of the buckling of long, straight, prismatic bars, consider a thin meter stick. If a 
tensile axial load is applied to the meter stick, the stable equilibrium position is that of a 
straight line. If the stick is given a momentary side load to cause a lateral deflection, upon its 
release the stick immediately returns to the straight line configuration. If a compressive axial 
load is applied, a different result may occur. At small axial loads the meter stick will again 
return to a straight line configuration after being displaced laterally. At larger loads the meter 
stick will remain in the displaced position. With an attempt to increase the axial load acting 
on the buckled column, the lateral deformations become excessive and failure occurs. 

In theory, the column that is long and perfectly straight is in stable equilibrium for small 
loads up to a specific critical buckling load. At this critical buckling load the beam will 
remain straight unless it is perturbed and displays large lateral deformations. This is a 
bifurcation point since the column can be in equilibrium with two different shapes — laterally 
displaced or perfectly straight. The load in this neutral equilibrium state is the critical 
buckling load and, for long slender columns, is referred to as the Euler buckling load. At 
loads higher than the critical load the beam is in unstable equilibrium. 
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8.1 Fundamentals 



Buckling of Long Straight Columns 

In 1757 Leonhard Euler published the solution to the problem of long slender columns 
buckling under compressive loads. Figure 8.1(a) shows a column that is deflected in the 
lateral direction. The load P cr is the smallest load that will just hold the column in the 
laterally deflected shape. The ends of the beam are free to rotate and are commonly referred 
to as being pinned, hinged, or simply supported. The following assumptions are used in 
determining P cr : 

1. The beam is initially straight with a constant cross section along its length. 

2. The material is linearly elastic, isotropic, and homogeneous. 

3. The load is applied axially through the centroidal axis. 

4. The ends are pinned-pinned (pinned end condition at both ends). 

5. No residual stresses exist in the column prior to loading. 

6. No distortion or twisting of the cross section occurs during loading. 

7. The classical differential equation for the elastic curve can be used since the deflections 
are small. 

Standard mechanics of materials textbooks [Riley and Zachary, 1989] and structural stability 
textbooks [Chajes, 1974] contain the derivation of the following formula: 




77.7T, 



n — 1, 2, 3, . . . 



( 8 . 1 ) 



The smallest value for P cr occurs when n — 1 . Larger values of n give magnitudes of P cr 
that will never be reached in practice. 



Pr 



tt 2 EI 

L 2 



(8.2) 



The Euler buckling load, P cr , is calculated using the moment of inertia I of the column cross 
section about which axis buckling (bending) occurs. The moment of inertia can also be 
written in terms of the radius of gyration about the same axis: 

I = Ar 2 (8.3) 



Table 8.1 gives some formulas that are helpful in determining the radius of gyration and 
moment of inertia. Using Eqs. (8.2) and (8.3), the Euler buckling stress, a cr , in terms of the 

slenderness ratio L/r, is 
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(8.4) 



(T cr 




A 



7 r 2 E 

(W 



Fig. 8.1 Effective column lengths. 
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Table 8.1 Properties of Selected Areas 
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Effective Lengths 

The development given above is for a beam with simple supports at both ends. Other 
boundary conditions give equations similar to Eq. (8.4) if the physical length of the beam, L, 
is replaced by the effective length L eS . 



<j cr 



7 T 2 E 

(L eff /r) 2 



(8.5) 



Figure 8.1 gives the effective lengths for four classic end condition cases. The effective 
lengths are all measured between the inflection points of the elastic curves. The moments at 
the inflection points, y n — 0, are zero. This observation can be used to estimate the effective 
length of other boundary condition cases. If one can estimate the elastic curve and visualize 
the location of the inflection points, a rough estimate of the effective length can be obtained. 



Compression Blocks and Intermediate Lengths 

A plot of Eq. (8.5), using a generic steel with a Young's modulus, E, of 200 GPa for 
illustration purposes, is shown as the solid curved line in Fig. 8.2. For columns that are very 
short and stocky where L/r approaches zero, Eq. (8.5) predicts that the column will support 
a very large load or normal stress. However, the mechanism of failure changes when the 
column becomes a short compression block. The compressive yield strength limits the 
compressive normal load that can be carried by the column. The horizontal dotted line in Fig. 
8.2 represents the yield stress limit that the column can sustain due to compressive block 
failure. 

Critical buckling loads for large values of L/r are predicted with a high degree of 
confidence using Euler's column equation. Failure loads for small values of L/r are reliably 
predicted from compressive yield strength criteria for the compression block. Columns that 
have effective lengths in the region near the yield strength magnitude on the Euler curve may 
behave neither as an Euler column or a compressive block. Experiments using the particular 
material in question establish the shape of the curve between the compression block values 
and the Euler column values. Standard mechanics of materials textbooks [Riley and Zachary, 
1989] give empirical formulas for this range. Using a horizontal line to cover the complete 
compression block and intermediate ranges usually predicts a higher critical buckling load 
than is found experimentally. 
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Fig. 8.2 Effect of slenderness ratio on compressive failure stress. 
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8.2 Examples 



The following examples illustrate the procedure for determining the critical buckling load 
and stress for columns of several different cross sections and effective lengths. Initially, the 
slenderness ratio for the two principal directions of possible buckling must be calculated to 
determine which direction controls. The direction with the largest slenderness ratio will give 
the smallest buckling load. 



Example 8.1: Checking Both Directions for Buckling. Consider the rectangular cross 
section shown in Fig. 8.3. Both ends of the column are pinned for the pinned-pinned 
condition in Fig. 8.1(a). The physical length of the column is 1.5 m. Determine the Euler 
buckling load if the column is made of steel ( E — 200 GPa). Using Table 8.1, 



A 



r z 



(20 mm) (35 mm) 
h 20 mm 

Vl2 ~~ \/l2 

b 35 mm 

x/12 ~~ Vl2 



— 700 mm 2 
5.77 mm 

10.10 mm 



The column tends to bend (buckle) about the y axis since r y is smaller than r z , producing the 
maximum L/r and the smallest P cr and a cr for the 1.5-m length. 
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Fig. 8.3 Cross section used in Example 8.1. 



z 



20 mm 




35 mm 

If the ends of the column are later restrained or fixed with respect to buckling about one of 
the axes — say the y axis — this changes the boundary conditions for buckling to the 
fixed-fixed condition [Fig. 8.1(c)] for that direction. The effective length of the beam is then 
half the physical length or 750 mm for buckling about the y axis. 



L, 



r„ 



LI 2 750 mm 

= — — = 130 

r y 5.77 mm 



L~ L 1500 mm 

— = — = = 149 

r z r z 10.10 mm 



The column will now buckle about the z axis before the load can become large enough to 
cause buckling about the y axis. Although the moment of inertia and radius of gyration about 
the y axis are smaller than about the z axis, the end conditions significantly influence the 
slenderness ratio and the axis about which buckling occurs. 



P 

-L ri 



7T 2 EA 

{L z /r z f 



tt 2 200(10) 9 N/m 2 x 700(10)~ 6 m 2 
(149) 2 



62.2 kN 



Ans. 



O’er 




A 



62.2(10) 3 N 
700(10)- 6 m 2 



88.9 MPa 



Ans. 



According to the Euler buckling formula, any load below 62.2 kN will not cause the column 
to buckle. No factor of safety is included in the calculations. In practice, however, such a 
factor should be used since real columns are never ideally straight nor is column loading 
purely axial. Some inadvertent bending moment or load eccentricity is always possible. The 
o cr calculated above is the axial compressive stress in the beam just before the beam deforms 
laterally. This stress is relatively small when compared to a yield strength for structural steel 
of approximately 250 MPa. The compressive stress in long slender beams at or below the 
critical buckling stress o cr can be much less than the yield strength of the material. It is 
imperative that failure due to buckling be checked for compressive loads. 
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Example 8.2a: Built-up Section. A single 20-mm solid steel rod is being used in 
compression. It has been determined that the rod will buckle. It has been decided that two 
rods will be welded together — Fig. 8.4(a) — in order to increase the buckling load. Does this 
increase the Euler buckling load? 



Fig. 8.4 Cross sections used in Examples 8.2a and 8.2b. 




(a) (b) 

The parallel axis theorem can be used to determine the combined moments of inertia and 
radii of gyration. The term d in the following equation is the transfer distance from the 
centroid of the component area to the centroid of the entire cross section. 

r z = vTA = 2j4rf * = V^l+% = VwW + R 2 = v^f 



/ / 2 dr 2 + 2 Adi , f R 

r y = yJly/ A = Y - = V r cy + tfj = V (R/ 2) 2 + 0 = — 

The radius of gyration is not increased for bending about the y axis compared to the single 
rod value of R/2. The buckling load will remain the same even though the column has been 
stiffened in one direction. 
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Example 8.2b: Built-up Section. Consider the composite aluminum ( E — 70 GPa) section 
in Fig. 8.4(b). Determine the maximum compressive stress that can be applied. The end 
conditions are as follows: about the y axis, the ends are fixed-pinned (see Fig. 8.1(d)), and 
about the z axis, the ends are fixed-fixed (see Fig. 8.1(d)). The column length is 2 m. 

Compared to Example 2a, the radius of gyration about the y axis has the same basic 
definition, but the details are slightly different. 



y4 r ect — (8 mm) (50 mm) = 400 mm 2 

.A ro d = 7 t( 12.5 mm) 2 = 490.9 mm 2 

— E Ay (400 mm 2 ) 50 mm + (490.9 mm) 12.5 mm 
^ A 400 mm 2 + 490.9 mm 2 



r y = 



Eh _ EMrl+di) 



E A 



E^ 



\ 



400 



50 \ 



vw 



+ (50 - 29.34) 2 + 490.9 



12.5 



+ (29.34- 12. 



890.9 



= 21.52 mm 



r, = 



Eh J2 A ( r z + d l) 



EA 



EA 



\ 



12.5 



400 ( — +490.9, 

\VV2j V 2 

890.9 



= 4.891 mm 



The slenderness ratio for buckling about the z axis controls since r z is less than one-fourth of 
the value about the y axis: 

L,, 0.7 L 0.7(2000 mm) 

— = = — ^ = 65.1 

r y r y 21.52 mm 
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For many materials a slenderness ratio of 65.1 places the beam in the intermediate length 
range. 



L z LI 2 1000 mm 

— = = = 204.5 

r z r z 4.891 mm 



The beam acts as an Euler beam for buckling about the z axis: 



<J cr 



7 T 2 E 
( L z /r z ) 2 



tt 2 70(10 9 ) N/m 2 
(204.5) 2 



16.52 MPa 



Ans. 



8.3 Other Forms of Instability 

Beams can also fail due to local instabilities. There can be a crushing type of failure that is 
familiar in the crushing of thin- walled soda pop cans. The above formulas do not apply in 
such instances [Young, 1989]. Hollow rods subjected to torsion can buckle locally due to the 
compressive principal stress acting at a 45° angle to the longitudinal axis of the rod. Beams 
can fail in a combined bending and torsion fashion. An I-beam, with a pure moment applied, 
can have the flanges on the compression side buckle. When lateral loads are present in 
conjunction with an axial compressive load, the beam acts as a beam-column [Chen and 
Atsuta, 1976]. 

Defining Terms 

Critical buckling load: The smallest compressive load at which a column will remain in the 
laterally displaced, buckled, shape. 

Critical buckling stress: The smallest compressive stress at which a column will remain in 
the laterally displaced, buckled, shape. 

E: Young's modulus of elasticity, which is the slope of the stress versus strain diagram in the 
initial linear region. 

Euler buckling load: Same as the critical buckling load if the column is long and slender. 
Euler buckling stress: Same as the critical buckling stress if the column is long and slender. 
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9 

Pressure Vessels 



9.1 Design Criteria 

Design Loads • Materials • Allowable Stress 

9.2 Design Formulas 

9.3 Opening Reinforcement 
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Rudolph J. Scavuzzo 

University of Akron 

Pressure vessels used in industry are leak-tight pressure containers, usually cylindrical or 
spherical in shape, with different head configurations. They are usually made from carbon or 
stainless steel and assembled by welding. Early operation of pressure vessels and boilers 
resulted in numerous explosions, causing loss of life and considerable property damage. 
Some 80 years ago, the American Society of Mechanical Engineers formed a committee for 
the purpose of establishing minimum safety rules of construction for boilers. In 1925 the 
committee issued a set of rules for the design and construction of unfired pressure vessels. 
Most states have laws mandating that these Code rules be met. Enforcement of these rules 
is accomplished via a third party employed by the state or the insurance company. These 
Codes are living documents in that they are constantly being revised and updated by 
committees composed of individuals knowledgeable on the subject. Keeping current 
requires that the revised Codes be published every three years with addendas issued every 
year. This chapter covers a very generalized approach to pressure vessel design based on the 
ASME Boiler and Pressure Vessel Code, Section VIII, Division 1: Pressure Vessels. 



9.1 Design Criteria 

The Code design criteria consist of basic rules specifying the design method, design load, 
allowable stress, acceptable material, and fabrication — inspection certification requirements 
for vessel construcdon.The design method known as "design by rule" uses design pressure, 
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allowable stress, and a design formula compatible with the geometry of the part to calculate 
the minimum required thickness of the part. This procedure minimizes the amount of 
analysis required to ensure that the vessel will not rupture or undergo excessive distortion. In 
conjunction with specifying the vessel thickness, the Code contains many construction 
details that must be followed. Where vessels are subjected to complex loadings such as 
cyclic, thermal, or localized loads, and where significant discontinuities exist, the Code 
requires a more rigorous analysis to be performed. This method is known as the "design by 
analysis" method. A more complete background of both methods can be found in Bernstein, 
1988. 

The ASME Code [1994] is included as a standard by the American National Standards 
Institute ( ANSI). The American Petroleum Institute (API) has also developed codes for 
low-pressure storage tanks, and these are also part of the ANSI standards. The ASME Boiler 
and Pressure Vessel Code has been used worldwide, but many other industrialized countries 
have also developed boiler and pressure vessel codes. Differences in these codes sometimes 
cause difficulty in international trade. 

Design Loads 

The forces that influence pressure vessel design are internal/external pressure; dead loads 
due to the weight of the vessel and contents; external loads from piping and attachments, 
wind, and earthquakes; operating-type loads such as vibration and sloshing of the contents; 
and startup and shutdown loads. The Code considers design pressure, design temperature, 
and, to some extent, the influence of other loads that impact the circumferential (or hoop) 
and longitudinal stresses in shells. It is left to the designer to account for the effect of the 
remaining loads on the vessel. Various national and local building codes must be consulted 
for handling wind and earthquake loadings. 

Materials 

The materials to be used in pressure vessels must be selected from Code-approved material 
specifications. This requirement is normally not a problem since a large catalogue of tables 
listing acceptable materials is available. Factors that need to be considered in picking a 
suitable table are: 

Cost 

Fabricability 

Service condition (wear, corrosion, operating temperature) 

Availability 
Strength requirements 

Several typical pressure vessel materials for a noncorrosive environment and for service 
temperatures between — 50° F and 1000° F are shown in Table 9.1. 
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Table 9.1 Acceptable Pressure Vessel Materials 



Temperature 
Use Limit (°F) 


Plate Material 


Pipe Material 


Forging Material 


Down to -50 


SA-516* 


SA 333 


SA 350 




All grades 


Gr. 1 


Gr. LF1, LF2 


+33 to +775 


SA-285 


SA-53 


SA-181 




Gr. C 
SA-515 
Gr. 55, 60, 65 
SA-516 
All grades 


SA-106 


Gr. I, II 


+776 to +1000 


SA-204 


SA-335 


SA-182 




Gr. B, C 


Gr. P1,P11, 


Gr.Fl.Fll, 




SA-387 
Gr. 11, 12 
Class 1 


P12 


F12 



Impact testing required. 

Note : SA is a classification of steel used in the ASME Boiler and Pressure Vessel Code. 



Allowable Stress 

The allowable stress used to determine the minimum vessel wall thickness is based on the 
material tensile and yield properties at room and design temperature. When the vessel 
operates at an elevated temperature, the creep properties of the material must also be 
considered. These properties are adjusted by design factors which limit the hoop membrane 
stress level to a value that precludes rupture, and excessive elastic or plastic distortion and 
creep rupture. Table 9.2 shows typical allowable stresses for several carbon steels commonly 
used for unfired pressure vessels. 

Table 9.2 Typical Allowable Stresses for Use in Pressure Vessel Design 



Material Specification 


Temperature 
Use Limit (° F) 


Allowable Stress (psi) 


SA-515 Gr. 60 


700 


14 400 




800 


10 800 




900 


6 500 


SA-516 Gr. 70 


700 


16 600 




800 


14 500 
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SA-53 Gr. A 



SA-106 Gr. B 



SA-181 Gr. I 



900 


12 000 


700 


11 700 


800 


9 300 


900 


6 500 


700 


14 400 


800 


10 800 


900 


6 500 


700 


16 600 


800 


12 000 


900 


6 500 



9.2 Design Formulas 

The design formulas used in the "design by rule" method are based on the principal stress 
theory and calculate the average hoop stress. The principal stress theory of failure states that 
failure occurs when one of the three principal stresses reaches the yield strength of the 
material. Assuming that the radial stress is negligible, the other two principal stresses can be 
determined by simple formulas based on engineering mechanics. 

The Code recognizes that the shell thickness may be such that the radial stress may not be 
negligible, and adjustments have been made in the appropriate formulas. Table 9.3 shows 
various formulas used to calculate the wall thickness for numerous pressure vessel 
geometries. 

Table 9.3 Code Formulas for Calculation of Vessel Component Thickness 



Cylindrical shell 


f PR 

1 ~~ SE-o.ep 


Hemispherical head or spherical shell 


J. PR 

1 2SE—0.2P 


2:1 ellipsoidal head 


t ~ PD 

J ~ 2SE-0.2P 


Flanged and dished head 


f 1.77 PL 

1 2SE—0.2P 


Flat head 


t = d^/CP/SE 


where 




t = Minimum required thickness (in.) 
P = Design pressure (psi) 

R = Inside radius (in.) 

S = Allowable stress (psi) 

D = Inside diameter (in.) 

L = Inside spherical crown radius (in.) 




E = Weld joint efficiency factor, determined by joint location and degree of examination 



C = Factor depending upon method of head-to-shell attachment 
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9.3 Opening Reinforcement 



Vessel components are weakened when material is removed to provide openings for nozzles 
or access. High stress concentrations exist at the opening edge and decrease radially 
outward from the opening, becoming negligible beyond twice the diameter from the center 
of the opening. To avoid failure in the opening area, compensation or reinforcement is 
required. Some ways in which this can be accomplished are: (a) increase the vessel wall 
thickness, (b) increase the wall thickness of the nozzle, or (c) use a combination of extra 
shell and nozzle thickness. The Code procedure is to relocate the removed material to an 
area within an effective boundary around the opening. Figure 9.1 shows the steps necessary 
to reinforce an opening in a pressure vessel. Numerous assumptions have been made with 
the intent of simplifying the general approach. 

Figure 9.1 Opening Reinforcement Requirements. 




x = Larger of d or R„ + t„ + T„ A r 

y = Smaller of 2 y 2 T s or 2 y 2 T„ A s 

d = Diameter of circular opening (in.) A„ 

D = Inside diameter of shell (in.) A r 

t s = Required thickness of shell (in.) A s 

T s = Actual thickness of shell (in.) 
t„ = Required thickness of nozzle (in.) ^ 

T „ = Actual thickness of nozzle (in.) 

R„ = Inside radius of nozzle = d/2 (in.) 

A r 



= Area of required reinforcement (in. 2 ) 

= Area available in the shell (in. 2 ) 

= Area available in the nozzle (in. 2 ) 

- (d)(t s ) 

= Larger of: d(T s - t s ) - 2T „(T s - t s ) or 

2(T, + t„ )(T s - t, ) - 2t„(T s - t f ) 
= Smaller of: 2[2y 2 (r j )(r„ - /„)] or 

2[2y 2 (r n )(r„ - r„)] 

< (A s + A„ ): Acceptable configuration 



The example shown in Fig. 9.2 uses the design approach indicated by the Code to perform a 
simple sizing calculation for a typical welded carbon steel vessel. Figure 9.3 shows a typical 
shell-nozzle juncture and head- shell juncture which meet the code requirements. Design 
specifications for the many associated vessel parts such as bolted flanges, external 
attachments, and saddle supports can be found in the reference materials. 
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Figure 9.2 Sample vessel calculation. 



DESIGN SPECIFICATION 
Design pressure = 700 psi 
Design temperature = 700° F 
Material: 

Shell SA-516 Gr. 70 
Head SA-181 Class 70 
Nozzle SA-106 Gr. B 
Weld efficiency factor = 1.0 = £ 
(full radiographic examination) 
Shell Thickness 
PR 



t s = 



SE - 0.6 P 

700(30) 



16600(1.0) - 0.6(700) 

= 1.30 in. Use\^h" = Ts 
P = 700 psi 
R = 30 in. 

£ = 1.0 

S = 16 600 psi (SA-516 Gr. 70, Table 9.2) 

Hemispherical Head Thickness 
PR 

th ~ 2SE -0.2 P 

700(30) 

2( 16 600)(1.0) -0.2(200) 

= 0.64 in. Use l" = T h 




Nozzle Thickness 
PR 



tn = 



SE - 0.6 P 

700(4) 



16600(1.0) - 0.6(700) 

= 0.17 in. Use 1 ^ = T„ 

P = 700 psi 
R = 4 in. 

£ = 1.0 

S = 16 600 psi (SA-106 Gr. B, Table 9.2) 

Opening Reinforcement Calculation (see Fig. 9.1)* 

Areq'd = (d)(t s ) = (8)(1.3) = 10.4 in. 2 
A„ = Smaller of: 2(2 l 6(r j )(T n -t„)]or 

2[2UTn)(T n -t n )) 

T s < T n Use T s 

2(2>6(1 Mz)(l^* — 0.17)] = 11.7 in.' 



d = 8 in. 
fj = 1.3 in. 
T s = 1 ^ in. 
T„ = 1% in. 
t„ = 0.17 in. 



‘This example places all the required reinforcement in the nozzle wall since it is more economical 
than increasing the shell thickness. 

A„ = 11.7 in. 2 > A„qy = 10.4 in. 2 — OK 
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Figure 9.3 Fabrication details. 




Nozzle-Shell Juncture 
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Defining Terms 

Code: The complete rules for construction of pressure vessels as identified in ASME Boiler 
and Pressure Vessel Code, Section VIII, Division 1, Pressure Vessels. 

Construction: The complete manufacturing process, including design, fabrication, 

inspection, examination, hydrotest, and certification. Applies to new construction only. 
Hoop membrane stress: The average stress in a ring subjected to radial forces uniformly 
distributed along its circumference. 

Longitudinal stress: The average stress acting on a cross section of the vessel. 

Pressure vessel: A leak-tight pressure container, usually cylindrical or spherical in shape, 
with pressure usually varying from 15 psi to 5000 psi. 

Stress concentration: Local high stress in the vicinity of a material discontinuity such as a 
change in thickness or an opening in a shell. 

Weld efficiency factor: A factor which reduces the allowable stress. The factor depends on 
the degree of weld examination performed during construction of the vessel. 

References 

American Society of Mechanical Engineers. 1994. ASME Boiler and Pressure Vessel Code, 
Section VIII Division 1, Pressure Vessels. ASME, New York. 

Bednar, H. H. 1981. Pressure Vessel Design Handbook. Van Nostrand Reinhold, New York. 
Bernstein, M. D. 1988. Design criteria for boiler and pressure vessels in the U.S.A. ASME J. F 
-443. 

Jawad, M. H. and Farr, J. R. 1989. Structural Analysis and Design of Process Equipment, 

2nd ed. John Wiley & Sons, New York. 

Further Information 

Each summer, usually in June, the Pressure Vessels and Piping Division of the American 
Society of Mechanical Engineers organizes an annual meeting devoted to pressure vessel 
technology. Usually 300 to 500 papers are presented, many of which are published by 
ASME in booklets called special publications. Archival papers are also published in the 
Jou rnal of Pressure Vessel Technology. 

Research for ASME Boiler and Pressure Code work is often conducted by the Pressure 
Vessel Research Council (PVRC). This research is normally published in Welding Research 
Council bulletins . These bulletins, which number about 400, are an excellent documentation 
of major research contributions in the field of pressure vessel technology. The Electric 
Power Research Institute (EPRI) located in Palo Alto, California, also conducts extensive 
research for the electric power industry, and this work includes some research on pressure 
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10 

Axial Loads and Torsion 



10.1 Axially Loaded Bars 

Axial Strain • Axial Stress • Axial Stress-Strain Relation • Relative Displacement of Cross Sections 
• Uniform Bar • Nonuniform Bars • Statically Indeterminate Bars 

10.2 Torsion 

Power Transmission • Kinematics of Circular Shafts • Equilibrium • Elastic Twisting of Circular 
Shafts • Uniform Shaft • Nonuniform Shaft • Statically Indeterminate Circular Shafts 

Nelson R. Bauld, Jr. 

Clemson University 



10.1 Axially Loaded Bars 

A bar is said to be axially loaded if the action lines of all the applied forces coincide with the 
axis of the bar. The bar axis is defined as the locus of the centroids of the cross-sectional 
areas along the length of the bar. This locus of centroids must form a straight line, and the 
action lines of the applied forces must coincide with it in order for the theory of this section 
to apply. 

Axial Strain 

The axial strain in an axially loaded bar is based on the geometric assumptions that plane 
cross sections in the unloaded bar, such as sections mn and pq in Fig. 10.1(a), remain plane 
in the loaded bar as shown in Fig. 10.1(b), and that they displace only axially. 
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Figure 10.1 Axial displacements of an axially loaded bar. 
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The axial strain of a line element such as rs in Fig. 10.1(a) is defined as the limit of the 
ratio of its change in length to its original length as its original length approaches zero. Thus, 
the axial strain £ at an arbitrary cross section x is 

e(x) — lim (Ax * — Ax)/Ax = lim [u(x + Ax) — u(x)]/Ax = du/dx (10-1) 

As— >-0 Ax->-0 

where u(x) and u(x + Ax) are axial displacements of the cross sections at x and x + Ax. 
Common units for axial strain are in./in. or mm/mm. Because axial strain is the ratio of two 
lengths, units for axial strain are frequently not recorded. 

Axial Stress 

The axial stress a at cross section x of an axially loaded bar is 

<r(x) = N{x)/A(x) (10.2) 

where N(x) is the internal force and A(x) is the cross-sectional area, each at section x. 
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Common units for axial stress are pounds per square inch (psi) or megapascals (MPa). 
Equation (10.2) is valid at cross sections that satisfy the geometric assumptions stated 
previously. It ceases to be valid at abrupt changes in cross section and at points of load 
application. Cross sections at such locations distort and therefore violate the plane 
cross-section assumption. Also, Eq. (10.2) requires that the material at cross section jc be 
homogeneous; that is, the cross section cannot be made of two or more different materials. 

Axial Stress-Strain Relation 

The allowable stress for axially loaded bars used in most engineering structures falls within 
the proportional limit of the material from which they are made. Consequently, material 
behavior considered in this section is confined to the linearly elastic range and is given by 

a(x) — E(x)e{x) (10.3) 

where E(x ) is the modulus of elasticity for the material at section x. Common units for the 
modulus of elasticity are pounds per square inch (psi) or gigapascals (GPa). 

Relative Displacement of Cross Sections 

The relative displacement e B / A of a cross section at x B with respect to a cross section at x A 
is obtained by combining Eqs. (10.1-10.3) and integrating from section x A to x B . Using Fig. 
10 . 2 , 



e B /A = u(x B ) - u(x A ) 




N(x)/[A(x)E(x)\dx 



(10.4) 



where e B / A denotes the change in length between the cross sections at x A and x B . 

Figure 10.2 
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Equation (10.4) must be interpreted as the sum of several integrals for a bar for which the 
integrand exhibits discontinuities. Discontinuities occur for cross sections where either N, A, 
E, or combinations thereof change abruptly and can usually be detected by inspection. 

Uniform Bar 

A bar for which the internal force N(x), the cross-sectional area A(x), and the modulus of 
elasticity E(x) do not change over its length is referred to as a uniform bar. If P denotes 
equilibrating forces applied to the ends of the bar and L its length, as shown in Fig. 10.3, then 
Eq. (10.4) gives the change in length of the bar as 

e = PL/AE (10.5) 



Figure 10.3 Uniform bar. 



P 



€ 



P 



Nonuniform Bars 

A nonuniform bar is one for which either A, E, N, or combinations thereof change abruptly 
along the length of the bar. Three important methods are available to analyze axially loaded 
bars for which the integrand in Eq. (10.4) contains discontinuities. They are as follows. 

Direct Integration 

Equation (10.4) is integrated directly. The internal force N(x) is obtained in terms of the 
applied forces via the axial equilibrium equation, A(x) from geometric considerations, and 
E(x) by observing the type of material at a given section. 

Discrete Elements 

The bar is divided into a finite number of segments, for each of which N/AE is constant. 
Each segment is a uniform bar for which its change in length is given by Eq. (10.5). The 
change in length of the nonuniform bar is the sum of the changes in length of the various 
segments. Accordingly, if e* denotes the change in length of the zth segment, then the change 
in length e of the nonuniform bar is 



e = J2 e ‘ < 10 ' 6 ) 
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Superposition 

The superposition principle applied to axially loaded bars asserts that the change in length 
between two cross sections caused by several applied forces acting simultaneously is equal to 
the algebraic sum of the changes in length between the same two cross sections caused by 
each applied force acting separately. Thus, letting e B / A represent the change in length caused 
by several applied forces acting simultaneously, and e! B j A , e" B j A , . . . represent the changes in 
length caused by each applied force acting separately, 

e B/A = e's/A + e B/A + ( 10 - 7 ) 

Superposition of displacements requires that the axial forces be linearly related to the 
displacements they cause, and this implies that the stress at every cross section cannot exceed 
the proportional limit stress of the material of the bar. This requirement must be satisfied for 
each separate loading as well as for the combined loading. 

Statically Indeterminate Bars 

The internal force N(x) in statically determinate axially loaded bars is determined via axial 
equilibrium alone. Subsequently, axial stress, axial strain, and axial displacements can be 
determined via the foregoing equations. 

The internal force N(x) in statically indeterminate axially loaded bars cannot be 
determined via axial equilibrium alone. Thus, it is necessary to augment the axial equilibrium 
equation with an equation (geometric compatibility equation) that accounts for any geometric 
constraints imposed on the bar — -that is, that takes into account how the supports affect the 
deformation of the bar. 

Three basic mechanics concepts are required to analyze statically indeterminate axially 
loaded bars: axial equilibrium, geometric compatibility of axial deformations, and material 
behavior (stress-strain relation). 

Example 10.1. Determine the stresses in the aluminum and steel segments of the composite 
bar of Fig. 10.4(a) when P — 7000 lb. The cross-sectional areas of the steel and aluminum 
segments are 2 in. 2 and 4 in. 2 , respectively, and the moduli of elasticity are 30 • 10 6 psi and 
10 • 10 6 psi, respectively. 

Solution. The bar is statically indeterminate; therefore, the solution requires the use of the 
three mechanics concepts discussed in the previous paragraph. 

Equilibrium. The axial equilibrium equation is obtained from the free-body diagram of Fig. 
10.4(b) as 



-P ST + Pal - 7000 = 0 (10.8) 
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Figure 10.4 Statically indeterminate composite step-bar. 
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Geometric compatibility. The compatibility equation is obtained by noting that the total 
elongation of the bar is zero. Accordingly, 

e = e ST + e AL = 0 (10.9) 

Material behavior. The steel and aluminum segments are assumed to behave in a linearly 
elastic manner, so their elongations are given by 

e ST = Pst-^st/I^st-E'st) and e AL = -Palpal /(Aa.l-E’Al) (10.10) 

Combining Eqs. (10.9) and (10.10) yields 
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Pst — —{Lal/Lst)(Est/Em j )(Ast/Aal)Pal 

= — (10/20) (30/10) (2/4 )P AL = -3/4P al (10.11) 

Solving Eqs. (10.8) and (10.11) simultaneously yields 

P ST = -3000 lb and P AL = 4000 lb (10.12) 
from which the stresses in the steel and aluminum are found as follows: 

cr st = —3000/2 = —1500 psi = 1500 psi (compression) 
(Jal = 4000/4 = 1000 psi (tension) 



Example 10.2. Assuming that P — 0 in Fig. 10.4(a), determine the stress in the steel and 
aluminum segments of the bar due to a temperature increase of 10° F. The thermal expansion 
coefficients for steel and aluminum are cmst = 6.5 • 10 6 inches per inch per degree 
Fahrenheit (in./in./°F) and a A L — 13 • 10~ 6 in./in./°F. 

Solution. Because free thermal expansion of the bar is prevented by the supports, internal 
stresses are induced in the two segments. 

Equilibrium. The axial equilibrium equation is obtained from the free-body diagram of Fig. 
10.4(b). Thus, 



—Pst + -Pal = 0 (10.13) 

Compatibility. The compatibility equation is obtained by noting that if the bar could 
expand freely, its total elongation A would be 

A = Ast + A al (10.14) 

where A S t and A al denote the free thermal expansions of the separate segments. Because 
the net change in length of the bar is zero, internal strains are induced in the steel and 
aluminum such that the sum of the changes in lengths of the steel and aluminum segments 
must be equal to A. Therefore, the compatibility equation becomes 

esT + e A L — A = 0 (10.15) 

Material behavior. Assuming linear elastic behavior for both materials 

e ST = PstFst/(^st-Fst) and e AL = Pal Pal/ (^4 al -Pal) (10.16) 
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Also, because 



Ast — «st-^stAT and Aal — c^al-^alAT (10.17) 



it follows that 



A = (6.5 • 10“ b )(20)(10) + (13 • l(T b )(10)(10) = 0.0026 in. (10.18) 
Equations (10.13), (10.15), (10.16), and (10.18) yield 

-Pst{1 + (E^st/-E'Al)(^4st/^4al)(-^al/-^st)} = (-E'St^4st/-^st)A 



or 



Thus 



P ST {1 + (30/10) (2/4) (10/20)} - {[30 • 10 e (2)]/20}(0.0026) 



Pst = Pal = 4457 lb (10.19) 



The corresponding stresses in the steel and aluminum are compression and equal to 
cr ST = 4457/2 = 2228 psi and a AL = 4457/4 = 1114 psi 



10.2 Torsion 

Torsionally loaded bars occur frequently in industrial applications such as shafts connecting 
motor-pump and motor- generator sets; propeller shafts in airplanes, helicopters, and ships; 
and torsion bars in automobile suspension systems. Many tools or tool components possess a 
dominant torsional component such as screwdrivers and drill and router bits. (These tools 
also rely on an axial force component for their effectiveness.) 

Power Transmission 

The specifications for a motor customarily list the power it transmits in horsepower (hp), and 
its angular speed in either revolutions per minute (rpm) or in cycles per second (Hz). To 
design or analyze a shaft, the torque that it is to transmit is required. Therefore, a 
relationship between horsepower, angular speed, and torque is required. In U.S. customary 
units and in the International System of Units (SI units) these relationships are 
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27rnT/[550(12)60] = nT/63 000 (U.S. customary units) 
2TT/T/745.7 = fT / 119 (SI units) 



(10.20) 



lip = 



where /and n denote the angular speed in cycles per second and revolutions per minute, 
respectively, and T denotes the torque transmitted in Newton-meters (N • m) or inch-pounds 
(in.-lb), depending on the system of units used. 

Kinematics of Circular Shafts 

The theory of circular shafts is based on the geometric assumption that a plane cross section 
simply rotates about the axis of the shaft and can be visualized as being composed of a series 
of thin rigid disks that rotate about the axis of the shaft. 

To obtain a formula that expresses the rotation of one cross section relative to another 
infinitesimally close to it, consider a shaft of radius c and examine the angular deformations 
of an interior segment of radius r and length Ax. This portion of the bar is indicated in Fig. 
10.5(a). Before twisting, line element AB is parallel to the shaft axis, and line element AC 
lies along a cross-sectional circle of radius r. The angle between these elements is 90 
degrees. Due to twisting, AC merely moves to a new location on the circumference, but AB 
becomes A * B *, which is no longer parallel to the shaft axis, as is indicated in Fig. 10.5(b). 
The shearing deformation e r at radius r is 

e r — rAcf) — 7 ? .Ax (10.21) 

where 7 r denotes the shearing strain between line elements A* B* and A * ( 7 *, and A / 
represents the angular rotation of the cross section at B relative to the cross section at A. In 
the limit, as Ax becomes infinitesimal, Eq. (10.21) becomes 

7 r — rd(f>/dx (10.22) 

Because a cross section is considered rigid, Eq. (10.22) indicates that the shearing strain 
varies linearly with distance from the center of the shaft. Consequently, because c denotes the 
outside radius of the shaft, the shearing strain at radius r is 

7 V = (r/c) 7 C (10.23) 



Equilibrium 

The shearing stress r r that acts on a differential element of cross-sectional area da is shown 
in Fig. 10.6. A concentrated torque T that is equivalent to the torque produced by the 
distributed shearing stress T r is 



T = 




( T r da)r 



(10.24) 
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Figure 10.5 
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Figure 10.6 




Elastic Twisting of Circular Shafts 

Explicit formulas for the angle of twist per unit length and for the shearing stress at any point 
r in a cross section of a circular shaft made from a linearly elastic material are obtained from 
Eqs. (10.22) and (10.24) and the stress-strain relation 

T r = G lr (10.25) 



© 1998 by CRC PRESS LLC 



in which G is the shearing modulus of elasticity. Common units for G are pounds per square 
inch (psi) or gigapascals (GPa). Accordingly, 



T = 



( Gj r /r)r 2 da — G d(f>/dx 



da 



or 



d(f)/dx — T/JG (10.26) 

in which J is the polar moment of inertia of the cross-sectional area of the bar. Common units 
for J are inches to the fourth power (in. 4 ) or meters to the fourth power (m 4 ), depending on 
the system of units used. 

The shearing stress at radius r is obtained by combining Eqs. (10.22), (10.25), and (10.26). 
Thus, 



T r —TrfJ (10.27) 

Equations (10.26) and (10.27) provide the means needed to analyze the strength and stiffness 
of linearly elastic shafts with circular cross sections. These formulas remain valid for annular 
shafts for which the hollow and solid portions are concentric. Formulas for the polar 
moments of inertia J are 

{ 7t/32 d A (solid cross section) 

(10.28) 

7t/ 32 (d 4 — df) (annular cross section) 
where d Q and dj denote external and internal diameters. 

Uniform Shaft 

A uniform shaft is one for which the cross-sectional area, the shearing modulus of elasticity, 
and the applied torque do not change along its length. Because J, G, and T are constants over 
the length L, Eq. (10.26) integrates to give the angle of twist of one end relative to the other 
end as 



0 = TL/JG (10.29) 

The shearing stress on any cross section at radial distance r is 

T r —Tr/J (10.30) 
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Nonuniform Shaft 



A nonuniform shaft is one for which either J, G , T, or a combination thereof changes 
abruptly along the length of the shaft. Three procedures are available to determine the angle 
of twist for circular shafts made from linearly elastic materials. 

Direct Integration 

Equation (10.26) is integrated directly. Because the integrand T/ JG can possess 
discontinuities at cross sections for which J, G, or T changes abruptly, the integration must 
be interpreted as a sum of several integrations. Discontinuities in J, G , and T can usually be 
detected by inspection. The polar moment of inertia J is discontinuous at abrupt changes in 
cross-sectional area, G is discontinuous at cross sections where the material changes 
abruptly, and the internal torque T is discontinuous at points where concentrated torques are 
applied. 

Discrete Elements 

The shaft is divided into a finite number of segments for each of which T/ JG is constant. 
Consequently, the shaft is perceived to be a series of connected uniform shafts for each of 
which Eq. (10.29) applies. Thus, if (j), t denotes the angle of twist of the zth segment, then the 
angle of twist for the shaft is 



0 = (io.3i) 



Superposition 

The superposition principle applied to the twisting of circular shafts stipulates that the 
relative rotation of one cross section with respect to another cross section due to several 
torques applied simultaneously is equal to the algebraic sum of the relative rotations of the 
same cross sections due to each torque applied separately. If (f)' B / A , 4>"b/a > • • • denote relative 
angles of twist for each torque applied separately, then 

&B/A = 0'b/A + &B/A d (10.32) 

Superposition of angles of twist requires that the torques be linearly related to the angles of 
twist that they produce, which in turn implies that the shearing stress must not exceed the 
proportional limit stress for the material involved. This requirement must be satisfied for 
each separate loading, as well as for the combined loading. 
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Statically Indeterminate Circular Shafts 

A shaft is statically indeterminate if the internal torque at a cross section cannot be 
determined from moment equilibrium about the axis of the shaft. In such cases an additional 
equation is obtained by requiring that angles of twist be compatible with the geometric 
constraints imposed on the shaft. As with axially loaded bars, three basic concepts of 
mechanics are involved in the solution of statically indeterminate shafts: equilibrium, 
geometric compatibility, and material behavior. 

Example 10.3. The diameters of the aluminum and steel segments of the statically 
indeterminate step-shaft of Fig. 10.7(a) are 50 mm and 25 mm, respectively. Knowing that 
Gal — 28 GPa, Gst — 84 GPa, and T 0 = 2007T N • m, determine the maximum 
shearing stresses in the aluminum and in the steel. 

Solution. Equilibrium. From Fig. 10.7(b), moment equilibrium about the axis of the shaft 
gives 



T a + T b - T 0 = 0 (10.33) 





Compatibility. The supports at the ends of the shaft prevent the cross sections at A and B 
from rotating; hence, the required compatibility equation is 

4bia = 0 (10.34) 

and, with the aid of the superposition principle, it can be written as 

4>B/A — 4>'b/A + $B/A — ^ (10.35) 

Here (f>' B / A and 4>"b/a denote the relative angular rotations of the cross section at B with 
respect to the cross section at A due to the torques T B and T {) acting separately. 
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To convert Eq. (10.35) into an algebraic equation involving the torques T B and T 0 , the 
discrete element procedure is used. First calculate the polar moments of inertia for the two 
segments: 

J AL = tt/ 32(0.050) 4 = 0.613 • 10“ 6 m 4 

J ST = tt/ 32(0.025) 4 = 0.038 • 10“ 6 m 4 (10.36) 

Using Eq. (10.29) for a uniform shaft, determine that 

4 >' b/a = 0.3r B /{JA L 28 • 10 9 } + 0.3 T b /{J st 84 • 10 9 } = 111.47 • KT 6 T B m 4 

4 )" b/a = 0.2To/{Ja L 28 • 10 9 } = 11.65 • Hr 6 T 0 m 4 (10.37) 

Consequently, 

(f) B/A = {111.47Tb - 11.65T 0 } • 10“ 6 = 0 (10.38) 

Equation (10.38) gives T B and Eq. (10.33) gives T A . Thus, 

T a — 1797 r N • m and T B — 21ir N • m (10.39) 

The maximum shearing stress in each material occurs at the most remote point on a cross 
section. Thus, 

(talUx = Talc/Jal = 179tt(0.025)/0.613 • 10" 6 = 22.9 MPa 

(r ST )max = Tstc/Jst = 21tt( 0.0125)/0.038 • 10“ 6 = 21.7 MPa (10.40) 



Defining Terms 

Bar axis: Straight line locus of centroids of cross sections along the length of a bar. 

Line element: Imaginary fiber of material along a specific direction. 

Nonuniform bar: A bar for which the cross-sectional area or the material composition 

changes abruptly along its length, or external forces are applied intermediate to its ends. 

Nonuniform shaft: A bar of circular cross section for which the diameter or material 

composition changes abruptly along its length, or external twisting moments are applied 
intermediate to its ends. 

Thin rigid disk: Imaginary circular cross section of infinitesimal thickness that is assumed 
to undergo no deformations in its plane. 

Torque: Twisting moment. 

Uniform bar: A bar of uniform cross-sectional area that is made of one material and is 
subjected to axial forces only at its ends. 
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Uniform shaft: A bar of uniform, circular cross-sectional area that is made of one material 
and is subjected to twisting moments only at its ends. 
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Further Information 

Formulas for the twisting of shafts with the following cross-sectional shapes can be found in 
Bauld [1986]: thin-wall, open sections of various shapes; solid elliptical, rectangular, and 
equilateral triangular sections; open sections composed of thin rectangles; and circular 
sections composed of two different concentric materials. Also available in the same reference 
are formulas for the twisting of circular shafts in the inelastic range. 
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Ill 

Dynamics and Vibrations 




Noise, vibration, and harshness (NVH) testing for Chrysler automobiles is carried out in this 
hemi-anechoic chamber located at the Chrysler Technology Center in Auburn Hills, MI. The chamber is 
dedicated to finding sources of NVH using an attached chassis dynamometer which replicates real-world 
driving conditions. 

A high-tech test dummy along with various test equipment is placed inside the vehicle. The test dummy 
has built-in microphones in its ears and rides in the vehicle as if it were driving on the road. The test 
dummy monitors the sounds of the road and engine as well as outside noises piped into the 
chamber. 

This type of testing determines the inherent quietness and comfort of the vehicle and its ability to shield the 
cabin occupants from outside noise. The data gathered from this type of testing are used to improve interior 
sound and quality. (Photo courtesy of Chrysler Corporation.) 
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16 Lumped versus Distributed Parameter Systems B. A. Ovunc 

Procedure of Analysis • Continuous Mass Matrix Method • Consistent Mass Matrix Method • Fumped Mass 
Matrix Method • Free Vibration of Frames • Forced Vibration • Practical Applications • Structures without 
Additional Effects • Structures with Additional Effects 

17 Applications of Structural and Dynamic Principles A. J. Kalinowski 

Base Configuration Foaded Applications • Structural Configuration Foaded Applications • Additional 
Information 

18 Computer Simulation and Nomographs D. J. Inman 

Nomograph Fundamentals • Models for Numerical Simulation • Numerical Integration • Vibration 
Response by Computer Simulation • Commercial Software for Simulation 

19 Test Equipment and Measuring Instruments T. W. Baird 

Vibration and Shock Test Machines • Transducers and Signal Conditioners • Digital Instrumentation and 
Computer Control 

ALL OF THE MECHANICALLY BASED DISCIPLINES of engineering (e.g., mechanical, 
aeronautical, civil, naval architecture) are grounded in three basic areas: dynamics of particles and 
rigid bodies, mechanics of deformable bodies, and thermodynamics and heat transfer. In this 
section dynamics and the related area of vibrations are discussed. The subject of dynamics has two 
major components: the geometry of motion (kinematics) and the dynamic equations of motion 
(kinetics). Three basic models are used in the study of dynamics: 

• Mass particle (a point mass or a finite mass which does not rotate) 

• Rigid body (an accumulation of mass in a rigid configuration) 

• Deformable body (a continuous distribution of mass which changes shape under 
load) 

In Chapter 12 kinematics and kinetics of point masses (particles) are discussed. In Chapter 13 
this discussion is extended to rigid bodies. Both chapters discuss the measures of force, mass, 
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velocity, and acceleration and the concepts of momentum (linear and angular) and kinetic energy. 
In Chapters 14 through 19 the various aspects of vibrations are discussed. Vibration is a subject of 
great importance in engineering. Any system with mass and elasticity is a "vibration waiting to 
happen." Under the right circumstances, such a system will vibrate, and invariably such vibration 
must be dealt with by the engineer. There are two basic concerns in vibration analysis: free motion 
and the response of a system to an excitation. In Chapter 14 the ideas of natural frequencies and 
modal solutions are introduced. In Chapter 15 the response to an excitation (forcing function) is 
discussed. In Chapter 16 vibrations of continuous systems are discussed. Finally, in Chapters 17 
through 19, examples of applications are given, computer methods are discussed, and test 
equipment and methods are presented. The fundamental ideas of dynamics and vibrations are 
extremely important in themselves. But they also form a framework for other, related areas such as 
automatic control and acoustics. 
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11 

Fracture Mechanics 



11.1 Fundamental Concepts 

11.2 The Energy Criterion 

11.3 The Stress Intensity Approach 

11.4 Time-Dependent Crack Growth and Damage Tolerance 

11.5 Effect of Material Properties on Fracture 
Concluding Remarks 

Ted L. Anderson 

Structural Reliability Technology 

Since the advent of iron and steel structures during the Industrial Revolution, a significant number 
of brittle fractures have occurred at stresses well below the tensile strength of the material. One of 
the most famous of these failures was the rupture of a molasses tank in Boston in January 1919 
[Shank, 1953]. Over 2 million gallons of molasses were spilled, resulting in 12 deaths, 40 injuries, 
massive property damage, and several drowned horses. 

The traditional strength-of-materials approach cannot explain events such as the molasses tank 
failure. In the first edition of his elasticity text, published in 1892, Love remarked that "the 
conditions of rupture are but vaguely understood." Designers typically applied safety factors of 10 
or more (based on the tensile strength) in an effort to avoid these seemingly random failures. 

Several centuries earlier, Leonardo da Vinci performed a series of experiments on iron wires that 
shed some light on the subject of brittle fracture. He found that the strength of the wires varied 
inversely with length. These data implied that flaws in the material controlled the strength; a longer 
wire corresponded to a larger sample volume and a higher probability of sampling a region 
containing a flaw. These results were only qualitative, however, and formal mathematical 
relationships between flaw size and failure stress were not developed until recently. 

During World War II, a large number of Liberty ships and T2 tankers sustained brittle fractures 
[Bannerman and Young, 1946]. The need to understand the cause of these failures led to extensive 
research in the 1950s, which resulted in the engineering discipline known as fracture mechanics. 

The field of fracture mechanics attempts to quantify the relationship between failure stress, flaw 
size, and material properties. Today, many segments of industry — including aerospace, oil and gas, 
and electric utilities — apply fracture mechanics principles in order to prevent catastrophic failures. 
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11.1 Fundamental Concepts 

Figure 11.1 contrasts the fracture mechanics approach with the traditional approach to structural 
design and material selection. In the latter case the anticipated design stress is compared to the flow 
properties of candidate materials; a material is assumed to be adequate if its strength is greater than 
the expected applied stress. Such an approach may attempt to guard against brittle fracture by 
imposing a safety factor on stress, combined with minimum tensile elongation requirements on the 
material. The fracture mechanics approach [Fig. 1 1.1(b)] has three important variables, rather than 
two as in Fig. 1 1.1(a). The additional structural variable is flaw size, and fracture toughness 
replaces strength as the relevant material property. Fracture mechanics quantifies the critical 
combinations of these three variables. 

Figure 11.1 Comparison of the fracture mechanics approach to design with the traditional strength of 

materials approach, (a) The strength of materials approach, (b) The fracture mechanics 

approach. 



(a) 
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Most fracture mechanics methodologies assume linear elastic behavior, although more advanced 
approaches incorporate nonlinear material behavior such as yielding. There are two alternative 
approaches to linear elastic fracture analysis (LEFM): the energy criterion and the stress 
intensity approach, both of which are described below. 

In addition to predicting the conditions for ultimate failure, fracture mechanics methodologies 
can also analyze time-dependent cracking mechanisms such as fatigue. 
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11.2 The Energy Criterion 



The energy approach states that crack extension (i.e., fracture) occurs when the energy available 
for crack growth is sufficient to overcome the resistance of the material. The material resistance 
may include the surface energy, plastic work, or other type of energy dissipation associated with a 
propagating crack. 

Griffith [1920] was the first to propose the energy criterion for fracture, but Irwin [1956] is 
primarily responsible for developing the present version of this approach: the energy release rate, 
G, which is defined as the rate of change in potential energy with crack area for a linear elastic 
material. At the moment of fracture, G = G c , the critical energy release rate, which is a measure of 
fracture toughness. 

For a crack of length 2 a in an infinite plate subject to a remote tensile stress (Fig. 1 1 .2), the 
energy release rate is given by 



G=^ (11.1) 

where E is Young's modulus, cr is the remotely applied stress, and a is the half crack length. At 
fracture, G = G c , and Eq. (11.2) describes the critical combinations of stress and crack size for 
failure: 



_ 7ia 2 f a c 

c E 



( 11 . 2 ) 



Note that for a constant G c value, failure stress, 07 , varies with 1 jyfa. The energy release rate, G, 
is the driving force for fracture, while G, is the material's resistance to fracture. To draw an 
analogy to the strength of materials approach of Fig. 11.1(a), the applied stress can be viewed as 
the driving force for plastic deformation, whereas the yield strength is a measure of the material's 
resistance to deformation. 



Figure 11.2 Through-thickness crack in an infinite plate subject to a remote tensile stress. In practical 
terms, "infinite" means that the width of the plate is 3> 2 a. 
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The tensile stress analogy is also useful for illustrating the concept of similitude. A yield strength 
value measured with a laboratory specimen should be applicable to a large structure; yield strength 
does not depend on specimen size, provided that the material is reasonably homogeneous. One of 
the fundamental assumptions of fracture mechanics is that fracture toughness (G c in this case) is 
independent of the size and geometry of the cracked body; a fracture toughness measurement on a 
laboratory specimen should be applicable to a structure. As long as this assumption is valid, all 
configuration effects are taken into account by the driving force, G. The similitude assumption is 
valid as long as the material behavior is predominantly linear elastic. 

11.3 The Stress Intensity Approach 

Figure 1 1.3 schematically shows an element near the tip of a crack in an elastic material, together 
with the in-plane stresses on this element. Note that each stress component is proportional to a 
single constant, Ki . If this constant is known, the entire stress distribution at the crack tip can be 
computed with the equations in Fig. 1 1.3. This constant, which is called the stress intensity 
factor, completely characterizes the crack tip conditions in a linear elastic material [Irwin, 1957]. 

If one assumes that the material fails locally at some critical combination of stress and strain, then 
it follows that fracture must occur at a critical stress intensity, K IC . Thus, K IC is an alternate 
measure of fracture toughness. 

Figure 11.3 Stresses near the tip of a crack in an elastic material. 
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For the plate illustrated in Fig. 1 1.2, the stress intensity factor is given by 

Kj=aV^a (11.3) 

Failure occurs when Kj = K IC . In this case, Kj is the driving force for fracture and K [C is a 
measure of material resistance. As with G c . the property of similitude should apply to K IC . That 
is, K j C is assumed to be a size-independent material property. 

Comparing Eqs. (11.1) and (11.3) results in a relationship between Kj and G: 

K'i 

G = ^ - 11.4 

E 

This same relationship obviously holds for G c and Kjc . Thus, the energy and stress intensity 
approaches to fracture mechanics are essentially equivalent for linear elastic materials. 

11.4 Time-Dependent Crack Growth and Damage Tolerance 

Fracture mechanics often plays a role in life prediction of components that are subject to 
time-dependent crack growth mechanisms such as fatigue or stress corrosion cracking. The rate of 
cracking can be correlated with fracture mechanics parameters such as the stress intensity factor, 
and the critical crack size for failure can be computed if the fracture toughness is known. For 
example, Paris and Erdogan [1960] showed that the fatigue crack growth rate in metals could be 
described by the following empirical relationship: 

A=C,AAT (11.5) 

where da/dN is the crack growth per cycle, AI\ is the stress intensity range, and C and m are 
material constants. 

Damage tolerance, as its name suggests, entails allowing subcritical flaws to remain in a 
structure. Repairing flawed material or scrapping a flawed structure is expensive and is often 
unnecessary. Fracture mechanics provides a rational basis for establishing flaw tolerance limits. 

Consider a flaw in a structure that grows with time (e.g., a fatigue crack or a stress corrosion 
crack) as illustrated schematically in Fig. 1 1.4. The initial crack size is inferred from 
nondestructive examination (NDE), and the critical crack size is computed from the applied 
stress and fracture toughness. Normally, an allowable flaw size would be defined by dividing the 
critical size by a safety factor. The predicted service life of the structure can then be inferred by 
calculating the time required for the flaw to grow from its initial size to the maximum allowable 
size. 
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Figure 11.4 The damage tolerance approach to design. 




11.5 Effect of Material Properties on Fracture 



Most early work was applicable only to linear elastic materials under quasistatic conditions, 
whereas subsequent advances in fracture research incorporated other types of material behavior. 
Elastic -plastic fracture mechanics considers plastic deformation under quasistatic conditions, 
whereas dynamic, viscoelastic, and viscoplastic fracture mechanics include time as a variable. 
Elastic-plastic, viscoelastic, and viscoplastic fracture behavior are sometimes included in the more 
general category of nonlinear fracture mechanics. The branch of fracture mechanics one should 
apply to a particular problem obviously depends on material behavior. 

Consider a cracked plate (Fig. 1 1.2) that is loaded to failure. Figure 1 1.5 is a schematic plot of 
failure stress versus fracture toughness (A7c • ) For low-toughness materials, brittle fracture is the 
governing failure mechanism, and critical stress varies linearly with K r c as predicted by Eq. 

(1 1.3). At very high toughness values, FEFM is no longer valid and failure is governed by the flow 
properties of the material. At intermediate toughness levels, there is a transition between brittle 
fracture under linear elastic conditions and ductile overload. Nonlinear fracture mechanics bridges 
the gap between FEFM and collapse. If toughness is low, FEFM is applicable to the problem; but 
if toughness is sufficiently high, fracture mechanics ceases to be relevant to the problem because 
failure stress is insensitive to toughness. A simple limit load analysis is all that is required to 
predict failure stress in a material with very high fracture toughness. 
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Figure 11.5 Effect of fracture toughness on the governing failure mechanism. 
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Table 11.1 lists various materials, together with the typical fracture regime for each material. 



Table 11.1 Typical Fracture Behavior of Selected Materials 



Material 


Typical Fracture Behavior 


High-strength steel 


Linear elastic 


Low- and medium-strength steel 


Elastic-plastic/fully plastic 


Austenitic stainless steel 


Fully plastic 


Precipitation-hardened aluminum 


Linear elastic 


Metals at high temperatures 


Viscoplastic 


Metals at high strain rates 


Dynamic-viscoplastic 


Polymers(below T g )* 


Linear elastic/viscoelastic 


Polymers (above T g )* 


Viscoelastic 


Monolithic ceramics 


Linear elastic 


Ceramic composites 


Linear elastic 


Ceramics at high temperatures 


Viscoplastic 



Note: Temperature is ambient unless otherwise specified. 
*T g — Glass transition temperature. 
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Concluding Remarks 

Fracture is a problem that society has faced for as long as there have been human-made structures. 
The problem may actually be worse today than in previous centuries, because more can go wrong 
in our complex technological society. Major airline crashes, for instance, would not be possible 
without modern aerospace technology. 

Fortunately, advances in the field of fracture mechanics have helped to offset some of the 
potential dangers posed by increasing technological complexity. Our understanding of how 
materials fail and our ability to prevent such failures has increased considerably since World War 
II. Much remains to be learned, however, and existing knowledge of fracture mechanics is not 
always applied when appropriate. 

Although catastrophic failures provide income for attorneys and consulting engineers, such 
events are detrimental to the economy as a whole. An economic study [Duga et al, 1983] 
estimated the cost of fracture in the U.S. in 1978 at $1 19 billion (in 1982 dollars), about 4% of the 
gross national product. Furthermore, this study estimated that the annual cost could be reduced by 
$35 billion if current technology were applied and that further fracture mechanics research could 
reduce this figure by an additional $28 billion. 

Defining Terms 

Damage tolerance: A methodology that seeks to prevent catastrophic failures in components that 
experience time-dependent cracking. Fracture mechanics analyses are used in conjunction 
with nondestructive examination (NDE) to ensure that any flaws that may be present will not 
grow to a critical size prior to the next inspection. 

Energy release rate: The rate of change in stored energy with respect to an increase in crack area. 
Energy release rate is a measure of the driving force for fracture. A crack will grow when the 
energy available for crack extension is greater than or equal to the energy required for crack 
extension. The latter quantity is a property of the material. 

Fracture mechanics: An engineering discipline that quantifies the effect of cracks and crack-like 
flaws on material performance. Fracture mechanics analyses can predict both catastrophic 
failure and subcritical crack growth. 

Fracture toughness: A measure of the ability of a material to resist crack propagation. The 

fracture toughness of a material can be quantified by various parameters, including a critical 
stress intensity factor, K IC , and a critical energy release rate, G c 
Finear elastic fracture mechanics (FEFM): A branch of fracture mechanics that applies to 

materials that obey Hooke's law. LEFM is not valid when the material experiences extensive 
nonlinear deformation such as yielding. 

Nondestructive examination (NDE): A technology that can be used to characterize a material 
without altering its properties or destroying a sample. It is an indispensable tool for fracture 
mechanics analysis because NDE is capable of detecting and sizing crack-like flaws. 
Nonlinear fracture mechanics: An extension of fracture mechanics theory to materials that 
experience nonlinear behavior such as yielding. 
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Dynamics of Particles: Kinematics and 

Kinetics 



12.1 Dynamics of Particles 

Cartesian Coordinates • Natural (Path) Coordinates • Cylindrical Coordinates • Spherical Coordinates • 
Kinematics of Relative Motion 

12.2 Newton's Second Law 

12.3 Moment of Momentum Relations 

12.4 Momentum Integrals of Newton's Second Law 
Impulse-Momentum and Angular Impulse-Moment of Momentum Relations 

12.5 Work-Energy Integral of Newton's Second Law 
The Work-Energy Relation for a Conservative Force 

12.6 Conclusion 

Bruce Karnopp 

University of Michigan 



12.1 Dynamics of Particles 

The dynamics of particles consists of five main parts: 

1 . Kinematics of a point (the geometry of a point moving through space) 

2. Newton's second law 

3. Moment of momentum equation 

4. Momentum integrals of Newton's second law 

5. Work-energy integral of Newton's second law 

The concept of a particle is an abstraction or model of the actual physical situation. The moon in 
motion about the earth might be modeled as a mass point. In fact, the motion of any finite body in 
which the rotation effects are not important can properly be described as a particle or point 
mass. 

Although it is possible to derive all the fundamental equations in a purely vector format, in order 
to describe any particular problem in dynamics, it is crucial that a specific coordinate system be 
employed. The coordinate systems which will be considered in this chapter are the following: (a) 
Cartesian coordinates, (b) natural (path) coordinates, (c) cylindrical coordinates, (d) spherical 
coordinates, (e) relative motion. 
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The fundamental equation that is encountered in dynamics is Newton's second law, F = m3, 
where F is the total force acting on a particle and a is the resulting acceleration. Thus the geometric 
problem of dynamics consists of finding the position, r, the velocity, v, and the acceleration, a, of 
a point mass. 

In order to use any coordinate system, the equations for the position r, the velocity v, and the 
acceleration a as expressed in that coordinate system must be known. In order to achieve these 
results, the derivatives of the unit vectors of the coordinate system must be 
determined. 



Cartesian Coordinates 

Consider the path of point P with respect to the Cartesian coordinate system shown in Fig. 12.1. 
The position, velocity, and acceleration are expressed in Table 12.1. 



Figure 12.1 Cartesian coordinates. 



Table 12.1 Equations of Cartesian Coordinates 




\ 



V 

J 



r = x\ + y] + zk 
v = x\ + ij] + zk 
a = x\ + y] + zk 



Natural (Path) Coordinates 

Natural or path coordinates are useful to understand the intrinsic nature of the velocity and 
acceleration vectors. Natural coordinates are defined by the actual trajectory of the point P as it 
moves through space. Consider the trajectory as shown in Fig. 12.2. 



Figure 12.2 Natural coordinates. 
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The distance or arc length along the path (from some convenient starting position) is denoted by 
5 . The velocity and acceleration of P are defined in terms of the path characteristics: the unit vector 
e t tangent to the path, the unit vector e„ normal to the path, the radius of curvature, R, and the 
derivatives of the arc length with respect to time, s and s. The quantity R is the radius of curvature, 
and r is the torsion of the curve. Table 12.2 lists the natural coordinate equations. Struik [1961] 
contains a proof of the derivatives of the unit vectors. 



Table 12.2 Equations of Natural Coordinates 



Velocity and Acceleration 


Derivatives of Unit Vectors 


< 

II 

Co- 

n> 


de f 


s 




= —6 n 


dt 


R 


s 2 


de n 


s 


a = se t + — e„ 


dt 


= ~ft e t + sre i> 




d&h 


= -sre n 




dt 



Cylindrical Coordinates 

Cylindrical coordinates are used when there is some symmetry about a line. If this line is taken to 
be the z axis, the coordinates appear as in Fig. 12.3. The parameters of cylindrical coordinates are 
introduced by dropping a line from the point P to the xy plane. The distance from the origin O to 
the intersection in the xy plane is denoted by the scalar r. Finally, the angle between the x axis and 
the line from O to the intersection is 0 . Thus the parameters that define cylindrical coordinates are 
{r, d, z}, and the unit vectors are {e r , e#, k}. See Table 12.3. 

Figure 12.3 Cylindrical coordinates. 




© 1998 by CRC PRESS LLC 



Table 12.3 Equations of Cylindrical Coordinates 



Position, Velocity, and Acceleration 



Derivatives of Unit Vectors 



r = re, + zk 

v = re, + rde r ) + zk 

a = (r — r# 2 )e r + (r# + 2 rt 9 )e# + zk 



6r = 

6,, = -tfe r 
k = o 



Spherical Coordinates 

Spherical coordinates are particularly useful in problems with symmetry about a point. The 
coordinates are defined by the three parameters p, (f>, and i) and the corresponding unit vectors 
e p , e 0 , and e*. Refer to Fig. 12.4 and Table 12.4. 

Figure 12.4 Spherical coordinates. 




Table 12.4 Equations of Spherical Coordinates 



Position, Velocity, and Acceleration 


Derivatives of Unit Vectors 


r =pe f) 


e p =</>e 0 + 1? sin 


v =pe p + pcfie^ + pd sin cj)e§ 


60 = — 0e p + 1? cos pie,;; 


a =(p — p(j ) 2 — p & 2 sin 2 (p)e p 


6,; = — t? sin <J)e p — $ cos 


+ (2p0 -|- pcf) — pt/ sin cf) cos 0)00 




+ (2 p'd sin (j) + 2p0t? cos 4 > + pi) sin 0)e,j 
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Kinematics of Relative Motion 

The equations of relative motion are used when it is convenient to refer the motion to a coordinate 
system that is in motion. In general, such a coordinate system cannot be used to write the equations 
of dynamics since it will not be an inertial reference frame. The crucial concept in this regard is the 
angular velocity vector, cu. Consider Fig. 12.5. 

Figure 12.5 Angular velocity. Figure 12.6 Relative motion. 





The angular velocity vector u> is introduced through the equation 



v = u> x r (12.1) 



for any point P that is embedded in the moving frame \x ] , ip . z, }. Then 



dp dx. dy.dz. 

— = —I H — — J — k + xu> x l + yuj x J + zuj x k 
dt dt dt dt 



or 



dp dx. dy . dz, , . . . . 

dt = M ,+ M }+ dt k+ ^ X{X ' + V} + zk) 



The first block of terms is the velocity as seen from the moving frame — that is, the velocity as it 
would appear to an observer whose feet are firmly planted in the moving frame {x. y. z } . It is 
convenient to denote this as 6p/6t. The second block of terms is just a ; x p. Thus, 



dp 

dt 



dp 

— +uxp 



( 12 . 2 ) 



Equation (12.2) gives an operator equation for computing time derivatives with respect to a fixed 
or moving frame: 
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Equation (12.2) gives an operator equation for computing time derivatives with respect to a fixed 
or moving frame: 



d_ 

dt 



8 

6i + uix 



(12.3) 



Now suppose the origin of the moving frame has a motion. Then if V c is the velocity of the 
moving origin (see Fig. 12.6), 



8p 

V — V 0 T — + to x p 



(12.4) 



In order to interpret this, it is instructive to rearrange the terms: 

V = (V 0 + U! X p) + 



tip 

8t 



Convective velocity Relative velocity 

The relative velocity is that which is seen by an observer fixed to the moving frame. The 
convective velocity is the velocity of a fixed point that instantaneously shares the position of the 
moving point. 

This process is repeated to determine the acceleration. That is, the operator of Eq. (12.3) is 
applied to Eq. (12.4) to get a = dw/dt. The result is arranged as follows: 

r / \ i <5 2 P n 8p 

a = [a 0 + U! X (ip X p) 4" i+L X p] + + 2 c ox — 



Convective acceleration Relative 

acceleration 

Again, the relative acceleration is that which a moving observer in {x, y. z) would see. The 
convective acceleration is the acceleration of the fixed point of { x , y. z) that shares the 
instantaneous position of the moving point under consideration. 

The equations of position, velocity, and acceleration are summarized in Table 12.5. 

Table 12.5 Equations of Relative Motion 



Coriolis 

acceleration 



(12.5) 



r = r 0 + P 



6 P 



v — (V 0 + LO X p) + — 

8 2 

a = [a„ + iv x [tv x p) + lu_x p\ + —// + 2 uj x 

oe 1 



Sp 

6t 
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12.2 Newton's Second Law 



In order to write Newton's second law for a particle, m, 

F = m3 (12.6) 

the terms of the equation must be evaluated: 

1. The force, F, is obtained from a free-body diagram of the particle. 

2. The mass, m, can be obtained from the weight of the particle: 

Weight = mg (12-7) 

3. The acceleration is written in some convenient coordinate system (from the equations in 
section 12.1). 

Any equation must ultimately be expressed in some unit system. The fundamental units of 
dynamics are force, mass, length, and time. The units for these quantities are shown in Table 12.6. 
Conversion of units is shown in Table 12.7. 

Table 12.6 Unit Systems Used in Dynamics 



Unit System Type Force Mass Length Time 



English 


Gravitational 


Pound (lb) 


Slug lb ■ s 2 / ft 


Foot (ft) 


Second (s) 


(large) 


English 


Gravitational 


Pound (lb) 


cr 

U1 

to 

P 


Inch (in.) 


Second (s) 


(small) 


MKS — metric 


Absolute 


Newton (N) 


Kilogram (kg) 


Meter (m) 


Second (s) 


CGS — metric 


Absolute 


Dyne (dyn) 


gram (g) 


Centimeter 

(cm) 


Second (s) 


Metric — large 


Gravitational 


Kilogram (kg) 


kg • s 2 /m 


Meter (m) 


Second (s) 


Metric — small 


Gravitational 


Gram (g) 


g • s 2 /cm 


Centimeter 

(cm) 


Second (s) 



Table 12.7 Conversion of Units 



Force units: 


1.0 lb 


= 4.448 N 




1.0 lb 


= 4.448 ■ 10 5 dyn 




1.0 lb 


= 0.4536 (kgf) 




1.0 lb 


= 4.536 ■ 10 2 (g force) 


Length units: 


1.0 in. 


= 0.083 33ft 




1.0 in. 


= 2.542.54 cm 




1.0 in. 


= 0.0254 m 




1.0 ft 


= 12 in. 




1.0 ft 


= 30.48 cm 




1.0 ft 


= 0.3048 m 


Mass units: 


1.0 lb • s 2 /in. 


= 12 lb • s 2 /ft 




1.0 lb • s 2 /in. 


= 1.2162 kg 




1.0 lb • s 2 /in. 


= 1.2162 • 10 3 g 


1.0 slug = 


1.0 lb ■ s 2 /ft 


= 0.083 33 lb -s 2 /in. 




1.0 lb ■ s 2 /ft 


= 14.594 kg 




1.0 lb ■ s 2 /ft 


= 1.4594 • 10 4 g 
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12.3 Moment of Momentum Relations 



The moment of a force is determined by the (vector) cross product: 

M 0 = r x F (12.8) 



See Fig. 12.7. 

Figure 12.7 Moment of momentum and moment of force. 

m 




The linear momentum of m is 



p = mV (12.9) 

and the moment of momentum (sometimes called the angular momentum ) is 

h 0 = r x p = r x mv (12.10) 

Computing the time derivative of h gives 

dh 0 dr 

— — = — x mv + r x ma 
at dt 

The first term is V x m\l . This is the cross product of two vectors in the same direction. Thus this 
term is zero. From Eqs. (12.6) and (12.8), the remaining term is the moment of the force, F, about 
the point O. Thus: 



M " - f < 12 - n > 
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12.4 Momentum Integrals of Newton’s Second Law 



Newton's second law, Eq. (12.6), can be integrated over time or space. When the former is done, 
the result is called an impulse or an angular impulse. When the integration is performed over 
space, the result is the work. This will be demonstrated later. 



Impulse-Momentum and Angular Impulse-Moment of Momentum 
Relations 

Recall Newton's second law, F = m3. Suppose we write 3 = dM /dt. Then 
r h f 1 ' dv 

/ F dt = m / — dt = m[v(ii) — v(t 0 )] (12.12) 

J t 0 J to dt 



Equation (12.12) is called the impulse change of linear momentum theorem. 
Similarly, taking Eq. (12.1 1) as the basis of the time integration gives 





h 0 {ti) - h 0 {t 0 ) 



(12.13) 



Equation (12.13) is called the angular impulse change of angular momentum theorem. Equations 
(12.12) and (12.13) are particularly interesting when the left-hand side is zero. Then we say that 
linear momentum is conserved or that the moment of momentum (angular momentum) is 
conserved. 

Two important examples that utilize these conservation laws are collision problems [Kamopp, 
1974] and central force motion problems [Goldstein, 1959]. 



12.5 Work-Energy Integral of Newton’s Second Law 

In deriving the momentum laws, Newton's second law is integrated over time. In the work-energy 
relation, the integration takes place over space. Recall Newton's second law, 

F = m3 = m(d\! / dt) . An instantaneous quantity is the power of the force F: 

P = F ■ v (12.14) 

The power, P, is a scalar quantity. The units of power are listed in Table 12.8. 



Table 12.8 Units of Power 



English: 


ft ■ 


lb/s 




in. 


■ lb/s 




1.0 


horsepower = 550 ft ■ lb/s 


Metric: 


N- 


m/s 




1.0 


watt = 1.0 N ■ m/s 


Conversion: 


1.0 


N ■ m/s = 0.7376 ft ■ lb/s 




1.0 


ft ■ lb/s = 1.3557 N ■ m/s 




1.0 


horsepower = 746 watts 




1.0 


watt = 1.34048 • 10~ 3 hp 
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The work of a force is the time integral of the power of the force. Work is also a scalar 
quantity: 



W = I 1 P dt 

Jt 0 



(12.15) 



With Eq. (12.14), and recalling that V = dv/dt the work W (see Fig. 12.8) becomes 

W = I * Fdr (12.16) 

■' r„ 



Figure 12.8 Work of a force. 




Equation (12.16) is what is called a path or line integral. That is, the value of the work is 
dependent, in general, on the particular path that is traversed between positions r u and r , . 

Recall from Eqs. (12.6) and (12.14) that F = m3 = m(dv / dt) and P = F • V . Inserting Eq. 
(12.13) into Eq. (12.14) gives 



P 




■ v 



(12.16a) 



Now consider that 



1 d 

2 dt 



(?nv • v) 



1 

2 



dM 

m— ■ v + mu ■ 

dt 



dM 

dt 




(12.16b) 



Defining the kinetic energy of a particle to be 



T 



1 1 

= -mV ■ v = -mV 
2 2 



2 



(12.17) 



Eqs. (12.16a) and (12.16b) give 



P = 




(12.18) 



© 1998 by CRC PRESS LLC 



That is, the power of the force F equals the time rate of change of the kinetic energy T. 

Finally, from Eq. (12.18), the work of F in moving the particle from r 0 to p equals the change in 
kinetic energy between r 0 and p . The work-energy theorem is derived in Table 12.9. 

Table 12.9 The Work-Energy Theorem 



The work of a force F is 



The kinetic energy of a particle is 



And the work-energy relation is 




m 1 In 

T = -mV • V = -mV" 

2 2 

= T(fi) - T(r 0 ) 



While Eq. (12.16) gives a way to compute the work of a force, there is a very special and 
important class of forces that give a very simple way of computing work. These are called 
conservative forces. A force is conservative if it can be derived from a potential energy 
function through differentiation. 



F = -W (12.19) 

where V is the potential energy function for F and V is the del operator. In Cartesian coordinates, 
Eq. (12.18) becomes 



dV. dV . dV 

dx dy ^ dz 

The general form for conservative forces, Eq. (12.19), is usually overly complex. Conservative 
forces are listed in Table 12.10. 

Table 12.10 Conservative Forces 





Force 




Potential Energy 


Gravity 




F = —mg k 


V = mg z 


Universal 




._ 7 Mm 

F = — e r 


yMm 


gravitation 




pi 


r 


Spring force 




<-© 

1 

II 

LL 


V = -k6 2 
2 



! For motion about the earth 7 M e = 1.255 • 10 3 mi 3 /h 2 = 5.2277 ■ 10 3 km 3 /h 2 



The Work-Energy Relation for a Conservative Force 

Recall the equation for the work of a force, W = / r n F • dr . Suppose F is conservative. Then, by 
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Eq. (12.19), F = — VV . And, finally, recall the equations of natural coordinates to write the 
expression for dr: v = (dr/ds)(ds/dt) = ( ds/dt)e t . Thus, 

, dr i 

dr = — ds = ds 
ds 



Finally, the work, by Eq. (12.16), becomes 



W 



I ' -(VI/ • e*) ds 



The term inside the parentheses is just the directional derivative dV/ds — that is, the derivative that 
is taken tangent to the path. Thus the work becomes 

W = I' 1 - ds= | 1 -dV = -V(lT) + V(r 0 ) (12.20) 



The crucial thing to note in Eq. (12.20) is that the work of a conservative force depends only on 
the end positions of the path. Thus the work-energy relation derived in Table 12.9 becomes, in the 
case of conservative forces: 

T(r i) + V(ri) = T(r 0 ) + V(r 0 ) = constant 

For conservative and nonconservative forces: 

pr(r„) + V(r„)] + w;> = [r(r 1 ) + V(r 1 )] 

where is the work of the nonconservative forces. 

Units of energy are shown in Table 12.11. 



Table 12.11 Units of Energy 



English: 

Metric: 


ft -lb 

in. ■ lb 
N • nr 

dyn ■ cm 


= joule 
= erg 


Conversion 


1.0 joule = 


l.U IN • m 


= 10' dyn ■ cnr = 10' erg 


1.0 joule = 


1.0 N ■ nr 


= 0.073 76 ft ■ lb 


1.0 joule = 


1.0 N ■ nr 


= 0.885 12 in. ■ lb 


1 .0 erg = 


1.0 dyn ■ cnr 


= 7.376 ■ 10~ 9 ft ■ lb 


1 .0 erg = 


1.0 dyn • cnr 


= 8.8512 ■ 10~ s in. ■ lb 




1.0 ft ■ lb 


= 1.3557 N ■ nr 




1.0 ft • lb 


= 1.3557 ■ 10 7 dyn ■ cnr 




1.0 in, lb 


= 0.112 98 N ■ nr 




1.0 in. ■ lb 


= 0.112 98- 10 7 dyn -cm 
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The work-energy theorem is used when what is sought is the speed of a particle as a function of 
position in space. The impulse momentum theorems, on the other hand, will give the velocity as a 
function of time. Both relations are derived from Newton's second law and are called first 
integrals. 

12.6 Conclusion 

The notion of a mass point or particle forms the basis of Newtonian mechanics. Although many 
systems can be modeled as a point mass, others cannot. Rigid configurations of systems, 
deformable systems, and so forth all require more elaborate geometrical (kinematic) description. 
The kinetic equations (Newton's law, momentum, moment of momentum, etc.) must be expanded 
in these cases. Still, the equations for particle dynamics form the basis of these 
discussions. 

Defining Terms 

Acceleration: The (vector) rate of change of velocity. 

Angular velocity: The rate of change of orientation of a coordinate system. 

Kinematics: The geometry of motion. 

Particle: A point mass. 

Position: The location of a point in space. 

Power: The dot product of the force and the velocity. 

Velocity: The (vector) rate of change of position. 
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13 

Dynamics of Rigid Bodies: Kinematics and 

Kinetics 



13.1 Kinematics of Rigid Bodies 

Translation • Rotation • General Plane Motion: Euler Theorem • Instantaneous Center of Rotation in Plane 
Motion • Absolute and Relative Acceleration in Plane Motion • Space Motion 

13.2 Kinetics of Rigid Bodies 

Forces and Acceleration • Work and Energy 

Ashraf A. Zeid 

Army High Performance Computing Research Center and Computer Sciences Corporation 



R. R. Beck 

U.S. Army Tank Automotive Research Development and Engineering Center 



13.1 Kinematics of Rigid Bodies 

Kinematics is the study of the geometry of rigid body motion without reference to what causes the 
motion. Kinematic analyses are conducted to establish relationships between the position, 
velocity, and acceleration of rigid bodies or points on a rigid body. 

The position and orientation of a body can be described by their distance from a perpendicular 
set of fixed axes called a coordinate system. The minimum number of independent or generalized 
coordinates needed to completely describe the position and orientation of a system of rigid bodies 
is equal to the number of degrees of freedom for the system. The number of degrees of freedom 
equals the number of nonindependent coordinates used to describe the position and orientation of 
each body of the system minus the number of constraints equations governing the system's motion. 
Therefore, the maximum number of independent coordinates needed to completely describe the 
position and orientation of a rigid body in space is six. Three independent equations are required to 
locate and describe the rigid body in translation with respect to time; the other three independent 
equations of motion are required to define its orientation and rotation in space with respect to time. 

In general, the equations of motion of a rigid body are created relative to an inertial reference 
frame. The inertial reference frame is usually the rectangular set of Cartesian coordinate axes x, y, z 
with corresponding unit vectors i, j, k, as described previously. 

A rigid body is in rectilinear translation when a line that joins any two points on the body does 
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not rotate during motion. A rigid body is in curvilinear translation when all points of the body 
move on congruent curves. A fixed-axis rotation occurs when the line that connects any point on 
the body to the center of rotation rotates without any translation. When all points in a body move in 
parallel planes, the rigid body is in general plane motion. If no restriction is placed on the motion 
of the rigid body, it will move in general space motion. If the body is in general space motion and 
one of its points is pivoted, the body is in a fixed-point rotation. 

Translation 

All points on a rigid body in pure translation will have the same velocity and the same acceleration 
at any given instant. Figures 13.1 and 13.2 show examples of two different types of translational 
motion and a possible choice of a fixed reference frame whose axes are denoted as x and y with 
corresponding unit vectors i and j, respectively. 



Fig. 13.1 Rectilinear translation. 
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When a body is undergoing rectilinear translation, as shown in Fig. 13.1, the velocities and 
accelerations of all points are identical in both magnitude and direction for all time. 



V A = V B 



a A — o B 



for all t 



(13.1) 



where {^4, B, . . . } are arbitrary points on the body. In Fig. 13.2 the velocities of any two points A 
and B on the body are identical and parallel at any instant of time; however, unlike in rectilinear 
translation, the velocity and acceleration directions are not constant. For curvilinear translation the 
velocity equation holds at any instant of time but not necessarily throughout the entire motion: 



V A = V B 



O’ A — 0 B 



ti Ai 



(13.2) 



Rotation 

The angular position of a body in pure rotation is completely defined by the angle between an 
arbitrary fixed reference line that passes through the center of rotation and any arbitrary line fixed 
to the body and passing also through the center of rotation, as shown in Fig. 13.3. The rotation 
angle 6 may be measured in degrees or radians, where 

1 revolution = 360 degrees = 2-k radians (13.3) 

The rotation angular velocity to is defined as the rate of change of the angular position angle 6 with 
respect to time. It is expressed in radians per second (rps) or in revolutions per minute (rpm), as 
follows: 



LO 



<\n 

dt 



(13.4) 



The rotational angular acceleration a is the time rate of change of the angular velocity resulting in 
the following relationship: 



du d 2 6 du d6 du 

dt dt 2 d6 dt dB 



(13.5) 



In pure rotational motion, the relation between the rotational position, velocity, and 
acceleration are similar to pure translation. The angular velocity is the integral of the angular 
acceleration plus the initial velocity; the angular displacement is equal to the initial displacement 
added to the integral of the velocity. That is, 



U — Uq + cd 

6 — 6 o -(- ut = 6q T uq t T \at 2 



(13.6) 
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In general, the angular velocity and angular acceleration are three-dimensional vectors whose three 
components are normally projected on a coordinate system fixed to the body that is translating and 
rotating in space, which is the general behavior of rigid bodies as discussed in later sections. For 
planar motion, two of the components of the angular velocity vector are equal to zero and the third 
component points always outward from the plane of motion. 

Fig. 13.3 A body in pure rotation. 




Therefore, the position of any point B on a body in pure planar rotation is determined by the 
distance r B / A of that point from the center of rotation A times the magnitude of the angle of 
rotation expressed in radians 6. Thus the distance s that a point fixed on a rigid body travels during 
a rotation 6 is given by: 



s — r B/A 9 (13.7) 

Similarly, the linear velocity of that point will depend on the distance r B / A and on the angular 
velocity u> and will have a direction that is perpendicular to the line between the center of rotation 
and the point, as follows: 



v — Co x r B / A (13.8) 

where x indicates cross product. The angular acceleration of a point on a rigid body can be 
decomposed into a tangential and a normal component. The tangential component is the time rate 
of change of the linear velocity v and is in the direction of the linear velocity, namely, along the 
line perpendicular to the radius of rotation r B / A . 

dv 

at = — = ol x r B/A (13.9) 

The normal acceleration depends on the time rate of change of the velocity in the tangential 
direction and on the angle of displacement, which gives the equation 



© 1998 by CRC PRESS LLC 



(13.10) 



a n — u x Co x Vb/a 



General Plane Motion: Euler Theorem 

General plane motion can be separated into a pure translation followed by a pure rotation about a 
point called the center of rotation. If we attach a coordinate system at point A, as shown in Fig. 
13.4, the position of any point on the body can be described by the position vector of point 
A — namely, r A — added to the relative position of that point with respect to A — namely, the vector 
r B / A — all measured in the fixed coordinate system. 

r B = r A + r B/A (13.11) 

Similarly, the velocity of a rigid body in general plane motion can be separated into a velocity due 
to pure translation v A together with a velocity due to pure rotation v A / B ■ 

v b =v a +v b /a (13.12) 



where v B / A = uo x f B / A and v A is the velocity vector of point A. The velocity vector v B / A is called 
the relative velocity vector of point B with respect to point A. 



Fig. 13.4 General motion of a rigid body in plane. 




Instantaneous Center of Rotation in Plane Motion 

At any instant in time, a body in general plane motion has a point — which may be either outside or 
on the body — around which all points of the body appear to be rotating in pure rotation. This point, 
called instantaneous center of rotation, can be found if the velocity vector of any point on the body 
together with the angular velocity of the body are known. The instantaneous center of rotation will 
lie on a line perpendicular to the velocity vector and at a distance from that point that is equal to 
the magnitude of the velocity of the point divided by angular velocity u of the body. 
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Once the instantaneous center of rotation is found, the velocity of any point B on the body can be 
determined from the vector from that center to the point B, r B , as follows: 



v B = & x f B 



The direction of the velocity vector will be perpendicular to the vector f B . 

Absolute and Relative Acceleration in Plane Motion 

The angular acceleration of a point on a rigid body in plane motion also has a component due to 
translation and a component due to rotation; the latter component consists of a normal and a 
tangential component. 



O-B — &A + O-B/A 
UB/A = (&B/A )n + (Sb/A )t 
(a B /A )n = W X UJ X r B/A 
{&B/A )t = O' X r B j A 



(13.13) 



The acceleration of a point located by variable vector f B / A on a moving rigid body is given by the 
following relation: 



Ub/A 



a A + u x u x r B / A + a x f B / A +2 o> x 



dr B /A 

dt 



d 2 r B /A 

dt 2 



(13.14) 



where the vector f B / A and its time derivative are measured in a fixed reference frame — namely, its 
components are [X r , Y r ] as shown in Fig. 13.5. If the vector r B / A is known by its components in a 
body-fixed coordinate [x r ,y r \ , then they can be transformed to the inertial coordinates as follows: 



X r — x r cos 0 — y r sin 9 
Y r — x r sin 9 + y r sin 9 



(13.15) 



This is a coordinate transformation and is orthogonal, that is, its transpose is equal to its inverse. In 
matrix form the transformation of coordinates in Eq. (13.15) can be written as follows: 




cos 9 
sin 9 



— sin 9 
cos 9 




x r 


and 


x r 







.Ur . 




. Ur . 





cos 9 
— sin 9 



sin 9 
cos 9 




(13.16) 



If we use the prime symbol to denote that the vector components are measured in a body-fixed 
coordinate, then Eq. (13.16) can be written in a more compact form as follows: 

rB/A=T z r' B/A and r ' B/A — Tj r B / A (13.17) 

where Tj is the transpose of the rotation matrix around the z axis (which would point outward 
from the page). 
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Fig. 13.5 Coordinate transformation in rotation. 




Space Motion 

Three angles, called Euler angles, may be used to describe the orientation of a rigid body in space. 
These angles describe three consecutive rotations around the three coordinates of the frame fixed 
in a moving body with respect to an inertial fixed frame. Twelve combinations of rotation 
sequences can be chosen; here we choose the rotation around the z axis, ip, followed by a rotation 
around the body-fixed y axis, 6, and finally a rotation around the body-fixed x axis, 0 . 

Figure 13.6(c) shows the final position of a body which has a fixed coordinate system [x, y. z] . 
Originally, the body was oriented such that its fixed coordinate [x, y, z] corresponded to the inertial 
fixed coordinate system [X , Y, Z] . The body was then rotated by an angle ip around z, as shown in 
Fig. 13.6(a), followed by a rotation of an angle 6 around y, as shown in Fig. 13.6(b), and finally by 
a rotation through an angle 0 around z. 



Fig. 13.6 Three consecutive rotations around the body-fixed axis (X;Y;Z). 
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If the components of a vector are known in the body-fixed coordinate system, then the 
components of that vector can be obtained in the inertial reference frame by multiplying the vector 
by a transformation matrix. This transformation is obtained from the sequential product of the three 
successive rotation matrices around axis z, then y, and then x, respectively. As an example, the 
transformation matrix for the rotation in the order shown in Fig. 13.6 is as follows: 



cos 9 cos ip cos 9 sin ip — sin 9 

— cos <p sin ip + sin cf> sin 9 cos ip cos cp cos ip + sin <p sin 9 sin ip sin ip cos 9 
sin <p sin ip + cos <p sin 9 cos ip — sin <p cos ip + cos cp sin 9 sin ip cos <p cos 9 

(13.18) 

In order to transform any vector r' n , 4 known by its components in a body-fixed coordinate system 
into the corresponding vector whose components are given in inertial fixed coordinates, r B / A , and 
vice versa, the vector would be multiplied by the transformation matrix as follows: 

r B /A =T z , y , x r' B/A and r' B/A = Tj yx r B/A (13.19) 

where the superscript T denotes the transpose of the matrix. Because the transformation matrix is 
orthogonal its transpose is equal to its inverse, as shown by Eq. (13.19). 

The time derivatives of the Euler angles can be obtained from the components of the angular 
rotation matrix u expressed in body coordinates. For the sequence of rotations shown in Fig. 13.6, 
the angular velocity vector can be expressed in terms of the rate of change of the Euler angles as 
follows. In Fig. 13.6(a) we have 



In Fig. 13.6(b) we have 



Ux = o 
Uy = 0 
dip 



d: 'P . , 

c o r — sin 9 

dt 



OJv 



d9 

dt 



# n 

u~ — — COS 9 
dt 
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Finally, in Fig 13.6(c) we have 



^ X 
Uy 
L0 Z 

dift 

dt 

d6 

dt 

d(ft 

dt 



di> dcj) 

— — sm 6 + — 

dt dt 

dil> dO 

— cos 0 sin 6 + — cos 

dt dt 



dift dO 

— cos 6 cos (ft — — sin 
dt dt 



(i 'jjy sin (ft + u) z cos (ft) / cos 0 



Uy cos <p — UJ Z sm 



uj x + (oj y sin (ft + uj z cos (ft) tan 6 



(13.20) 



In vector form the above equation may be written as follows: 



rfE 

lo = E or 

dt 



rfE 

dt 



E- l u 



where the matrix E is given by: 



(13.21) 





— sin 9 


0 


l" 




u x 


E = 


cos 9 sin (ft 


COS (ft 


0 


, 0 = 


U)y 




_ cos 9 cos (ft 


— sin (ft 


0_ 




_(O z _ 



and E 1 



0 

0 

1 



sin (ft 
cos 6 
cos (ft 
sin <ft sin 6 
cos 9 



cos (ft 
cos 6 
— sin (ft 
cos (ft sin 9 
cos 9 



(13.22) 



Note that the matrix E is not orthogonal, so its transpose is not equal to its inverse. 
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13.2 Kinetics of Rigid Bodies 

Forces and Acceleration 

Kinetics is the study of the relation between the forces that act on a rigid body and the resulting 
acceleration, velocity, and motion as a function of the body mass and geometric shape. The 
acceleration of a rigid body is related to its mass and to the applied forces by D'Alembert's 
principle, which states that the external forces acting on a rigid body are equivalent to the effective 
forces of the various particles of the body. 

In the case of a rigid body moving in a plane motion, the D'Alembert principle amounts to the 
vector equation F = ma together with the scalar equation of the moments M — la . In the 
particular case when a symmetric body is rotating around an axis that passes through its mass 
center — namely, centroidal rotation — the angular acceleration vector relates to the sum of moments 
by the equation M — la . 

In general plane motion, the x and y components for the force vector, together with the moment 
equation, should be included in calculating the motion. 

The free-body diagram is one of the essential tools for setting up the equations of motion that 
describe the kinetics of rigid bodies. It depicts the fundamental relation between the force vectors 
and the acceleration of a body by sketching the body together with all applied, reaction, and 
D'Alembert force and moment vectors drawn at the point where they are applied. 

Systems of Rigid Bodies in Planar Motion 

Free-body diagrams can be used to set up, and in some cases to solve, problems that involve 
several rigid bodies interconnected by elements forcing them to a prescribed motion — for example, 
a motion that follows a curve or a surface. Such elements, called kinematic joints, can be rigid 
links with negligible masses or wires in tension, such as the ones used in pulley systems. 

For planar motion three equations of motion are obtained by writing down the x and y 
components of the forces and acceleration with the equation of moments and the angular 
acceleration. 

For a rigid body moving under a constraint, the free-body diagram is supplemented by a 
kinematic analysis, which provides the tangential and normal component of the acceleration. 
Rolling of a disc on a surface, which is a noncentroidal rotation, is an example of a constrained 
plane motion that belongs to this class of problems. The rolling can be with no sliding, with 
impeding sliding, and with sliding. Rotation of gear pair and pulley also belong to this class of 
problems. 

Rotation of a Three-Dimensional Body about a Fixed Axis 

If several bodies rotating each in their own plane are connected by a rigid shaft then each will exert 
a D'Alembert force, ma, on the shaft. Their combined effect will be a vector force and a couple 
equal to the inertia I of the body times the angular acceleration a. 

If the body that rotates about a fixed axis is at rest and if the moments of the weights about the 
center of the rotating shaft is zero, we say that the system is statically balanced. When the body 
starts rotating, the moment due to D'Alembert forces, ma, around the center of gravity of the 
system may not sum to zero; the system is not dynamically balanced. Rotating machinery strive to 
have their systems dynamically balanced to reduce the reaction forces at the bearings and 
consequently their wearing. Counterweights are added such that the total D'Alembert forces of the 
original bodies and the weights sum to zero. 

In its most general case, the motion of a rigid body in space can be solved only through 
numerical integration, except for very few simple problems, such as gyroscopic motion. 
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Work and Energy 

The kinetic energy of a particle in translation is a scalar quantity measured in joules or ft-lb and 
can be simply defined as \mv 2 . 

The infinitesimal element of work, Aw , is defined as the product of the projection of the force 
vector on the path 5 of the body and the infinitesimal length ds of that path: (F cos 6) ds , where 3 
is the angle that the force vector makes with the path ds. 

The principle of work and energy states that the energy of a body is equal to the sum, over a 
certain displacement path, of the work done by all external forces that acted on the body and 
caused that displacement plus any initial kinetic energy that the body had at the beginning of the 
path. 

For bodies in pure rotation the work of a couple is the product of the couple and the infinitesimal 
angle moved due to that couple. The summation of the work over all the angular displacement 
caused by that couple is the rotational energy and is also defined as \ Icu 2 , where u is the angular 
velocity of the body. 

The kinetic energy of a rigid body in general plane motion T is equal to the sum of kinetic 
energy in translation and the kinetic energy in rotation: 

T — |( mv 2 +/ (J 2 ) 

where v is the velocity of the mass center G of the body and I is the moment of inertia of the body 
about an axis through its mass center. This energy is identical to the kinetic rotational energy of the 
body if it is considered to be in pure rotation around its instantaneous center of rotation. In this 
case I would be the moment of inertia of the body around an axis that passes through the 
instantaneous center of rotation. 

The principle of conservation of energy states that the sum of the potential and kinetic energy of 
a body acted upon by conservative forces — that is, nondissipative forces of friction or 
damping — remains constant during the time when these forces are applied. 

Power is the product of the projection of the force vector on the velocity that resulted from this 
force. Power is measured in watt and horsepower units. The summation of power over a certain 
time interval is equal to the total energy stored in the body during that time. 

Kinetics of Rigid Bodies in Plane Motion: Impulse and Momentum for a Rigid 
Body 

The principle of impulse and momentum for a rigid body states that the momenta of all the 
particles of a rigid body at time t\ , added to the impulses of external forces acting during the time 
interval from time t\ to time U , are equal to the system momenta at time t-> . 



Momentum of a Rigid Body in Plane Motion 

Translation, Rotation, and General Motion. The momenta vector of a body in plane translation 
motion is the product of the mass and the velocity vector. For a rigid body in plane centroidal 
rotation, the linear momenta vector is equal to 0 since the mass center does not have any linear 
velocity. The sum of the couples of forces acting on the particle of that body gives the angular 
momentum, which is H G — Iu . 
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In a general plane motion, the momentum is a vector with components along the x, y, and lo 
directions. The dynamic equations of motion of a rigid body in plane motion can be obtained from 
D'Alembert's principle as follows: 



dmv x 

dt 



(Fi)x + (^ 2)1 + • • • 



dmVy 

dt 



[Fl)y + (F2 )y H 



dla 

dt 



Mi + M 2 + • • • + T\ X l'i + f'2 X F‘2 + • • • 



(13.23) 



For a system of rigid bodies the linear momentum vector does not change in the absence of a 
resultant linear impulse. Similarly, the angular momentum vector does not change in the absence of 
an angular impulse. 



Space Motion. The momentum vector of a rigid body moving in space has a linear component G 
and an angular component H. The linear component represents the D'Alembert principle as 
described by the following equations: 



dmv x 

dt 

dmVy 

dt 

dmv z 

dt 



(Fi) x + (-^2)2 + • • • 

(Fl)y + (F 2 )y H 

{F\) z + (F 2 ) z + ■ • • 



(13.24) 



where the velocity and the force vectors are expressed in their inertial [. X , Y, Z] components. If 
these vectors are expressed in a body-fixed coordinate system, the time derivative should include 
the effect of the rotation vector, as in the case of the angular momentum. The angular momentum 
vector H is defined as follows: 



H = Ilo (13.25) 



where H and u> are expressed by their components in the body coordinate [x, y. z] . When a vector 
is expressed in a body coordinate its time derivative should include the effect of angular rotation. 
For this reason — and because normally the position vector of the point of application of a force F, 
from a center of rotation A, denoted by r Bi / A , is known by its components in a body coordinate 
system — the equation stating that the time rate of change of the angular momentum is equal to the 
sum of the moments would be written as follows: 



dlu 

-(- U X I to 
dt 



T :..U. x M l 



1 :..y.x 



Bl/A 



X T z,y,x Fl 



B2/A 



X T z,y,x F 2 



(13:26) 
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where I is the matrix of inertia relative to a coordinate system fixed in the body and moving with it 
and the center of the coordinate system is located at point A. The forces and the moments are 
assumed to be known by their components in an inertial fixed coordinate system and uj is the 
angular velocity of the body given by its components in the body-fixed coordinates. 

If the body-fixed coordinate system is chosen along the principal axis of the body, then the 
equation of motion can be reduced to the Euler's equations as follows: 

Ixx&x = {lyy Izz'j^y^z T S M x 

IyyUJy = (/ ZZ ^Xx)^Z^X T EilTj (13.27) 

Igz^z = ( I xx lyy^^x^y T SHE 

In general, Eqs. (13.25) and (13.26) are solved by numerical integration, except for the cases 
where they are simplified, for example in gyroscopic motion. The Euler angles used in the 
transformation matrix T are obtained from the numerical integration of Eq. (13.20). 

Impulsive Motion and Eccentric Impact 

The principle of conservation of momentum is useful in solving the problem of impacting bodies. 

If the colliding of two bodies is such that the collision point is on a line that joins their mass 
centers, then the collision is centroidal, the two bodies can be considered particles, and impulsive 
motion of particle dynamics can be used. 

If the collision is noncentroidal, rotational motion will occur. In this case the projection of the 
velocity differential of the bodies' point of contact on the line normal to the contact surface after 
collision is equal to the same projection of the differential velocity prior to collision times the 
coefficient of restitution. This vector relation can be used to find the velocity after impact. 

Rotation Around a Fixed Point and Gyroscopic Motion 

When a rigid body spins at a rate uj about its axis of symmetry and is subjected to a couple of 
moment M about an axis perpendicular to the spin axis, then the body will precess at a rate - about 
an axis that is perpendicular to both the spin and the couple axis. The rate of precession omega is 
equal to M = Iuj- . 

A well-known example of gyroscopic motion is the motion of a top (see Fig. 13.7), in which the 
couple moment M — due to gravity — is expected to force the top to fall. However, the top does not 
fall and rather precesses around the y axis. 

Fig. 13.7 Gyroscopic motion. 
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Defining Terms 

Acceleration: The rate of change of the velocity vector. Absolute acceleration of a rigid body is 
the rate of change of the velocity vector of the mass center of the body. Relative acceleration 
is the acceleration of a point on a body due to the angular velocity of that body only. 

D'Alembert forces: Force and moment vectors due to the linear and angular accelerations of the 
body. 

Free-body diagram: An essential sketch used to solve kinetics problems that involves sketching 
the rigid body together with all internal, reaction, and external force vectors. 

Gyroscopic motion: Describes the motion of a rigid body that is spinning with a very large 

angular velocity around one axis when the couple of a moment is applied on the second axis. 
The resultant motion, called precession, is an angular velocity around the third axis. 

Kinematic analysis: Starts from the geometry of constraints and uses differentiation to find the 
velocity and acceleration of the constrained points on a rigid body. 

Kinetic energy: The accumulation of work of forces on a rigid body between two instants of 
time; includes kinetic energy due to translation and kinetic energy due to rotation. 

Rotation: Centroidal rotation is the motion of a rigid body around an axis that passes through its 
mass center. In noncentroidal rotation the body rotates around an axis that passes through a 
point not corresponding to its mass center and which may not be on the body; this point is 
called the instantaneous center of rotation. 

Translation: Rectilinear translation occurs when the velocity of any two points on the body 
remain equal in direction and magnitude throughout the entire duration of the motion. 
Curvilinear translation occurs when the velocity vectors of any two points are equal at any 
instant of time but change from one instant to another. 

Velocity: Absolute velocity is the rate of change of the position vector of a point on a body 
measured from a fixed reference coordinate. Relative velocity is the rate of change of the 
position vector of a point on a rigid body measured from a moving reference frame. 
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14 

Free Vibration, Natural Frequencies, 

and Mode Shapes 



14.1 B asic Principles 

14.2 Single-Degree-of-Freedom Systems 

Equation of Motion and Fundamental Frequency • Finear Damping 

14.3 Multiple-Degree-of-Freedom Systems 

14.4 Continuous Systems (Infinite DOF) 

Daniel A. Mendelsohn 

Ohio State University 



14.1 Basic Principles 

In its simplest form, mechanical vibration is the process of a mass traveling back and forth 
through its position of static equilibrium under the action of a restoring force or moment that 
tends to return the mass to its equilibrium position. The most common restoring mechanism 
is a spring or elastic member that exerts a force proportional to the displacement of the mass. 
Gravity may also provide the restoring action, as in the case of a pendulum. The restoring 
mechanism of structural members is provided by the elasticity of the material of which the 
member is made. Free vibration is a condition in which there are no external forces on the 
system. 

Cyclic or periodic motion in time is described by the property x(t + r) = x(t), where t is 
time and r is the period, that is, the time to complete one cycle of motion. The cyclic 
frequency of the motion is / = 1/r, usually measured in cycles per second (Hz). The 
special case of periodic motion shown in Fig. 14.1 is harmonic motion, 

x(t) — Asin(ujt) + B cos(cut) (14.1a) 

= X sin (cut + <f) (14.1b) 

where u — 2i if is the circular frequency, typically measured in radians/s, 
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X — ( A 2 + B' 2 ) 1 / 2 is the amplitude of the motion, and 4> — tan' 1 {B / A) is the phase angle. 
Many systems exhibit harmonic motion when in free vibration, but do so only at discrete 
natural frequencies. A vibrating system with n degrees of freedom (DOF) has n natural 
frequencies, and for each natural frequency there is a relationship between the amplitudes of 
the n independent motions, known as the mode shape. A structural elastic member has an 
infinite number of discrete natural frequencies and corresponding mode shapes. The 
fundamental frequency and associated mode shape refer to the smallest natural frequency 
and associated mode shape. The study of free vibrations consists of the determination of the 
natural frequencies and mode shapes of a vibrating system as a function of geometry, 
boundary conditions, mass (density) of the components, and the strength of the restoring 
forces or moments. Although the natural frequencies and mode shapes are valuable to know 
by themselves, they have perhaps their greatest value in the analysis of forced vibrations, as 
discussed in detail in the following chapter. 

Figure 14.1 Time history of undamped periodic or cyclic motion. 
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14.2 Single - Degree - of Freedom Systems 

Equation of Motion and Fundamental Frequency 

The system shown in Fig. 14.2(a) consists of a mass, m, that rolls smoothly on a rigid floor 
and is attached to a linear spring of stiffness k. Throughout this chapter all linear (or 
longitudinal) springs have stiffnesses of dimension force per unit change in length from 
equilibrium, and all rotational (or torsional) springs have stiffnesses of dimension moment 
per radian of rotation from equilibrium (i.e., force times length). The distance of the mass 
from its equilibrium position, defined by zero stretch in the spring, is denoted by v. Applying 
Newton's second law to the mass in Fig. 14.3(a) gives the equation of motion: 



d 2 x d 2 x 

—kx — m—— => m—— + kx 
dt 2 dt 2 



0 



( 14 . 2 ) 



Alternatively, Lagrange's equation (with only one generalized coordinate, x) may be used to 
find the equation of motion: 

d_ ( dL 
dt \d(dx/dt ) 



\ dL , 

)-^ = ° < 14 - 3 > 



The Lagrangian, L, is the difference between the kinetic energy, T, and the potential energy, 
U, of the system. The Lagrangian for the system in Fig. 14.2(a) is 



L = T -U 




( 14 . 4 ) 



Substituting Eq. (14.4) into Eq. (14.3) gives the same equation of motion as in Eq. (14.2). 
Using the harmonic form in Eq. (14.1) for x, Eq. (14.2) is satisfied if uj takes on the value 

cu — y/k/m (14.5) 

which is therefore the natural frequency of the system. If the displacement and velocity are 
known at some time (say, t — 0), then the constants in Eq. (14.1) may also be evaluated, 

1 dT 

B = x{ 0) (14.6) 

(jJq at 

and the corresponding displacement history is shown in Fig. 14.1. 
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Figure 14.2 Typical one-degree-of-freedom system: (a) without damping, (b) with viscous 
damping, and (c) with frictional damping. 
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Figure 14.3 Free-body diagrams of the single-degree-of-freedom systems in Figure 14.2. 







The natural frequency for conservative systems can also be found by the energy method. 
As the mass passes through equilibrium, U — 0 and T — T max , while at its maximum 
displacement where the mass has zero velocity, T — 0 and U — U max . Since the total energy 
is constant, uj is the frequency for which T max = U max . Using Eq. (14.1a) and the system in 
Fig. 14.2(a), this principle gives 

T max = \m{ujX) 2 = \kX 2 = Umax (14.7) 



which in turn gives the same result for a ; as in Eq. (14.5). 

Table 14.1 contains the equation of motion and natural frequency for some single-DOF 
systems. Gravity acts down and displacements or rotations are with respect to static 
equilibrium. The mode shapes are of the form in Eq. (14.1) with uj given in Table 14.1. 
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Table 14.1 Equations of Motion and Natural Frequencies for some Single-DOF Systems 



System 



Equation of Motion 



Natural Frequency 









d‘ x 

m + kx = 0 
dt 2 



fi 

V m 




m 



d 2 y 



JI 

V m 




(mL 2 )^ + ( mgL)0 = 0 



H 







13 g 

2 L 




I 0 ^4 + (it.a 2 + k 1 (L-a) 1 )0 = 0 
a 



/o = — m L 2 + m 



(H 






-I 2 - aL + a 2 




3 ,/R \d 2 0 , 

T»nrl- - 1 1— + (mgr)O = 0 

r = raai 



dt 2 

= radius of mass m 



7 ! 



2 g 



3 (R - r) 
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Linear Damping 

Figures 14.2(b) and 14.3(b) show an example of viscous damping caused by a dashpot of 
strength c (force per unit velocity) that acts opposite the velocity. Newton's second law then 
gives 



dx d 2 x d 2 x dx 

—kx — c— — = m—— => m—— + c — — f kx — 0 
dt dt 2 dt 2 dt 



(14.8) 



which has the solution 



x(t) = e ^ ot [Asm(u> d t) + B cos(cc d t)] 
— Xe~^ ot sin (a j d t + <p) 



(14.9) 



where the damped natural frequency, uj d , damping factor, (, and critical damping coefficient, 
c c , are given by 

uj d = ojy/l — C 2 ; C — — j c c = 2mcc — 2 V mk (14.10) 

c c 

respectively. If c < c c , then c o d is real and Eq. (14.9) represents exponentially damped 
oscillation, as shown in Fig. 14.4. If c > c c , then the system is super critically damped and 
decaying motion but no vibration occurs. 



Figure 14.4 Time history of viscously 
damped vibration. 




Figure 14.5 Time history of frictionally 
damped vibration. 
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The frictional effects in Figs. 14.2(c) and 14.3(c) are characterized by a Coulomb frictional 
force F — f/,N — firng , where g is the coefficient of sliding friction. The equation of motion 
is then 



m 



d 2 x ( dx\ 

— -r + luma) sgn — 



(14.11) 



where sgn(dx/dt ) is equal to +1 or —1 for positive or negative values of dx/dt , 
respectively. This equation must be solved separately for each nth half period of the 
oscillation of frequency, cu, 



x{t) 



[x 0 - ( 2 n 



1 ) 7 ] cos (cut) — sgn 




(14.12) 



where 7 = (/ img/k ) is the minimum initial displacement to allow motion, and cu is the 
undamped natural frequency, Eq. (14.5). Figure 14.5 shows x{t) for an initial displacement 

Of Xq — 207. 



14.3 Multiple-Degree-of-Freedom Systems 



For each DOF in an n-DOF system there is a coordinate, Xi(i — 1, 2, . . . , n), which is a 
measure of one of the independent components of motion. The motion of the system is 
governed by n, generally coupled, equations of motion, which may be obtained by a 
Newtonian approach requiring complete free-body and acceleration diagrams for each mass. 
For systems with many DOFs this approach becomes very tedious. Alternatively, applying 
Lagrange's equations, with no damping present, 



d_ 

dt 



dL 

d±i 




(i = 1,2, ... ,77.) (14.13) 



to the particular system yields the n equations of motion in the n unknown coordinates Xi, 

[M] + {K}{ x } = {0} (14.14) 
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As stated before, the Lagrangian, L — T — U, is the difference between the kinetic and 
potential energies of the system. [M] and [K] are the n x n mass and stiffness matrices, with 
elements m,y and fey , which multiply the acceleration and displacement vectors of the 
masses, respectively. Writing Xi in the form of Eq. (14.1), Eq. (14.14) yields n homogeneous 
equations, [A]{X} = {0}, in the n amplitudes X, . The elements of [A] are 
a ij = fey — rriijUJ 2 . If a solution exists, the determinant of [A], an nth order polynomial in a; 2 , 
must be zero. This yields the frequency or characteristic equation, whose n roots are the 
natural frequencies squared, (ooff 1 . Each mode shape may be written as a vector of n — 1 
amplitude ratios: 



^ 2 _ 

X, ’ X, ’ 



Xn_ 

X x 




(i = 1,2, ... , 77 .) (14.15) 



The ratios are found by eliminating one equation of [A] {X} — {0}, dividing the remaining 
n — 1 equations by Xi, and solving. Then setting cc — c Oi gives the zth mode shape. 
Equations of motion, natural frequencies, and mode shapes for some two-DOF systems 
undergoing small amplitude vibrations are in Table 14.2. Gravity acts down and 
displacements and rotations are taken with respect to the position of static equilibrium. 



Table 14.2 Equations of Motion, Natural Frequencies, and Mode Shapes for some Two-DOF Systems 




(continues) 
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14.4 Continuous Systems (Infinite DOF) 

The equations of motion of structural members made up of continuously distributed elastic or 
flexible materials are most easily obtained by a Newtonian analysis of a representative 
volume element. As an example, consider the longitudinal vibration of an elastic rod 
(Young's modulus E, density p) of cross-sectional area A. A free-body diagram of a volume 
element Adx , with normal stresses [a x ](x) and [a x + ( da x / dx)dx\{x ) acting on the cross 
sections is shown in Fig. 14.6(a). A circular section is shown but the analysis applies to any 
shape of cross section. If u(x) is the displacement in the x direction of the cross section at x, 
then Newton's second law gives 



/ Qc \ 0~u 

-a x A+ + -^ dxj A= (pAdx)-^- (14.16) 

Simplifying, letting dx go to zero, and noting uniaxial Hooke's law and the definition of the 
strain, s x , 
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(T x — Es x 



( 14 . 17 ) 




Eq. (14.16) can be written as 



d 2 u ( P \ <9 2 w 

dx 2 vE 1 / dt 2 



( 14 . 18 ) 



which is the equation of motion for standing modes of free vibration and for wave 
propagation along the rod at velocity c = y E/p . If u(x , t) — U (x) [A sin (ut) + B cos(o;f )] , 
then Eq. (14.18) gives 



d 2 U 
dx 2 



A 2 U = 0, 



\ 2 puA_ 

E 



( 14 . 19 ) 



which has solution U(x) — C sin (Ax) + D cos(Ax) . Now as an example, consider the 
fixed-fixed bar of length L shown in Fig. 14.6(b) that has boundary conditions (BCs) 

U(0) — 0 and U ( L ) = 0, which give, respectively, D — 0 and either C — 0, which is not of 
interest, or 



sin(AL) =: 0 A 



U7T 

n _ ~L 



Ur, 




(n= 1 , 2 , 3 ,...) 



( 14 . 20 ) 



This is the frequency equation and the resulting infinite set of discrete natural frequencies for 
the fixed-fixed beam of length L. The mode shapes are U n (x) — sin(A n x). 

The transverse motion y(x,t) of a taut flexible string (tension T and mass per unit length 
p), the longitudinal motion u(x,t) of a rod (Young's modulus E), and the torsional rotation 
4>(x,t) °f a rod of circular or annular cross section (shear modulus G) all share the same 
governing equations (14.18) and (14.19), but with different A values: A 2 = pu 2 /T, pu 2 / E, 
and pu 2 /G, respectively. Tables 14.3 and 14.4 contain frequency equations, nondimensional 
natural frequencies, and mode shapes for various combinations of BCs for a rod of length L. 
Only the fixed-fixed conditions apply to the string. 

Figure 14.6 Longitudinal vibration of a rod of circular cross section: (a) free-body diagram of 
representative volume element and (b) a clamped-clamped rod of length L. 
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Table 14.3 Longitudinal and Torsional Vibration of a Rod 



System 


Frequency Equation 


Natural Frequencies 


Normalized Mode Shapes 


1 1 


sin(A„L) = 0 


(A„L) = n it 


UJx) = sin(A„x) 


1 1 


sin(A„L) = 0 


(A „L) = (2 n - 1 )tt/2 


U„(x) = sin(A„x) 


\ 


tan(A„L) = -y(\„L) ' 


see Table 14.4 


U n (x) = sin(A„x) 




(A„L)tan(A„L) = y 2 


see Table 14.4 


UJx) = sin(A„x) 




sin(A„L) = 0 


(A „L) = rnr 


UJx) = cos(A„x) 


1 


(A„L) tan(A„L) = -y y 


sec Table 14.4 


UJx) = cos(A„x) 


1 


tan(A n L) = -y(A„L) A 


see Table 14.4 


UJx) = cos(A n x) 





AE 




hG 


Ylonn 


kL' 


y \ot 


kL 




pAL 




hpL 


‘ Yl«n* = 


m 


Yior = 


lo 




kL 




kL 




AE' 


y tot 


I P G 




m 




lo 


yiong — 


pAL' 


Tlor 


I P pL 


Notes: 









“long” denotes longitudinal vibration and “tor” denotes torsional vibration 

A = cross-sectional area, L = rod length, E = Youngs modulus, G = shear modulus, k = force per length (long) or 
moment per radian (tor), p = mass per unit volume, l P = polar moment of inertia of A about rod axis, / 0 = mass moment 
of inertia of attached mass, the definition of A„ is in the text. 



Table 14.4 Nondimensional Natural Frequencies (A n L ) 1 
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Tor the nonclassical boundary conditions in Table 14.3. 
2 See Table 14.3, cases 1 and 4. 

3 See Table 14.3, cases 2 and 3. 

4 See Table 14.3, case 3. 



The transverse deflection of a beam, w(x, t), is governed by the equation of motion, 

d 4 w f pA\ d 2 w 



dx 4 



El dt 2 



(14.21) 



which, upon substitution of w(x, t) — W ( x)[A sin (cut) + B cos(o;f)] , leads to 



d 4 w 
dx 4 



- A 4 FF = 0, 



A 4 = 



pAuS 1 

El 



(14.22) 



This equation has the general solution 

W ( x ) = Ci sin(Ax) + c 2 cos (Ax) + c 3 sinh(Ax) + c 4 cosh (Ax) . The frequency equation, 
natural frequencies, and normalized mode shapes are found by applying the BCs in the same 
manner as above. The results for various combinations of simply supported (SS: 

W = W" = 0), clamped (C: W = W' = 0), and free (F: W" = W'" = 0) BCs for a beam of 
length L and flexural rigidity El are given in Table 14.5. 



Defining Terms 

Cyclic and circular frequency: The cyclic frequency of any cyclic or periodic motion is the 
number of cycles of motion per second. One cycle per second is called a hertz (Hz). The 
circular frequency of the motion is 2 tt times the cyclic frequency and converts one cycle 
of motion into 27 r radians of angular motion. The circular frequency is measured in 
radians per second. 

Degree of freedom (DOF): An independent motion of a moving system. A single mass 
rolling on a surface has one DOF, a system of two masses rolling on a surface has two 
DOFs, and a continuous elastic structure has an infinite number of DOFs. 
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Free vibration: The act of a system of masses or a structure vibrating back and forth about 
its position of static equilibrium in the absence of any external forces. The vibration is 
caused by the action of restoring forces internal to the system or by gravity. 
Fundamental frequency: The smallest natural frequency in a system with more than one 
DOF. 

Mode shape: The relationship between the amplitudes (one per DOF) of the independent 
motions of a system in free vibration. There is one mode shape for each natural 
frequency and it depends on the value of that natural frequency. For a continuous elastic 
structure the mode shapes are the shapes of the structure at its maximum deformation 
during a cycle of vibration. 

Natural frequency: The frequency or frequencies at which a system will undergo free 
vibration. There is one natural frequency per DOF of the system. Natural frequencies 
depend on the geometry, the boundary conditions (method of support or attachment), 
the masses of the components, and the strength of the restoring forces or moments. 
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Further Information 

There are several excellent texts that discuss the free vibrations of discrete systems (finite 
number of DOFs). In particular the books by Den Hartog [1956], Timoshenko et al. [1974], 
and Thomson [1988] are recommended. 

Extensive data for the natural frequencies of beams having elastic supports (translational or 
rotational), end masses, multiple spans, discontinuities in cross sections, axial tension or 
compression, variable thickness, or elastic foundations may be found in the monograph by 
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Gorman. 

Other important structural elements are plates and shells. Plates are flat, whereas shells 
have curvature (e.g., circular cylindrical, elliptic cylindrical, conical, spherical, ellipsoidal, 
hyperboloidal). A summary of natural frequencies for plates obtained from 500 other 
references is available in the book on plate vibrations by Leissa [1993a]. Extensive frequency 
data for various shells taken from 1000 references is also available in the book on shell 
vibrations by Leissa [1993b]. 



Table 14.5 Transverse Vibrations of a Beam 
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15 

Forced Vibrations 



15.1 Single-Degree-of-Freedom Systems 

15.2 Multiple-Degree-of-Freedom Systems 

Arthur W. Leissa 

Ohio State University 

Consider a mechanical system that is subjected to external forces (or moments) that are periodic in 
time. The forces may arise in various ways. For example, forces may be applied directly to the 
system (mechanical connections, fluid pressure, electromechanical), or indirectly through a 
foundation (which may be represented by springs and dampers). Such exciting forces always occur 
in rotating bodies (e.g., electric motors, internal combustion engines, gas turbines), but can also 
have other sources (e.g., earthquake motions, wind gusts, acoustic excitations). 

The frequency (Q ) of an exciting force is typically different from the natural frequencies 
(ux , u; 2 , u; 3 , . . . ) of the system. However, if -Q is close to any of the natural frequencies, the 
amplitude of the resulting motion may be very large. If Q equals one of the ay , resonance exists. 

In this situation, if no damping were present, the amplitude would grow with time until the system 
failed due to excessive motion or stress. All physical systems have at least some damping, but the 
damping may be very small. In this situation, the amplitude of motion at resonance would remain 
finite, but could become very large — even excessive. When a system is excited, the responsive 
displacements are a combination (superposition) of all the mode shapes of free vibration. However, 
if Q is close to one of the ay, the response is dominated by the mode shape corresponding to that 
ay. 

The most important reason to know the natural frequencies of free vibration is to avoid resonant 
situations. One seeks to change the mass or stiffness of the system to shift the natural frequencies 
away from the exciting frequencies. In typical situations, the largest resonant amplitudes occur at 
the lowest natural frequencies. Therefore, it is particularly important to know the smallest ay. Free 
vibration mode shapes are also important because they enable one to determine how the system 
vibrates at or near resonance. 

15.1 Single-Degree-of-Freedom Systems 

Take the spring-mass system shown in Fig. 14.2(a) of Chapter 14 and add a horizontal exciting 
force F 0 sin Qt to the mass, where Q is the exciting frequency. From the free-body diagram of Fig. 
14.3(a), the equation of motion is 
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mx + kx = F 0 sin kit (15.1) 



The solution of Eq. (15.1) consists of the sum of two parts. One part is the complementary solution 
obtained by setting F 0 = 0. This is the free, undamped vibration discussed in Chapter 14. The 
second part is the particular solution, due to F 0 sinQf. This is 



x = 



F 0 jk 

1 - {kl/uif 



sin kit 



(15.2) 



where u = \Jkj m is the natural frequency. Observing the amplitude of this motion in Eq. (15.2), 
one sees that if excitation begins with a small frequency (kl/uj <A 1) and increases, the amplitude 
grows until, at Q/o; = 1, it becomes (theoretically) infinite. This is resonance. As kl /uj increases 
further, the amplitude diminishes. For large Q/cu, it becomes very small. 

If viscous damping is present, as represented in Fig. 14.2(b) of Chapter 14, the equation of 
motion is 



mx + cx + kx = F 0 sinQ t (15.3) 

Again the solution has two parts, one part being the free, damped vibration, and the other part 
being the forced motion. The free vibration part is given by Eq. (14.9) of Chapter 14. It decays 
with increasing time and eventually vanishes (i.e., it is transient). The forced vibration part is 

x = A sin kit — B cos kit = C sin (-Of — 0) 

C = \J A 1 + B 2 , 0 = tan' 1 (B /A) 

F a /k 

r= HWAa« 

where ( = c/ c c . c c = 2\/mk as in Chapter 14. This forced vibration is called the steady state 
vibration because it stays indefinitely, even after the transient, free vibration vanishes. 

A graph of steady state amplitude versus forcing frequency is shown in Fig. 15.1. This graph is 
worthy of considerable study for it shows clearly what vibratory amplitudes exist at different 
forcing frequencies. The nondimensional amplitude C/8 S t is used, where <S st = F a /k is the static 
deflection that the mass would have if F 0 were applied. For small kl /u, Fig. 15.1 shows that 
C/8 st = 1, regardless of the damping. The case discussed earlier with no damping (( = 0) is 
shown, although C/8 st is plotted positive for kl/cc > 1. It is positive for all nonzero ( (and for all 
kl/uf), no matter how small. For no damping, the infinite amplitude at resonance is implied in Fig. 
15.1. For small damping (e.g., ( = 0.1), the peak amplitude is several times the static deflection. If 
( were only 0.01, the peak amplitude would be 50 times the static deflection. 



(15.4a) 

(15.4b) 

(15.4c) 
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Figure 15.1 Displacement amplitude and phase angle resulting from an applied force, versus exciting 
frequency for various amounts of damping (one DOF). 




Figure 15.1 also shows the phase angle, 0; that is, the angle by which the motion lags the 
exciting force. For small Q /u>, it is seen that the motion is essentially in-phase (0 is nearly zero), 
whereas, forQ /uj 1, the motion is essentially out-of-phase (0 is nearly 180°). In the vicinity of 
resonance {fl/u = 1), <j) changes rapidly as O is varied, especially if the damping is small. 

Suppose that, instead of applying an exciting force F 0 sinQt directly to the mass in Fig. 14.2(b) 
of Chapter 14, the wall (or foundation) on the left side is given the vibratory displacement 
6 W sin Q.t. This motion causes forces to be transmitted through the spring and damper to the mass. 
One finds that the equation of motion is again Eq. (15.3), with F 0 replaced by kb. Thus, Fig. 

15.1 again describes the steady state vibratory amplitude of the mass, except that <5 st is replaced by 
6 W . Now consider the relative displacement xr — x — b w sin Q / between the mass and the wall. A 
free-body diagram yields the equation of motion: 

mxR + cxr + Icxr = in- 2 6 w sinQf (15.5) 
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which has a steady state solution in the form of Eq. (15.4a). The amplitude of the relative motion is 
found to be: 



6 w (Q./uj) 2 

[l-(Q/u,)2] 2 + [2C0QM] 2 



(15.6) 



A graph of the ratio of the amplitudes of relative displacement and wall displacement ( Cr/8 w ) is 
shown in Fig. 15.2. The phase angle lag is the same as in Fig. 15.1. In Fig. 15.2, it is seen that at 
small excitation frequencies (Si/ u almost zero), the relative displacement is nearly zero. But, at 
resonance (Sl/uj = 1), large relative motion may occur, especially for small damping (small Q. 

For SI/lo 1, Cr/6 w is nearly unity, and the relative motion is 180° out of phase. This means that 
while the wall is shaking at a high frequency, the mass barely moves at all. This behavior is 
important in design when isolation from ground vibration is desired. 



Figure 15.2 Relative displacement resulting from foundation excitation (one DOF). 




0 12 3 
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Other types of damping will exist in a typical mechanical system. These include (1) dry friction 
(e.g., the mass slides on a floor against opposing frictional forces); (2) structural (or material) 
damping (e.g., the spring material is not perfectly elastic, but dissipates energy during each cycle 
of vibratory motion); and (3) aerodynamic damping (e.g., the mass vibrates in air, instead of in a 
vacuum as the previously described models do). These other forms of damping may be 
approximated by an equivalent viscous damping with reasonable accuracy for many of the 
vibratory characteristics. 
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15.2 Multiple-Degree-of-Freedom Systems 

The characteristics described above (vibratory displacement and phase angle) behave similarly for 
systems having two or more degrees of freedom (DOF). That is, with small damping in the vicinity 
of a resonant frequency, the steady state displacement amplitude is large and the phase angle 
changes rapidly with changing Q . The primary difference is that, instead of having a single region 
of resonance, there are as many regions as there are DOF. A continuous system (e.g., string, rod, 
beam, membrane, plate, shell) has infinite DOF, with an infinite number of free vibration 
frequencies. Thus, with small damping, large amplitudes can occur in many ranges of exciting 
frequency for a given exciting force or moment. Fortunately, practical applications show that, 
typically, only the excitations near the lowest few natural frequencies are significant (although 
exceptions to this can be shown). 

A two-DOF system is depicted in Fig. 15.3. The two equal masses are separated by equal springs 
(stiffnesses k ) and equal viscous dampers (damping coefficients c ). A force F 0 sin Ql is applied to 
one of the masses only. From free-body diagrams of each mass, one may obtain two differential 
equations of motion in the displacements X\ and x 2 . The equations are coupled because of the 
spring and mass in the middle. Their steady state solution is found to be sinusoidal in time, with a 
common frequency Q , but different phase angles for each of the masses. A plot of the amplitude 
(Ci) for the vibratory displacement (aq) of the mass to which the force is applied is seen in Fig. 
15.4 for damping ratios £ = c/2s/mk = 0, 0.1, 0.3, and 0.5. With no damping, the amplitude is 
seen to become infinite at the two resonances (fl/u ; \ = 1 and y/3 = 1.732, where uq = sjhf m is 
the smallest natural frequency of the system). Interestingly, for £ = 0 and £l/ui i = \/2 = 1.414, 
there is no motion of the mass to which the force is applied (although the other mass vibrates). This 
is an example of vibration isolation. By adding a second mass to a single-DOF system, the 
vibratory motion of the first mass may be eliminated at a certain exciting frequency. The added 
mass need not be equal. With small damping (£ = 0.1), a large amplitude is observed in Fig. 

15.4 at the first resonance, but a smaller one at the second resonance. For larger damping 
(£ = 0.3), the second resonant peak essentially vanishes. 

Figure 15.3 Two-DOF mechanical system. 
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Figure 15.4 Displacement amplitude versus exciting frequency (two DOF). 




As an example of a continuous system, consider a string (or wire) of length 1 stretched with a 
tensile force (T) between two rigid walls. It has uniform thickness and mass density (p, 
mass/length), and negligible bending stiffness. Let the string be subjected to a uniformly 
distributed loading (p , force/length) which varies sinusoidally in time (p = p 0 sin fit), as shown in 
Fig. 15.5. Considering only small amplitude transverse vibrations, the equation of motion is found 
to be a linear, second-order, partial differential equation. This may be solved exactly either in 
closed form or by taking the infinite sum of the displacement responses of the free vibration modes 
of the system (eigenfunction superposition). The amplitude of the transverse vibration of the center 
of the string (W c ) is observed in Fig. 15.6. It is plotted in the nondimensional form W c / 8 sl , where 
4t would be the displacement if the pressure were static (S st = p Q l 2 /8T). The abscissa is the 
frequency ratio (fi/ u>i, where U\ is the first natural frequency of the system). If there is no 
damping (c = 0), then infinite amplitudes (resonances) occur at the first, third, fifth, seventh, and 
so on natural frequencies. The natural frequencies are u m = rmt/l, where m = 1.2.3..... The 
free vibration mode shapes are symmetric with respect to the center of the string for 
rn = 1,3,5,..., and these are the modes that are excited by the symmetric loading. The 
antisymmetric modes (rn = 2, 4, 6, . . .) are not excited by it. In the vicinity of each resonance, the 
mode shape (a sine function along the length) for that natural frequency dominates. Away from 
resonances (e.g., fi /uj\ = 2), all symmetric modes are present. The width of each region of 
resonance decreases as the order of natural frequencies increases. Thus, for example, if W C /8 S t is 
to be less than 3, the range of unacceptable operating frequencies (fi/cui) is seen to be much 
smaller at the second resonance than at the first, and smaller yet at the third resonance. For small, 
uniformly distributed, viscous damping (e.g., c/c c = 0.1, where c c = 2 tt ffTp/P is the critical 
damping coefficient for the first mode), the amplitudes at the first three resonances are found to be 
W C /8 S t = 5.18,0.59, and 0.21. 
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Figure 15.5 A string stretched between two walls (continuous system). 



/ 

/ 

/ 

* 

I 

i 






p Q sin Qt 



Figure 15.6 Displacement amplitude versus exciting frequency for the vibrating 
string. 
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Defining Terms 

Continuous system: A system with continuously varying physical parameters (e.g., mass, 
stiffness, damping), having infinite degrees of freedom; as opposed to a discrete system, 
which has discontinuous parameters and finite degrees of freedom. 

Equivalent viscous damping: Viscous damping which would yield a forced vibratory response 
the same as another form of damping. 

In-phase: Vibratory displacement which follows in time an exciting force (or displacement). 
Out-of-phase: Vibratory displacement which is opposite to the direction of the excitation. 

Phase angle: The angle in a cycle of motion by which a displacement lags behind the exciting 
force (or displacement). 

Resonance: Large amplitude motion which occurs when a forcing frequency is in the vicinity of a 
natural frequency of a system. 

Static deflection: The limiting case of a forced vibratory displacement, when the exciting 
frequency is very small, so that dynamic (inertia) effects are negligible. 

Steady state: The vibratory motion which persists after the transient effects die away or are 
neglected. 
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Further Information 

Discussion of forced vibrations of one-DOF systems, including nonsinusoidal exciting forces, may 
be found in the excellent textbooks by: Den Hartog; Timoshenko, Young, and Weaver; and, 
Thomson. 

For further information on equivalent viscous damping and its representation of other forms of 
damping, see the textbook by Thomson. Extensive graphs of amplitude versus frequency ratio for 
various types of damping are in the monograph by Ruzicka and Derby. 

Vibration isolation in a two-DOF system is discussed very well in the textbook by Den Hartog. 
Forced vibrations of rods and beams with material damping are thoroughly discussed in the 
monograph by Snowdon. Closed-form exact solutions for continuous systems [Leissa, 1989] and 
two useful approximate methods [Leissa, 1978; Leissa and Chem, 1992] are available in individual 
papers. 
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16 

Lumped versus Distributed Parameter 
Systems 



16.1 Procedure of Analysis 

16.2 Continuous Mass Matrix Method 

Member under Axial Displacement • Member under Bending along Its Major Moment of Inertia Axes • 
Dynamic Member Stiffness Matrix for Plane and Space Frames 

16.3 Consistent Mass Matrix Method 

16.4 Lumped Mass Matrix Method 

16.5 Free V ibration of Frames 

16.6 Forced V ibration 

16.7 Practical Applications 

16.8 Structures without Additional Effects 
Single Beams • Frames 

16.9 Structures with Additional effects 

Single Beams • Frames 



Bulent A. Ovunc 

University of Southwestern Louisiana 

The lumped, consistent, and distributed (or continuous) mass methods are the main methods for 
dynamics and vibration analyses of structures. In the continuous mass method the equations of 
motion are satisfied at every point of the structure. In the consistent and lumped mass methods they 
are satisfied only at the joints of the structures. In consistent mass the displacements wi t hin 
members are assumed as static displacements. The lumped mass method considers the members as 
massless springs. The lumped and consistent mass methods are simple and fast; they are fairly 
approximate, but their accuracy decreases for structures subjected to the effects of the shear and 
rotatory inertia, member axial force, elastic medium, and so on. The continuous mass method 
provides accurate results under the assumptions made. 

16.1 Procedure of Analysis 

For frames, the general formulation is based on the vector of displacement {a 0 (y. t)} at a time t 
and at a point y on the center line of its constitutive members. The same formulation is valid for 
the above mentioned three methods, only the vector of center line displacement {a„(y. t)} depends 
on the assumptions made for each method. 
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For materially and geometrically linear frames, the vector {a 0 (y. t) } is made of four independent 
components, 



{a 0 (y,t)} T = [u(y,t) v(y, t) w(y,t ) d(p e ,t)} (16.1) 



where u(y, t ) , v(y, t ) , and w(y, t ) are the displacements along the member axes x, y, z; d(pe , t) is 
the twist rotation about y axis, and p e = (x 2 + y 2 ) l/2 . It is assumed that the material properties are 
independent of time, and that the external disturbances applied to a structure are proportional to a 
same-time variable function. Thus, the displacement function {a„(y. t)} , can be written in 
separable variable form. The integration of the differential equations and elimination of the 
integration constants gives 



where {d(t)} = , [A T (y)] , and {d} are time-independent matrix-of-shape functions and 

vector-of-member displacements, and /(f) is a time-variable function of external disturbances. See 
Fig. 16.1. 

Figure 16.1 Coordinate axes systems. 



The strains {e} at a point within the cross section of a member can be obtained from the center 



{a 0 (y,t)} = [N{y)]{d{t)} = [N{y)]{d} f (t) (16.2) 




Y 

-*> 
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line displacements {a 0 (y,t)} [Przemieniecki, 1968] as 

{e} = [d\{a 0 {y,t)} = [ B(y)]{d]f{t ) (16.3) 

where \B(y)) = [d][JV(y)] , and [d\ is the matrix of differential operators. 

The stresses {<r} are determined from the stress-strain relationship as 

M = [E\{e} = [E][B(y)mm (16.4) 

The expressions of the strain energy, U t , and kinetic energy, /C , as well as the work done by 
damping forces, Wd , and by externally applied loads, W e , are written as 



Ui 



W D 



K, 

W e 



I J {e} T M dV = i(/(t)) 2 {rf} T yj [B(!,)] t [E][B(!,)] dvj { d } 

- / c{d 0 } T M dV = —cj (t)f(t){d} T ( f [N(!/)] t [N(!/)] dV) {d} 



fe(t) 



I {Po} T {a 0 } dy 
J y 



fe(t) 




{Po} T [N(y)} dy 



{d} 



(16.5) 



where f e (t) and { P,, } are the time-dependent and -independent parts of the vector of externally 
applied joint forces. 

For a member, stiffness [k] , mass [m\ , and damping [c] matrices are determined by substituting 
the strain energy U t , damping energy Wd , kinetic energy 1C, and external energy!! 7 ,, into the 
Lagrangian dynamic equation [Ovunc, 1974], 

dUi dW D d fdic\ _ 8W e 

ddj ddj dt \ Qdj J ddj 



which provides the equation of forced vibration for a member as 

[k]{d}f(t) - 2 v 0 [m\{d} f (t) + [m\{d}f(t) = { P D }f e {t ) (16.7) 

where the damping matrix [c] is assumed to be proportional to mass matrix [m] and u 0 is the 
damping coefficient. 

For the free vibration, { P \ = 0 , the equation of motion is divided into two 
parts — time-independent and time-dependent: 

([Jfc] -oj 2 [m]){d} = 0 (16.8) 
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d 2 f(t ) 
dt 2 



+ 2z^cj 



dt 



^ 2 / 0 ) = 0 



(16.9) 



The time-dependent part, /(f) , Eq. (16.9), is the same for all four independent cases, and 
v = u 0 uj [Paz, 1993]. 

Although the lumped mass method was developed long before the continuous mass method, the 
continuous mass method is herein explained first. The consistent and lumped mass methods are 
presented as particular cases of continuous mass method. 



16.2 Continuous Mass Matrix Method 

For the materially and geometrically linear frames, an arbitrary vibration of its member is obtained 
by combining the four independent components: axial displacement, torsional rotation, and 
bending in two orthogonal planes. 



Member under Axial Displacement 

For members with constant section, the time-independent part of the differential equation of free 
vibration has been given [Ovunc, 1985]. (See Fig. 16.2.) 

d 2 Y(y) 9 . 

—f^ + a 2 Y(y) = 0 (16.10) 

dy 

where a 2 — (c v 2 m - Cfp)/EA ; and where m — ( Ap + q)/g, p , and Cj are the mass, the 
peripheral area, and the friction coefficient of the elastic medium per unit length of the member, 
respectively. 

Figure 16.2 Axial force member. 




© 1998 by CRC PRESS LLC 



The time-independent part, /(f) , is the same for all four independent cases. 

The time- independent part of axial displacement function Y(y) is obtained by integrating Eq. 
(16.10), through the elimination of the integration constants { C } , by the boundary conditions; thus 
one has 

Y(y) = {(j>ax{y)} T [LY l {d ax } = {N ax (y)} T {d ax } (16.11) 

The nature of the shape function {N nx {y)\ depends on the sign of parameter a 2 . 

{N ax (y)} T = (1/ sin of) {(sin at cos ay — cos of sin ay) sin ay} for a 2 > 0 
{N ax (y)} r = (1/ sinh oT){ (sinh at cosh ay — cosh at sinh ay) sinh ay} for a 2 > 0 



Member under Bending along Its Major Moment of Inertia 
Axes 

For members with constant section, the time-independent part of the differential equation of free 
vibration (see Fig. 16.3) has been given by Ovunc [1985] as 

d 4 Z ,d 2 z A 
— - + 2 k 2 — --P A Z = 0 (16.12 

dy A dy~ H y 2 

where 2 k 2 = P/EI , B 4 = (uj 2 m — C s p')/EI ; and where /, C s , and where j/ are the moment 
inertia of the cross section, the subgrade coefficient of the elastic medium, and the projected area 
of the cross section. 

Figure 16.3 Bending member. 




* dy * 
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The shape function {N bd (y')} due to deflection, 



Z(y) = {My)} T [Lr l {d b 4 = {N bd (y)} T {d bd } (16.13) 

is obtained in a similar manner as in the case of axial displacement, Eq. (16.1 1). The nature of the 
shape function {N bd (y)} and its component [& bd (y)} T depend on the parameters a\ and a \ , 
which are expressed in terms of k 2 and Q A : 

a , = [(/3 4 + k i y + k 2 ] 1 ' 2 , a 2 = P 4 + k‘) 1 ' 2 - k 2 ] 2 ' 2 

Thus, for /3 4 > 0 and P > 0 (compression is positive), 

{4>bd{y)} T — (sin cti y cos a\y sinh a 2 y cosh a 2 y) (16.14) 

The above expression remains the same when the axial force P is tension, except ay and a- 2 must 
be interchanged. For the combination of /3 4 < 0 and P < 0 or P > 0 , the expression of {Ohdiy)} 
can be determined in a similar manner. 

The member stiffness matrices for the twist rotation and the bending in the Oxy plane are 
obtained by following similar steps as in the previous cases. The stiffness matrix for the space 
frame is determined by combining the stiffness matrices of all four independent cases. 



Dynamic Member Stiffness Matrix for Plane and Space Frames 

The dynamic member stiffness matrix [k dy ] for either a plane frame or a space frame is obtained by 
substituting either the shape functions for axial displacement and bending in Oyz plane [Eqs. 

(16.1 1) and (16.13)] or the shape functions of all the four independent cases, in the Lagrangian 
dynamic equation [Eq. (16.6)], integrating [Eq. (16.7)] one has 

[k d yn \ = [k] ~ Uj 2 [m\ (16.15) 

The continuous mass method has also been extended to frames with tapered members [Ovunc, 
1990], 

16.3 Consistent Mass Matrix Method 

In the consistent mass matrix method, the deformations within a member are static deformations. 
The shape function for each independent component {A r (y)} is a static displacement due to its 
corresponding independent cases. Thus, the shape functions for axial displacement, {N ax (y)} , and 
for bending in the Oyz plane, {N bn (y)} , are given as 

{AUy)} T = ((l-y) V) (16.16) 
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{Nim (y)} T = ((1 — Sr] 2 + 2rf) (r, - 2 V 2 + if)l (3r? 2 - 2rf) (-rj 2 + V 3 )l) 



(16.17) 



where q — y/L The shape functions for twist rotation and bending in the Oxy plane are obtained 
in similar manner. 

The member stiffness [k] and mass [m] matrices are evaluated by substituting the shape 
functions in the Lagrangian dynamic equation [Eq. (16.6)]. Herein, the stiffness matrix [k\ is a 
static stiffness matrix and the mass matrix [m] is a full matrix [Przemieniecki, 1968; Paz, 1993]. 

Moreover, the member stiffness matrix [k] and the mass matrix [m] for the consistent mass 
matrix method can be obtained as the first three terms of the power series expansion of the 
dynamic member stiffness matrix [kd yn ] for the continuous mass matrix [Paz, 1993]. 



16.4 Lumped Mass Matrix Method 

The lumped mass method is obtained from the continuous mass matrix method by considering the 
limit when the mass of the members tend to zero. Thus, the shape functions [Eq. (16.17)] and the 
member stiffness matrix [k] are the same as in the consistent mass method. But the mass matrix 
[m] is diagonal [Paz, 1993]. 



16.5 Free Vibration of Frames 

The stiffness coefficients for the frames are evaluated from those of its members as 

6). — ^ ' k r ^ s , -H/. , — ^ i Pi — ^ ^ Pr 

where r and 5 are the member freedom numbers corresponding to the i and j of the structure 
freedoms. 

The equation of free vibration is obtained from those of members [Eq. (16.8)] 

([/i]-^ 2 [M]){B} = {0} (16.18) 

where {D} is the vector of the structure displacements. 

The natural circular frequencies, a;*, and the corresponding modal shapes, { D,} , are calculated 
from the equation of free vibration [Eq. (16.18)], also called the frequency equation. 

16.6 Forced Vibration 

The second-order differential (n simultaneous equations with n unknowns) 

[M]{D(t)} + 2 u 0 [M]{D(t)} + [I<\{D(t)} = {P(t)} = { P 0 }f e (t ) (16.19) 
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is converted to n separate, second-order, single-variable differential equations through the two 
orthogonality conditions, which proves that each modal shape vector {D, } is independent of the 
others. The ith participation factor A, is defined as the component of given forced vibration on the 
/th modal shape vector { D , } . Thus, any arbitrary motion can be determined by considering the 
summation of its components A, on each modal shape vector { D, } [Clough and Penzien, 1993; 
Paz, 1993; Ovunc, 1974], 

If the time variable factor f e (t) of the external disturbance [Eq. (16.2)] is periodic (pulsating), 
the forced vibration can be directly determined without the calculation of participation factors 
A, [Paz, 1993], 



16.7 Practical Applications 

For any structure the natural circular frequency to can be expressed in terms of a parameter C as 
[Paz, 1993] 



where E is the Young's modulus, and Ij , m.j , and f. :i are the moment of inertia, mass, and span 
length of a selected member j. 

Substituting the natural circular frequency to (its expression in terms of C) into the frequency 
equation [Eq. (16.18)] gives 



where the general terms M rs and K rs of the mass and the stiffness matrix are constant and 
expressed as 



It can be easily seen that the determinant of the frequency equation [Eq. (16.21)] is independent of 
the member characteristics (E, m, £, I) but depends on the parameter C. If, in a frame, the same 
characteristics of the members are multiplied by the same factor, the magnitude of the parameter C 
remains unchanged. However, a natural circular frequency Wi corresponding to C t changes [Eq. 
(16.20)]. If the characteristics of some members change and those of the others remain constant, 
the parameter C, is affected. 

The advantages of one method over the others and the limits on their accuracy depend on the 
number and type of the members in the structures and whether the structure is subjected to 
additional effects. 

The type of member depends on the ratio of the thickness t (of its cross section) to its span 
length £ : 7 — t/l . 

• If the ratio 7 = 0(1/100) is in the order of 1/100, the effect of bending is negligible. The 




(16.20) 



C 2 [M] + [K]\ = 0 (16.21) 



M rs = M rs /rrijlj and K rs = K rs £j / El j (16.22) 
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member is a very thin member, called cable. 

• If the ratio 7 = 0(1/10) , axial force, torsion, and bending are affecting the member. The 
member is a thin member. 

• If the ratio 7 = 0( 1) , the member is considered a deep beam. 

The inclusion of the variation of the width or the thickness of the member, the effect of member 
axial force, shear, rotatory inertia, vibration of the member within an elastic medium, and so on 
constitutes the additional effects. 

The dynamic responses of beams and frames are evaluated with or without the additional effects 
by lumped and consistent mass methods. The results are compared with those evaluated by 
continuous mass. 

16.8 Structures without Additional Effects 



Single Beams 

The data related to a cantilever beam composed of a single element or with two, three, or five 
subelements are given in Fig. 16.4. The dynamic responses of each beam have been determined by 
the lumped mass and the consistent mass matrix methods. The first two natural circular 
frequencies, uj\ and a ; 2 , and the vertical displacement d vi] , rotation d rn , and shearing force V n at 
the free end 1 as well as the bending moment M 2 1 at the fixed end 2 due to the first mode 07 are 
furnished in Table 16.1 for the lumped mass method, for the consistent mass method, and for the 
continuous mass method. 

Figure 16.4 Cantilever beam formed by (a) a single member, (b) two, (c) three, (d) five subelements and 
subjected to a force P(t) = P 0 (t)f e (t). 




* £/2 x £/2 ► 

(a) Single Element 




◄ i/2 x f/2 ► 



(b) Two sub-elements 




◄ — £/ 3 — X P/3 — ►»*— £/3 — ► «*-£/5-*"*-£/5-*«*-£/5-*~4-£/5-*~<-£/5-^ 



(c) Three sub-elements (d) Five sub-elements 



♦ ».<*) 




Steel beam: W10 «° 45, span length,£* 15.ft 
External force: P(t) « P Q f # (t) 

P 0 -5.k 
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Table 16.1 Comparison of Analyses 



Member 


S7T 




d v li • 10 1 


d r ii ■ 10-" 


Vu (k) 


M 2 i(k/ft) 


Analysis by Lumped Mass Method 


Single 


66.2265 


0.00 


.51534 


T 


9.490 


71.714 


Two 


85.3437 


439.6537 


.39661 


-.38314 


1.515 


30.179 


Three 


90.4627 


510.7243 


.37075 


-.34954 


1.061 


29.104 


Five 


93.3437 


560.500 


.35681 


-.33090 


.625 


28.548 


Analysis by Consistent Mass Method 


Single 


95.4062 


925.5823 


.35050 


-.32200 


2.000 


26.180 


Two 


94.9687 


595.0385 


.34934 


-.32070 


1.317 


28.052 


Three 


94.9687 


592.2191 


.34882 


-.32023 


.954 


28.177 


Five 


94.9687 


590.7352 


.34831 


-.32014 


.611 


28.190 


Analysis by Continuous Mass Method 


Single 


95.0762 


595.8353 


.34962 


— .32U8U 


1.312 


28.025 



In the lumped mass method, increasing the number of subelements improves the accuracies of 
the natural circular frequencies uj ] , cu 2 , and uj,. and those of the vertical displacements, d v n , and 
rotations, d r u , when their magnitudes are compared to their magnitudes obtained by the 
continuous mass method. For the consistent mass method, the beam has better approximations 
when it is subdivided into two subelements. 



Frames 

Three-story frames have been selected as examples to compare responses obtained by lumped, 
consistent, and continuous mass methods [Ovunc, 1980]. The data for the three-story frames are 
given in Fig. 16.5. 

Figure 16.5 Three-story steel frame. 
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The dynamic responses of the three-story frame for three different ratios of a = hi ho are 
selected, where h and ho are new and actual moments of inertia of the beams. The moments of 
inertia ho are for thin members with a depth-to-span ratio 7 in the order of 1/10. Only the sizes of 
the beams have been varied. 

The frame's first two natural circular frequencies ( 07 , o> 2 ) , horizontal displacements (dhn , d hT2 ) 
at joint 7, and bending moments ( M n , M u ) at joint 1 are given in Table 16.2. 



Table 16.2 Dynamic Responses of a Three-Story Frame 



Method 


— lb / Ibo 




LU2 


dhn (ft) 


dhri (ft) 


M n (k/ft) 


M n ( k/ft) 


Lumped 


.01 


2.9275 


10.9188 


.94994 


-.02215 


163.871 


15.2073 


mass 


1.00 


7.5657 


22.3703 


.11420 


-.00105 


81.711 


1.2817 




100.00 


8.2351 


23.7597 


.09400 


-.00091 


78.053 


1.2048 


Consisten 


.01 


2.9099 


10.5168 


.95120 


-.02279 


162.792 


15.5520 


t 


1.00 


7.5652 


22.3942 


.11440 


-.00106 


81.672 


1.2886 


mass 


100.00 


8.2429 


23.7951 


.09382 


-.00092 


78.032 


1.2148 


Continuo 


.01 


2.1738 


10.0834 


1.19336 


-.00236 


228.538 


39.703 


US 


1.00 


7.3964 


21.8749 


.11410 


-.00106 


81.849 


1.317 


mass 


100.00 


8.2402 


23.7688 


.09370 


-.00091 


78.110 


2.216 



The responses obtained by lumped mass and consistent mass methods are close to each other for 
any magnitude of a (or 7). However, they are roughly approximate compared to those obtained by 
the continuous mass method for low order of the ratio a — O(.Ol) (or 7) — that is, when the beams 
are very t hin. The responses obtained by lumped mass, consistent mass, and continuous mass are 
very close for the actual or higher order of the ratio a < 0 ( 1 ) (or 7) — that is, for thin and deep 
beams. 

16.9 Structures with Additional Effects 



Single Beams 

The cantilever beam subdivided into three subelements is subjected to a static axial force f ax , at its 
free end 1 (Fig. 16.6). The effect of member axial force f ax appears in the equations of free 
vibration as an additional matrix — [Nlm] and [Ncs] for the lumped and consistent mass methods 
[Eq. (16.18)]: 



([K] + [N lm ] - c o 2 [M lm ]){D} = {0} (16.23) 

([K] + [N cs ] ~ a , 2 [M cs ]){D} = {0} (16.24) 

In the continuous mass method, the member axial force f ax appears in the argument of the 
trigonometric or hyperbolic functions [Eq. (16.14)]. 
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Figure 16.6 Beam subjected to axial force. 




+ i/3 i?/3 f/3 — ► 



The dynamic responses of the cantilever beam (Fig. 16.6) have been computed by the lumped 
and consistent mass method by only changing the magnitude of the member axial force f ax from 
zero to its critical value ( f a x)cnt [Eqs. (16.23, 16.24)]. The same computations have been 
performed by using the continuous mass method [Eq. (16.14)]. 

The ratios for 4 > , 



/ ^01, mj (16.25) 

of the first natural frequency by method mi , (with the effect of member axial force) versus that of 
method mj (without the effect of member axial force) are plotted in Fig. 16.7. The index mi or mj 
designates LM , CS , and CT — the lumped mass, consistent mass, and continuous mass methods. 



Figure 16.7 Effect of member axial force. 




^LM,LM~ ^CS.CS~ ^CS.CT 
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The comparison of the variations of the ratios with 4>lni,ct [Eq. (16.24)] exhibits rough 

approximation. The approximation involved in the variations of ratios 4>cs,cs and &cs.ct is very 
close to the actual one. 

The comparison of the variations of the ratios 4>lm,ct and 4>cs,ct with 4>ct,ct exhibits some 
degree of approximation. 

Frames 

All the columns of the three-story steel frame are assumed to be subjected to a static axial force, 
fax , of the same magnitude. 

The dynamic responses of the three- story frame were evaluated by lumped, consistent, and 
continuous mass methods. Two different cases were considered. In the first case, only the 
magnitudes of the weights acting on the beams have been increased by a factor m. In the second 
case, the magnitudes of the member axial force, f ax , and the weights acting on each beam have 
been increased by p x and m, in such a way that both factors have the same magnitude, p x = m . 

For a same-method rnj , the ratio 

a i,mj — {^i/uJoi) m j (16.26) 

of the ith natural frequency uj t , (including the effect of member axial force and/or additional mass, 
only on the beams) versus the ith natural frequency oj oi (excluding all the additional effect) is 
plotted in Fig. 16.8. The ratio a,.cT — for first, second and third natural frequencies computed by 
continuous mass method — is also shown in Fig. 16.8. 

Figure 16.8 Additional effects on members. 
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The sways at the floor level D m j , including and excluding the effect of the axial force f ax , are 
computed by the lumped, consistent, and continuous mass matrix methods. The variations of the 
sway at the floor levels D m] are plotted in Fig. 16.9. 

Figure 16.9 Sways at floor levels. 




When the effects of member axial forces are excluded, the sways at the floor levels obtained by 
lumped, consistent, and continuous mass methods are almost the same. The effect of member axial 
force has shown small variations in the floor sways evaluated by lumped and consistent mass 
methods. But the variation in the sways at the floor levels computed by continuous mass method is 
large. 

Although the first buckling mode for lumped and consistent mass methods occurs by increasing 
sways from lower to upper floors, for the continuous mass method the first buckling mode occurs 
between the base and the first floor. The relative displacement of second and third floors with 
respect to the displacement of the first floor tends to zero. 

Defining Terms 

Damping: Results from the internal friction within the material or from system vibration within 
another material. 

Damping energy: Work done by the internal friction within the material as a result of the 
motion. 

Kinetic energy: Work done by a mass particle as a result of its motion. 

Stiffness coefficient K U] : Force or moment in the direction of the first index (i) required to 

maintain the equilibrium of the body due to a unit displacement or rotation in the direction of 
the second index (/'), while all the other specified displacements and rotations are equal to 
zero. 

Strain energy: Work done by a particle due to its stress and strain. 

External energy: Work done by an external force due to a displacement in its 
direction. 
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17 

Applications of Structural and Dynamic 
Principles 



17.1 Base Configuration Loaded Applications 

Problem 1: Vehicle Suspension • Problem 2: Shock Isolation of Fragile Equipment 

17.2 Structural Configuration Loaded Applications 

Problem 3: Rotating Machinery Force Transmission • Problem 4: Free-Fall Shock 

17.3 Additional Information 

Anthony J. Kalinowski 

Naval Undersea Warfare Center 

In this chapter we will consider some practical applications of dynamics and vibrations, with 
specific emphasis on shock isolation and on vibration isolation. In both of these isolation 
situations, we are concerned with the transmission of interaction forces, u(t), existing between two 
configurations [which are referred to here as the base configuration (BC) and the structural 
configuration (SC)], as illustrated in Fig. 17.1. This example system is a first-order representation 
of an idealized physical system that is general enough to represent both shock and vibration design 
situations. Most of the underlying physical principles impacting the design of either kind of 
isolation can be explained and illustrated with this simple one-degree-of-freedom model. The 
governing equations of motion can be generated from the three-part sequence shown in Fig. 17.1. 
In Fig. 17.1(a), the BC and SC are in the unloaded condition, and the two configurations are 
initially separated by a length L. This corresponds to the state where the model is lying horizontal 
relative to the vertical direction of the gravity field, or where the model is in the vertical position 
before the gravity field (acceleration of gravity g = 386 in./s 2 ) is taken into account. For vertically 
oriented models, it is convenient to write the equation of motion relative to an initially 
gravity-loaded model, as in Fig. 17.1(b), where the SC is shown at rest in a compressed state (the 
linear isolator has a preloaded compressive force of ut = — K6 S , where 6 S = Mg/ K is defined 
positively as the static deflection). Next, Fig. 17.1(c) corresponds to a body in motion, and the 
governing equations of motion are obtained by constructing a free-body diagram of the SC and 
equating the sum of all vertical forces acting on the body to its mass, M, times its acceleration, 
d 2 z/dt' 2 = 5 (where dot notation is used to refer to time differentiation from here on), resulting in 
the following dynamic equilibrium equation: 

Mz + ut(x,x) + Mg — F(t) = 0 (17.1) 
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Figure 17.1 Multipurpose single-degree-of-freedom system. 
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The relation between the total z displacement and the isolator stretch variable x is given by 

z = y+x + {L-6 s ) (17.2) 



and it follows that 



z = x + y (17.3) 

In general, the isolator force, iij {x. x), could be a nonlinear function of the relative displacement 
x and relative velocity x\ however, for the purposes of this introductory development, only linear 
isolators will be considered. Thus, the total isolator force acting on the mass M in Fig. 17.1(c) is 
given by 



ut{x,x ) = Kx + Cx — K8 S = u(x,x ) — K6 S (17.4) 

where u(x,x) is the dynamic portion of the isolator force not including the static deflection force. 
Substituting Eqs. (17.2)— (17.4) into Eq. (17.1) gives 



Mx + Cx + Kx 


5^ 

1 

"40 s 

11 


(17.5) 


subject to initial conditions 






o 

II 

o' 

II 


x(t = 0) = Xq 


(17.6) 
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It is noted that the Mg term and — K8 S cancel in the formation of Eq. (17.5). 

The shock and vibration will take place about the static equilibrium position shown in Fig. 
17.1(b); that is, when the vibrating body comes to rest (i.e., x = 0, x = 0), the isolator is still 
compressed an amount equal to the static deflection 8 S . The general solution to Eq. (17.5) subject 
to initial conditions (17.6) can be obtained by several different methods; however, the method of 
Laplace transforms is used here because it readily applies to situations where (1) the boundary 
conditions are of the initial-value type, ( 2 ) the right-hand side is an arbitrary function of time, and 
(3) an equivalence between an impulse-loaded right-hand side (rapidly applied loading) and a 
suddenly applied initial-velocity problem with no right-hand side can be easily illustrated. Thus, 
taking the Laplace transform of Eq. (17.5) with respect to the Laplace transform variable 5 results 
in 



Xq ■ (sM + C) 
x(s) = , n , r ^ + 



x 0 • (A/) 



+ 



F(s ) - My{s ) 



( 17 . 7 ) 



(s 2 M + sC + K) (, s 2 M + sC + K ) (s 2 M + sC + K) 

Upon taking the inverse transform, this leads to the general solution for displacement and velocity: 



x(t) = e r,t f x 0 cos(c L>dt) + - ° 1 X ° sm(u>dt) 






+ 



'A-t ?) (t— A) 



' A=0 



sinfa^t — A)][F(A) — My(X)]dX 

MuJd 



( 17 . 8 ) 



x(t) = —rjx{t) + e vt [— x 0 u> d sin (u d t) + (x 0 + r)x 0 ) cos(c o d t)] 



+ 




e -v(t-x) cos [Udtt - A)][F(A) - My(X)]dX 
M 



( 17 . 9 ) 



In the applications to follow, it will be more convenient to work with the variables 
c o n = a/ K/M = 27 r/ n , corresponding to the isolator natural frequency, and ( = C/(4irMf n ), 
corresponding to the critical damping ratio. The variables u>d and 77 appearing in Eqs. (17.8) and 
(17.9) are called the damped natural frequency and dec ay cons tant, respectively, and can be 
expressed in terms of variables u n and ( using x r/ = u n \Jl — ( 2 and // = uj n Q. These new 
variables have the following physical meanings: u n corresponds to the free harmonic vibration (no 
driver present) of the isolator in the absence of damping; u; d corresponds to the damped free 
harmonic vibration; ( determines whether the system is underdamped (Q < 1) or overdamped 
(Q > 1 ), where in the former case the free motion oscillates harmonically with damped natural 
frequency a;,/ and in the latter case the free motion does not vibrate harmonically; and finally, 7] 
corresponds to the rate at which the underdamped system exponentially decays in time. 

The solutions represented by Eqs. (17.8) and (17.9) will be used to evaluate the dynamic 
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responses in all the example problems to follow. The forms of the solutions are general and apply 
to either the situation where the drivers [F(t), y(t) ] are given as an analytical expression or as a 
digital representation (e.g., earthquake responses). In the case of digital driver representations, the 
integrations in Eqs. (17.8) and (17.9) can easily be performed by numerical integration (e.g., 
Simpson's rule), and in the case of analytical driver representations, closed-form integrals can be 
obtained with the aid of integral tables or with the aid of symbolic evaluation packages such as 
Maple [Redfern, 1994], MATLAB's version of Maple [Sigmon, 1994], and Mathematica 
[Wolfram, 1991]. A computer program using MATLAB script language [Math Works, 1992] was 
used to generate the results presented here. 

Given the displacement and velocity versus time from Eqs. (17.8) and (17.9), back-substituting 
x(t) and x(t) into Eq. (17.4) gives the dynamic portion of the isolator force u(x, x), which serves 
as the major ingredient for isolating the structural configuration from the base configuration. The 
total acceleration 5 of the SC can be obtained by substitution of ut(x, x) into Eq. (17.1). We will 
refer to the single-degree-of-freedom model in Fig. 17.1(c) for the example problems considered 
here, and the physical significance of the ingredients of the model will be different for each usage. 
We will consider two types of applications: 

Base configuration loaded: Here the base configuration has a prescribed displacement motion 
time history, y(t) (and therefore the base acceleration d 2 y/dt 2 = y) is the basic input load, and 
the structural configuration has a zero-value external forcing function [ F(t ) = 0]. Some 
examples of this type problem are (1) earthquake-resistant structures, where the ground (base 
configuration) movement from fault slip motion excites buildings or bridges (structural 
configuration); (2) vehicle suspension, where the ground displacement road profile [?/(£) vs. 
distance, £, in the forward direction of the vehicle traveling at constant velocity V as it moves 
parallel to the ground] results in the ground acting as the equivalent base configuration, with 
prescribed displacement road profile shape y(£) = y(Vt) and corresponding apparent base 
acceleration dry / dF = l /2 d 2 y / df 2 measured perpendicular to the ground, and the vehicle car 
body (structural configuration) responds to these irregularities in the road; and (3) electronic 
component isolation, where the ship superstructure (base configuration) cabinet houses 
electronic components mounted in cabinets (structural configuration) that are subject to 
water-borne shock waves that impart known base motion accelerations, y (based on previously 
measured experimental data). 

Structural configuration loaded: Here the structural configuration has a directly applied force 
time history, F(t), and the base configuration has no motion (i.e., y(t) = 0.0). Some examples 
of this type of problem are: (1) unbalanced rotating mass, where an eccentric mass m e with 
offset r e is rotating at constant angular speed u> (simple motor model with an unbalanced offset 
mass m e ) and is mounted inside the motor housing (structural configuration) and the base 
configuration is taken as fixed (y(t) = 0), where the explicit harmonic forcing function is 
F(t) = m e r e u 2 cos (u>t) ; and (2) free-falling mass, where a free-falling mass (structural 
configuration) is prevented from impacting a rigid surface (base configuration) by having an 
intermediate shock isolator break the fall of the object dropped from height H (e.g., a stunt 
motorcycle jumps off a ramp or a package containing fragile equipment drops), where the force 
on the structural configuration is F = —mg for t > 0 and F = 0 and t < 0, with initial 
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condition dx/dt = —^/2gH at t = 0 and x = 0 at t = 0. 



17.1 Base Configuration Loaded Applications 

Problem 1: Vehicle Suspension 

In this example, a vehicle moving with horizontal constant velocity V passes over a roadway 
having a ground profile of y(£) = Y 0 sin (fc£), 0 < £ < N C L, k = 2n/L, where L is the period of 
the ground swell. Since the relation between horizontal distance traveled and time is given by 
£ = Vt, the vertical BC base motion can be rewritten as 

y(t) = Y 0 sin (u>t), y(t) = — u 2 Yq sin (ut), u = 2ix V/ L (17.10) 

applied over the range 0 < t < N C L/V and y(t) = 0 over the rest of the time duration. If the 
vehicle is four-wheeled, then a higher-degree-of-freedom model is needed to represent the 
response due to the rotational degrees of freedom; therefore, it is assumed that the vehicle is 
two-wheeled and is being towed while the load is balanced over the axle. Assume that all other 
forces acting are negligible; therefore, F(t) = 0.0. Consider a vehicle weighing W = 2000 lb and 
traveling at a speed of V = 60 mph that encounters a two-cycle (N c = 2) road swell of amplitude 
Y 0 = —1.01 in. and period L = 20 ft. Substituting the data into Eq. (17.10) results in a peak base 
acceleration of y mSLX = A 0 = 2 g's and a drive frequency of / = lu/2it = 4.4 Hz. Design a 
spring-damper isolator (i.e., find K and C) that limits the vehicle (structural configuration) steady 
state vibration acceleration transmission ratio, Ta = peak| z/y max | to a value of 0.4 and limits 
the maximum relative displacement of the isolator x max = ±|<5,. 

Before solving for K and C, it must be noted that isolator manufacturers often use a terminology 
other than explicitly stating these constants. Typically, in place of K and C, a natural frequency 
(/„) versus load (Mg) curve is supplied and the acceleration transmission ratio T A is given at 
resonance, as in [Barry 1993]. Later it will be shown how K and C can be back-calculated from f n 
and T a . For the present, however, attention is focused on finding the desired f n as the first step. 
The key ingredient in this approach is to use the transmission ratio versus drive frequency 
(j3 = f/fn) curve as shown in Fig. 17.2. This curve is obtained by substituting a solution of the 
form x(t) = A sin (ut) + B cos(o ;t) into Eq. (17.5), and solving for the A, B constants, resulting 
in the following acceleration transmission ratio: 



Ta y (1 - (3 2 ) 2 + (2C (3) 2 ’ l3 ~ ^ n j ^ n ( 17 ‘ U ) 

It is of interest to note that all the curves in Fig. 17.2 pass through the same frequency ratio, 

(5 = y/2, and this special value forms the dividing line between isolation and amplification. 
Therefore, as a design strategy, in order to get isolation of the base configuration from the 
structural configuration, the isolator K is selected such that its natural frequency f n results in f3 
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values > y/2. 

Figure 17.2 Transmission for harmonic stmcture force or base acceleration. 




Another response ratio that applies when the relative displacements are of particular interest is 
the displacement magnification ratio, denoted as T D = peak|x/y max |, which can be derived in a 
manner similar to the above relation, resulting in the expression 



Tn = 



P 2 



(17.12) 



This is shown in Fig. 17.3 plotted against the drive frequency parameter (3. 
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Figure 17.3 Magnification for harmonic base acceleration. 




At this point the designer must decide whether to solve for the natural frequency f n that gives 
the desired transmission ratio Ta, and live with the resulting displacement, or solve for the natural 
frequency f n that gives the displacement magnification ratio T D , and live with the resulting 
maximum acceleration It is noted that solving for f3 is equivalent to solving for f n , since the 
drive frequency,/, is known. In this sample problem, it is decided that reducing peak acceleration 
has priority; therefore, with the aid of Eq. (17. 1 1), we solve for the (3 that gives the desired Ta . 
Thus, 



B = 



(a + 2 Tj - aT\) + + 2 Tj - aTlf - 4 Tj(Tj - 1) 



2T\ 



a = (2<) : 



(17.13) 



where for light damping (£ < 0.05), (3 can be approximated with 



13 « y/1 + 1 /T a (17.14) 

Before solving for (3 using Eq. (17.13) [or Eq. (17.14)], you must select a critical damping ratio 
At this point, a ( value can simply be selected according to whether light damping or heavy 
damping is desired, and a moderately heavy value of ( = 0.5 is chosen in this example. Therefore, 
for the problem at hand, substituting ( = 0.50 and Ta = 0.40 into Eq. (17.13) gives (3 = 2.8131. 
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Upon substituting this value of (3 along with the drive frequency, / = 4.4 Hz, into the f3 definition 
[i.e., the second equation in Eq. (17.1 1)], we can solve for the natural frequency, f n = 1.564 Hz, 
required to limit the acceleration transmission to T A = 0.40. As the final step, the actual spring 
constant K and damping constant C can easily be back-calculated from the f n and £ values in the 
following manner. In the sample problem, the 2000 lb load is divided equally over two isolators, so 
each one must carry a mass of M = 2000/(2 x 386) = 2.5906 lb-in./s 2 . Therefore, 

K = (2nf n ) 2 M = 250.2 lb/in., and C = 47rA/£/ n = 25.46 lb-s/in. for each of the two isolators. 
The dynamic response for important variables such as x(t), x(t), y(t), and z(t)/y m ax (i.e., the SC 
transient acceleration transmission ratio) is computed by evaluating Eqs. (17.8), (17.9), and (17.1) 
over the two cycles of input and for an equally long coastdown time duration after the road profile 
has become flat again. Upon observing the Fig. 17.4 solution, it is observed that the deflection 
stays within the maximum allowable constraint space of x COQ = ±0.756., = ±3.00 in.; however, 
the transient portion of the peak acceleration ratio z(t)/y max = 0.62 overshoots the target steady 
state solution of T A = 0.40. The isolator design employed the steady state solution; therefore, it is 
not unusual that the transient could exceed the steady state limit. It is further noted that by the end 
of the second response cycle, the acceleration ratio is already approaching the 0.40 target. When 
the road profile turns flat, the acceleration ratio rapidly tails off toward zero, due to the large 
damping value. To compensate for the overshoot in transient acceleration, a larger f3 (and thus a 
smaller f n ) can be used on a second pass through the design process [e.g., enter 
T a = 0.40 x (0.40/0.62) into Eq. (17.13) and repeat the design process, where the peak 
z(t)/y m ax lowered from 0.62 to 0.45]. 

Figure 17.4 Roadway base acceleration transmission to structure. 
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In building an isolator from scratch, one can simply design it to have the physical properties K 
and C directly. However, if isolators are to be selected from off-the-shelf stock, a few comments 
are in order regarding the selection process. Manufacturers often supply a set of load {Mg) versus 
f n curves for each isolator in a class of isolators. Upon entering such a set with a 1000 lb load, the 
isolator having a natural frequency nearest the target value, say f n = 1.564 Hz, is selected. 
Typically there won't be an isolator corresponding to the exact f n desired at the operating load. 
Thus, picking an isolator with f n on the low side will make the steady state transmission on the 
low side. In some cases the manufacturer must be contacted directly to get damping data, and in 
other cases damping information is given indirectly via a stated transmissibility, T A , at 
resonance. The (3 location of the peak resonance T A value in Fig. 17.2 in terms of the damping 
ratio ( is given by 



p = 4 C 2 (-1 + U + 8C 2 ) 



Substituting this expression into Eq. 4+7- 1 1) results in a relationship between T A and £ as plotted in 
Fig. 17.5. For design purposes, the exact curve in inverse form can be approximated by the simpler 
expression 



Cres ~ 0.5^1/(Tj-l) (17.15) 

In Fig. 17.5 both the exact curve and the Eq. (17.15) approximation are plotted side by side. For 
example, if the manufacturer states that an isolator has a transmission ratio T A = 1.5 at 
resonance, then substituting this value into Eq. (17.15) gives a corresponding critical damping 
ratio of C = 0.45. Finally, substituting £ = 0.45 into C = 47 xMQf n provides the numerical value 
for the isolator damping constant in question. 

Figure 17.5 Transmission at resonance (harmonic force or base acceleration). 
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Problem 2: Shock Isolation of Fragile Equipment 

Consider a 50 lb structural configuration, initially at rest [i.e., x(t = 0) = 0, x(t = 0) = 0], that is 
subject to a half-sine pulse-type BC acceleration input of the form 

y = A 0 sin (cut), 0 <t<T P ; 
y = 0.0, T P < t < oo; T P = 7r/cu (17.16) 

and specifically the peak value of the base acceleration input is A 0 = 16 g's and the pulse duration 

is T P = 11 ms. In this problem, the direct force F(t) is taken as zero. 

The design problem is to synthesize a shock isolator that will limit the acceleration transmitted to 

the SC to 4 g's; therefore, a target transmission ratio of Ta = 4/16 = 0.25 is sought. It is also 
desired that the maximum displacement be limited to a: = ±1.0 in. At this point it is noted upon 
comparing the base motion of the previous application [[Eq. (17.10)]] to the base motion of the 
current problem [[Eq. (17.16)]] that there is a similarity between the first and second problem, 
except for the fact that the current shock problem has a short pulse length where only one-half of a 
sine wave (N c = 0.5) is applied. The principle governing shock isolation is different from the 
corresponding vibration isolation of the previous problem, in that the shock isolation process is 
characterized as a storage device for a sharply increasing acceleration waveform, and the design 
concept is to attempt to instantaneously absorb the energy and then release it at the natural 
frequency of the device, but at a lower-level mass deceleration. One approach is, for guessed K and 
C values, to simply substitute these values and the input waveform of Eq. (17.16) into Eqs. (17.7), 
(17.8), and (17.1) to get the response motion, observe the response, and reiterate the process with 
new K and C values until a desired response is obtained. We cannot use the steady state method of 
the previous problem because the steady state assumption of the input waveform would not be 
valid. An alternative design process is to convert the base input motion into a nearly equivalent 
initial, suddenly applied velocity problem, x(t = 0) = V 0 , with no explicit driver on the right-hand 
side of Eq. (17.5). 

The extreme case of a rapidly applied loading is a special mathematical function called a delta 
function, 6{t), whose value is oo at t = 0 and zero for t > 0. The right-hand- side loading can then 
be represented as 



where 



- My(t ) « —MA6(t) (17.17) 



A 




y{X)d\ 



(17.18) 



Upon substituting Eq. (17.17) into Laplace-transformed Eq. (17.7), with initial displacement 
Xq = 0 and F(s) = 0, and noting the Laplace transform of a delta function is 1.0, it can be seen 
that the x 0 M term and —MA have exactly the same form (same denominator); therefore, by 
interchanging the roles of the driver and initial condition, we can let a problem with a zero initial 
velocity and pulse-type y driver having area A [by Eq. (17.18)] be replaced with an equivalent 
problem having a zero y driver but an initial velocity of x 0 = V 0 = —A. The V 0 quantity can 
therefore be interpreted as a suddenly applied velocity change. The advantage of this approach is 
that estimates of the maximum response can easily be made and used to back-calculate the isolator 
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properties needed to achieve the desired isolator performance. Thus, for the equivalent initial 
velocity representation, we immediately get the solution as a special case of Eq. (17.8) that simply 
reduces to 



x(t) = — Ae vt sm(u>dt)/u>d (17.19) 

Upon differentiating Eq. (17.19) and solving for the maximum displacement x rnax and maximum 
mass acceleration z max , the following result is obtained: 



^max = —Ae 01 /u n , where a = (C/\A - C 2 ) sin 1 (y/l- C 2 ) 

-A-OJrn, Dj, 



with D, = exp(— C t/y/ 1 - C 2 ) f ^== sin (^) + 2C cos (t) 



0 < C < 0.5 



Di = 2(, 0.5 < C < 1.0 



where t = tan 



-i 



( i - 4< 2 > yi - c 2 
«3-4C 2 ) 



(17.20) 

(17.21) 



As in the previous example, the acceleration transmission ratio is defined as Ta = pcak|7/iy max 
Substituting Eq. (17.21) into this Ta expression and solving for the natural frequency gives 



fn 



ij max Ta 

2tt AD{ 



(general shock) 



(17.22) 



and, for very light damping (say, ( < 0.1), the approximation D, « 1.0 can be used. The isolator 
selection follows the same concept as in the previous problem where the natural frequency needed 
to limit the transmissibility is determined. For the problem at hand, substituting the given half-sine 
input y into Eq. (17.18) corresponds to a velocity change of A = 2A q /uj = 2A 0 T P /n, where it is 
also noted that |y max | = A 0 . Upon using these data, Eq. (17.21) reduces to 



fn 



T a 

TT P D, 



(for half-sine pulse shock) 



(17.23) 



From this point forward, the selection procedure for obtaining the isolator parameters is 
conceptually the same, except that the computation of the desired natural frequency is different and 
is governed by Eq. (17.22) or (17.23) as appropriate. For the problem at hand, substituting the 
target transmissibility Ta = 0.25, pulse length T P = 0.011 s, and designer- selected damping ratio 
( = 0.2 (using ( = 0.2 in the D, expression of Eq. (17.21) gives D, = 0.8209) results in a desired 
natural frequency of f n = 6.92 Hz. For the 50 lb SC (M = 50/386), the f n = 6.92 and ( = 0.2 
data translate into spring and damping constants of K = (27T f n ) 2 M = 244.97 lb/in. and 
C = 47 xMQf n = 2.253 lb-s/in. Also, using Eq. (17.20), the estimated maximum deflection is 
x rn ax = 0.7520 in.; therefore, this isolator design should meet the space constraint imposed on the 
problem. This x max value should also be checked against the isolator manufacturer's maximum 
allowable spring deflection (sometimes called sway space), which is usually given in the selection 
catalog. Upon substituting the above K, M, and C design parameters and actual half-sine base 
motion y(t) into Eqs. (17.8), (17.9), and (17.1), the dynamic response for important variables such 
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as x(t), x(t), y(t), and z(t)/y max (i.e., the SC transient acceleration transmission ratio) is 
computed. The results are shown in Fig. 17.6, where it is noted that the desired 0.25 
transmissibility is achieved and the displacement constraints are not exceeded. It should be noted 
that the curves labeled in the legend correspond to using the actual half-sine input base motion. 
These results will not be exactly the same as the equivalent suddenly applied velocity (Co) solution 
that was used to size the isolators, because the half-sine pulse is not exactly the idealized delta 
function. For illustrative purposes, the equivalent suddenly applied velocity solution is 
superimposed on the same plot and denoted with the unconnected symbolic markers for 
displacement, "o" for velocity, and "+" for acceleration ratio. As expected, the velocity comparison 
will be different in the early time [e.g., with the actual y(t) input the initial condition is x 0 = 0, 
whereas in the equivalent problem the initial velocity is not zero and represents the entire input to 
the problem]. As a final comment, the selection of the isolators from the manufacturer's catalog 
follows along the same lines here and therefore will not be repeated; also check that T P « 1 //„ 
when using Eq. (17.22) or (17.23). 



Figure 17.6 Base configuration half-sine acceleration loading. 




17.2 Structural Configuration Loaded Applications 



Problem 3: Rotating Machinery Force Transmission 

In this class of problems, the base configuration is considered fixed; thus y(t) = y(t) = y(t) = 0, 
and therefore the only system loading comes through the structural configuration loading F(t). 
Perhaps one of the most common such loading problems is the situation where a piece of 
equipment with some sort of rotating member is spinning in a steady state mode at drive frequency 
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equipment with some sort of rotating member is spinning in a steady state mode at drive frequency 
u and is resting on the structural configuration, where the total mass M of the equipment to be 
supported by the isolators is M = M s ± m e where M s is the mass of the structural configuration 
including the rotating machinery (except for the offset mass m e ), and m e represents the off-center 
eccentric mass at radius r e . The m e term is analogous to wet clothes clinging to the spinning drum 
during the spin-dry cycle of a common washing machine, where excessive vibrations are set up 
when the clothes are not uniformly distributed around the drum. The radial acceleration, 

A r = r f: uj - , results in a reciprocating force that is represented by 

F(t) = m e r e u> 2 cos(u±) (17.24) 

Therefore, by comparing Eq. (17.24) to the first steady state loading example in Eq. (17.10), it is 

seen that the Mur To sin (cut) driver in the differential equation is just like the current 

m e r e ui 2 cos (cut) driver except for a cosine in place of a sine driver function. In fact, the steady 

state solutions for the transmissibility of an isolator force transmission ratio of 

Tjj = peak|u(t)/F max | has the exact same form as Eq. (17.1 1); therefore, T v = T A for this class 

of problem, where the driver force amplitude varies as cu 2 . It is cautioned that for other 

harmonically varying forces, ones that have, say, a frequency-independent amplitude, the form of 

the Tjj would not be the same as Eq. (17.1 1). It is also noted that although the actual value of the 

amplitude of F(t) depends on the size of m e r e , this value cancels out in forming the Tjj force 

transmission ratio. 

As a specific example, consider a structural configuration, whose total weight (including m e ) is 
800 lb and the equipment is rotating at 540 rpm (i.e., cu 0 = 27 t 9 rad/s), which due to an offset 
(r e = 10.0 in.), an eccentric rotating mass (m e = 0.25 lb-s 2 /in.), transmits unwanted vibrations to 
the floor. It is required that the force transmission ratio be no more than Tjj = 0.2 (sometimes 
equivalently referred to as 80% isolation). It is also required that the maximum displacement x(t) 
not exceed ±0.5 in. It is further assumed that the SC is to be supported by four isolators and that 
they are centered so that the dead weight is distributed equally among them. If this centering 
assumption is not met, rocking modes will be present and more degrees of freedom will be needed 
to model the system. The motor cannot go from u> = 0 up to the operating frequency instantly; 
therefore, it is assumed that ui has a simple linear time ramp: 

uj = u> 0 t/t c , 0 <t<t c ; ui = ui o, t c < t (17.25) 

where for the problem at hand t c = 10 x (27r/a> 0 ), which corresponds to 10 periods of the steady 
state frequency. The first step in designing the isolator is to select a critical damping ratio (. 
Because the motor has a variable speed and the rotational frequency varies with time during the 
startup according to Eq. (17.25), the isolator is expected to have a designer- selected amplification 
of no more than Tjj = 10 at resonance, should the motor ever be run at or near the resonant 
frequency. Thus, substituting Tjj = T A = 10 into Eq. (17.15) results in a damping ratio of 
( = 0.0502. The next step is to solve for the natural frequency that will limit the steady state 
vibration force transmission ratio (operating at speed f = uj 0 /2n = 9 Hz) to a value of Tjj = 0.2. 
This is accomplished by substituting £ = 0.0502 and T v = T A = 0.2 into Eq. (17.13), which 
results in (3 = 2.4792. 

There are four isolators; therefore, the mass assigned to each isolator is determined from 
M = (800/386)/4 = 0.5181 lb-s 2 /in. The natural frequency is computed from 
fn = ///? = 9/2.4792 = 3.63 Hz. Finally, the spring and damping constants are computed from 
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K = ( 2nf n ) 2 M = 269.5 lb/in. and C = 4irM(f n = 1.186 lb-s/in. (Refer to the discussion on 
selecting isolators from manufacturer's catalogs in the first suspension isolator design example.) 
Upon substituting the above K, M, C design parameters and driver F(t) defined by Eqs. (17.24) 
and (17.25) into Eqs. (17.8), (17.9), and (17.4), the dynamic response for important variables such 
as x(t), x(t), F(t), and |w(t)/F max | (i.e., the SC force transmission ratio) is computed. It is noted 
that during the startup phase, the variable angular velocity uj(t) results in an additional tangential 
acceleration component that is neglected in the analysis. The transient portion of the results are 
shown in Fig. 17.7, where it is noted that the desired 0.20 transmissibility is exceeded (Ta = 0.28) 
during the transient (and also that the displacement constraints are not exceeded). The damping is 
light in this example; therefore, it takes many more cycles to reach the steady state. The horizontal 
dotted lines in Fig. 17.7 align with the steady state limit reached for u(t)/ F m av after running the 
solution out to t = 4.0. 

Figure 17.7 Transient-into-steady state force transmission applied to foundation. 




This demonstration example also illustrates the need to balance rotating machinery. Instead of 
having to live with the vibrations, it would be better to kill the source of the vibration and 
rebalance the equipment (e.g., make r e smaller in this example), so that even if the vibration is still 
present, its magnitude will be small enough that it will have the same effect as if isolators were 
used to reduce the transmissibility. 
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Problem 4: Free-Fall Shock 



This class of problem is similar to the base-excited impulse problem, where a falling object 
(structural configuration) strikes the ground (base configuration) and, due to the impact, a suddenly 
applied velocity is imparted to the falling object. The ground is idealized as rigid, and it is assumed 
that the object falls from a height H. The velocity of the object just prior to hitting the ground is 
V = \J c lgH . The problem is to design an isolator that limits the maximum force transmissibility 
Tu to a prescribed amount (often referred to as the fragility factor, nondimensional g's). The 
solution of this problem follows along the same lines as the initial impulse problem described 
earlier in this section; therefore, only a rough outline will be presented. The governing differential 
equations have to be modified slightly to account for the fact that the free-falling body-isolator 
configuration has no prestretch (static deflection 6s), and therefore the static deflection force term 
K6s does not cancel with the dead weight term in the derivation of Eq. (17.5). Therefore, in 
solving this problem, x(t ) in Eq. (17.5) should be viewed as the deflection measured from the 
unstretched equilibrium position. Once the base of the isolator has just touched the ground at 
impact, the isolator starts to compress and the x(t) solution describes the ensuing motion of the 
SC. The loading in Eq. (17.5) becomes simply the dead weight (i.e., F(t) = —Mg for t > 0, with 
y(t) = 0) and the initial conditions in Eq. (17.6) are x 0 = 0, x 0 = — V = —y/2 gH [the sign 
convention is that the extension (-hr) of the isolator is positive]. Thus, with th ese co nditions 
substituted into Eqs. (17.8), (17.9), and (17.4), the dynamic response for important variables such 
as x(t), x(t), F(t), and T v = \u(t)/F max | (i.e., the SC force transmission ratio) can be evaluated, 
where F max in this application is simply the dead weight, —Mg. Solving for the exact solution for 
u(t) as described above, and finding its maximum value in time, one obtains 



Tu = 



-i + ex P (-a7Ci-c 2 ) 



(- 0 ( 1 - 20-0 



sin (£) + (1 — 2-0£) cos (t) 



or 



with 



0 < C < Cb (17.26a) 

Tu = \ — 2£Q | Cb < C (17.26b) 



C b 



1 

4Q 



+ 0.5y/l + 1/ (2Q) 2 , 



Q 



Vu> n 



9 



t = tan 1 



(- (1-4O + 20P-P 

(-l + 3i2C + 2C 2 -4«; 3 ) 



(17.26c) 



For intermediate damping, Eq. (17.26a) corresponds to the nondimensional time value, t = (jJ d t m . AX , 
where the slope du/dt = 0.0, and Eq. (17.26b) corresponds to the large damping case where the 
maximum force occurs at the beginning of impact, t = 0.0. When the damping ( is zero (or very 
small), then using Eq. (17.26a) with t ~ tan” 1 (Q /(— 1)) and solving for -Q in terms of Tu, we can 
solve for the natural frequency that limits the maximum transmitted force to the desired T v value, 
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where 



f n ~ ^ ^/TuiTu — 2) /or light damping, ( ~ 0.0, and TJy > 2.0 (17.27) 

27tI/ 



The Tf/ > 2.0 limitation comes from the fact that with zero or low damping, fragility factors lower 
than 2.0 are not reachable without substantial damping. In the case of heavy damping, the 
maximum force occurs at the beginning, t = 0.0, and using Eq. (17.26b), one obtains: 



fn 



gTu 

A'kVC 



for heavy damping , < / 



(17.28) 



where the breakpoint, ( b , is determined by setting the numerator of the arctan expression for t 
equal to zero. Finally the determination of the f n value in terms of 7/ for the intermediate 
damping, 0 < ( < (/, is the most difficult case because the solution involves obtaining roots to a 
transcendental equation. It is noted that for large values - > 10.0, the breakpoint value is 
(b ~ 0.5. Use the smallest positive root for tan -1 in Eq. (17.26c) (e.g., atan2 in MATLAB). 

The procedure is numerical and can easily be accomplished by substituting the desired damping 
ratio ( and fragility factor Tj into Eq. (17.26a) and iterating - until the left side equals the right 
side (this root, - = - rt , can be found with a simple numerical root finder routine such as the 
"fzero" routine in MATLAB). Next simply convert - rt to /„ using the second of Eqs. (17.26c), to 
get 



fn = gQ rt /(27rI/) for intermediate damping, 0 < ( < ( b (17.29) 

To illustrate the general drop application for intermediate damping, consider a 50 lb weight 
(M = 50 / g) that is dropped a height H = 6.00 in. (i.e., V = 68.06 in./s), where it is required that 
Tu be no bigger than 8.0, with a prescribed intermediate damping ratio / = 0.2. Next insert these 
data into Eq. (17.26a), solve for the root Q rt = 8.870, and finally compute the isolator natural 
frequency f n = 8.0066 Hz with Eq. (17.29). The breakpoint value Q, must be checked to ensure 
that the inequality bounds of Eq. (17.29) are not violated; thus, substituting U = Q lt = 8.870 into 
the first of Eqs. (17.26c) gives ( b = 0.5290, which is above the ( = 0.2 value required by the 
constraint bounds for intermediate damping. These f n and ( data translate into 
K = (fhrf n ) 2 M = 327.82 lb/in. and C = AuMff,, = 2.607 lb-s/in. Evaluating the dynamic 
response as described above with Eqs. (17.8), (17.9), and (17.4) results in the response illustrated 
in Fig. 17.8 which, as indicated, has peak |u(f)/F max | =8.0. Note that the isolator force turns into 
tension after 0.062 s, which implies that the structural configuration will jump up off the floor (i.e., 
"pogo stick effect") at a later time after the energy is absorbed. It is also noted that the x(j) solution 
does not settle down to zero, but rather to the static deflection value; this is because of the fact that 
Fig. 17.1(a) rather than Fig. 17.1(b) was the coordinate reference configuration for this free-fall 
problem. For comparison purposes, the solution generated with Eqs. (17.8), (17.9), and (17.4) is 
compared with a solution to the same problem in [Church, 1963] and is indicated by the 
unconnected symbolic markers for displacement, "o" for velocity, and "+" for the |u(t)/F max | 
ratio (after adjusting for a different sign convention for positive x). As can be seen, the agreement 
between the two solutions is perfect. 
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Dynamic Response Variable 



Figure 17.8 Free-falling structural configuration shock. 
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17.3 Additional Information 



The sample problems considered here represent simple single-degree-of-freedom (SDF) models of 
what is often a more complicated multiple-degree-of-freedom (MDF) system. These simple 
example problems illustrate the main concepts involved in shock and vibration isolation; however, 
great care must be taken not to apply these idealized SDF-type models in situations where a MDF 
model is needed to represent the full picture (e.g., the four-wheel vehicle over a roadway needs a 
MDF model that allows the front and rear wheels to experience different parts of the roadway 
profile to allow for any rocking modes that may be present). Perhaps one of the most 
comprehensive references for shock and vibration isolation issues is [Flarris, 1988], which not only 
covers SDF models in detail for all kinds of inputs, but covers MDF models as well. Good design 
tips are often found directly in the manufacturer's design guides, for example, [Aeroflex, 1994], 
[Barry, 1993], [Lord, 1994], and [Firestone, 1994]. For some more advanced ideas on optimum 
shock and vibration isolation concepts, see [Sevin and Pilkey, 1971]. The effects of nonlinearity 
should also be considered when necessary; for example, the simple Voigt model linear 
spring-damper isolators considered here eventually turn nonlinear when the deflections get large. 

In such cases the actual nonlinear isolator force function u(x, x), could be obtained from the 
manufacturer and Eq. (17.1) resolved as a nonlinear differential equation (which could also easily 
be solved with a MATLAB script file similar to the one used to generate the sample solutions). 

For the analysis of MDF systems consisting of a collection of rigid bodies interconnected by any 
"Rube Goldberg" collection of linkages, pivot points, and so forth, a handy computer program 
called Working Model exists [Knowledge Revolution, 1994], enabling the user to geometrically 
construct the configuration to be analyzed on the computer screen. It is not unlike the 
object-drawing programs that come with practically all modern-day word processors. The key 
difference is that once the model is drawn on the screen, following the assignment of initial 
conditions, spring constants, damping coefficients, and loading via pulldown menus, the user is 
one "mouse click" away from setting the program to work and getting a graphical display of 
selected pertinent response variables (displacement, velocity, acceleration) as the solution is in 
progress. Versions exist for a variety of platforms, including Macintoshes, PCs, and workstations. 
Depending on the user's on-screen drawing skills, an entire analysis of a rather complex MDF 
system can be completed in a very short time (e.g., 5-10 minutes). 

Defining Terms 

C: isolator damping constant (lb-s/in.) 

K: isolator spring constant (lb/in.) 

M: net structural configuration mass (lb-s/in. 2 ) 

g: acceleration of gravity (386 in./s 2 ) 

u: isolator force not including static deflection (lb) 

(3 = ///„ : ratio of drive frequency to natural frequency (unitless) 

(: critical damping ratio = C / [A-nM f n ) (unitless) 

6 S : static deflection = Mg/ K, amount spring deflects under dead weight of mass M (in.) 

u n : natura l freque ncy (rad/s) 

uj n = ujd\j 1 — C 2 : damped natural frequency (rad/s) 
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r) : damping decay constant (s -1 ) 

Tjy : force transmission ratio = peak|u(t)/F max | (unitless) 

Ta: acceleration transmission ratio = peak|z/y max | (unitless) 

T D : displacement magnification ratio = peak|a;/y max | (unitless) 

BC : base configuration, refers to the lower isolator attachment point (where base input 
accelerations y are applied) 

SC: structural configuration, refers to the net vibrating mass (upper connection to the 
isolator) 
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18 

Computer Simulation and Nomographs 



18.1 Nomograph Fundamentals 

18.2 Models for Numerical Simulation 

18.3 Numerical Integration 

18.4 Vibration Response by Computer Simulation 

18.5 Commercial Software for Simulation 

Daniel J. Inman 

Virginia Polytechnic Institute and State University 

A primary concern in performing vibration analysis is just how to represent the response once the 
model and the various inputs of interest are known. For linear systems with a single degree of 
freedom, the analytical solution is closed form and can be simply plotted to illustrate the response. 
Historically, computation has been difficult and response vibration data have been presented in 
nomographs consisting of log plots of the maximum amplitudes of displacement, velocity, and 
acceleration versus frequency on a single two-dimensional four-axis plot. Although this approach 
is useful and incorporated into military and manufacturer specifications, wide availability of 
high-speed computing and computer codes to simulate detailed responses has produced a trend to 
display exact responses in the time domain. The following section introduces an example of a 
commercial computer simulation package and its use in representing the response of vibrating 
systems. In addition, the basic use of nomographs is presented. 

18.1 Nomograph Fundamentals 

Nomographs are graphs used to represent the relationship between displacement, velocity, 
acceleration, and frequency for vibrating systems. These graphs are frequently used to represent 
vibration limits for given parts, machines, buildings, and components. The basic premise behind a 
vibration nomograph is that the response of a system is harmonic of the form x(t) = A sin tot . 
Here A is the amplitude of vibration and u> is the natural frequency of vibration in rad/s. The 
velocity is the derivative x(t) = Au cos c at and the acceleration is the second derivative 
x = —a; 2 A sin urt . Thus if a vibrating system has displacement amplitude A, its velocity has 
amplitude luA and the acceleration amplitude is uj 2 A . For a given harmonic motion these three 
amplitudes can be plotted versus frequency, commonly using a log scale as illustrated in Fig. 18.1. 
In this log scale plot the log of the frequency (denoted / in Hz, where / = uj/2-k ) is plotted along 
the horizontal and the corresponding velocity amplitude is plotted along the vertical, also on a log 
scale. The lines slanting to the right, of slope +1 , correspond to the log of the displacement 
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amplitude versus frequency, whereas those slanting to the left, with slope -1 , correspond to the 
log of the acceleration amplitude versus frequency. Thus a given point on the nomograph 
corresponds to the amplitude of displacement, velocity, and acceleration at a specific frequency. 
Nomographs can be used to specify regions of acceptable vibration. Often it is not enough to 
specify just displacement; restrictions may also exist on velocity and acceleration amplitudes. By 
sketching a closed shape on a nomograph, ranges of acceptable levels of maximum displacement, 
velocity, and acceleration over a frequency range of interest can be easily specified. An example is 
illustrated by the bold lines in Fig. 18.1. The bold lines in the figure are used to illustrate vibration 
between 2 and 8 Hz with displacement amplitude limited by 30 mm, velocity amplitude limited by 
400 mm/s and acceleration limited to amplitude by 10 4 mm/s 2 . 

Figure 18.1 An example of a vibration nomograph for specifying acceptable limits of sinusoidal 
vibration. ( Source : Inman, D. J. 1994. Engineering Vibration. Prentice Hall, Englewood Cliffs, NJ. With 
permission.) 



Velocity (mm/s) 
(peak) 




Rather than maximum amplitude, root mean square values of displacement, velocity, and 
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acceleration can be plotted as nomographs. As mentioned, such plots are often used in formal 
documents, vendor specifications, and military specifications. The International Organization for 
Standardization presents vibration standards for severity, which are often represented in 
nomograph form. 

As useful as nomographs are and as frequently as they appear in vibration literature and in codes 
and standards, modern computational abilities allow detailed representations of vibration data for 
much more complicated systems. In particular, it has become very routine to simulate time 
responses directly. 

18.2 Models for Numerical Simulation 

The most common model of a vibrating system is the multiple degree of freedom (MDOF) model, 
which can be expressed as a vector differential equation with matrix coefficients of the form 

MX(t) + CX(t) + Kx(t) = f(t) X(0) = Xo, X(0) = X 0 (18.1) 

where x(f) is an n x 1 vector of displacement coordinates, its derivative X(£) is an n x 1 vector of 
velocities, and its second derivative X(£) is an n x 1 vector of accelerations. The coefficients 
M, C , and K are n x n matrices of mass, damping, and stiffness elements, respectively. These 
coefficient matrices are often symmetric and at least positive semidefinite for most common 
devices and structures. Equation (18.1) follows from simple modeling using Newton's laws, energy 
methods, or dynamic finite elements. The constant vectors x 0 and X 0 represent the required initial 
conditions. The simulation problem consists of calculating x(£) , satisfying Eq. (18.1) as time 
evolves, and producing a time record of each element of x(i) , or of each degree of freedom, as 
opposed to a single coordinate as used in nomographs. 

Currently many very well written numerical integration codes are available commercially for 
less cost than is involved in writing the code and, more importantly, with less error. Codes used to 
solve Eq. (18.1) are written based on the definition of a derivative and almost all require the 
equations of motion to appear in first-order form, that is, with only one instead of two time 
derivatives. Equation (18.1) can be easily placed into the form of a first-order vector differential 
equation by some simple matrix manipulations. 

If the inverse of the mass matrix M exists, then the second-order vibration model of Eq. (18.1) 
can be written as an equivalent first-order equation using new coordinates defined by the 2n x 1 
vector: 



z it) = 



x(t) 

.*(*). 



Let Zi 



x(f) and z 2 = X(f) ; then Eq. (18.1) can be written as 
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2i = Z 2 



Z 2 = M 1 /\ Z : - M~ 1 Cz 2 + M^f(i) (18.2) 



z(0) = 



x 0 

_*o . 



which combine to form 



Z = Az + F(i), z(0) = z 0 (18.3) 



Here z is called a state vector and the state matrix A is defined by 



A 



0 I 

—M X K —M X C 



(18.4) 



where I is the n x n identity matrix and 0 is an n x n matrix of zeros. The forcing function Fit) is 
"mass" scaled to be the 2 n x 1 vector 



F(t) 



0 



(18.5) 



where 0 denotes an n x 1 vector of zeros. Note that in solving vibration problems using this state 
space coordinate system, the first n components of the solution vector z (t) correspond to the 
individual displacements of the n degrees of freedom. 



18.3 Numerical Integration 

The numerical solution or simulation of the system described by Eq. (18.1) is easiest to discuss by 
first examining the scalar homogeneous (unforced) case given by 

x(t) — ax(t ) x(0) = xq 



where a is a simple constant. The derivative x(t) is written from its definition as 

x(t\ + At) — x(ti) 



At 



— ax(ti) (18.6) 



where At is a finite interval of time. Rewriting this expression yields 

x(t\ + At) — x(t\) + ax(ti)At (18-7) 



or using a simpler notation 
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Xj+i = Xi + axi At (18.8) 



where x % denotes xit,) . This formula gives a value of the response x i+ \ at the "next" time interval, 
given the equation's coefficient a, the time increment At, and the previous value of the response 
Xi . Thus, starting with the initial value x 0 , the solution is computed at each time step incrementally 
until the entire record over the interval of interest is calculated. This simple numerical solution is 
called the Euler formula or tangent line method and only involves addition and multiplication. Of 
course, the smaller At is, the more accurate the approximation becomes (recall the derivative is 
defined as the limit At — > 0 ). Unfortunately, reducing the step size At increases the computational 
time. Numerical errors (rounding and truncation) also prevent the simulations from being perfect, 
and users should always check their results accordingly. 

The rule used to perform the simulation is often called an algorithm. One way to improve the 
accuracy of numerical simulation is to use more sophisticated algorithms. In the late 1800s C. 
Runge and M. W. Kutta developed some clever formulas to improve the simple tangent or Euler 
methods. Essentially, these methods examine x(t + At) as a Taylor series expanded in powers of 
At . The Runge-Kutta methods insert extra values between x t and x l+ \ to provide estimates of the 
higher-order derivative in the Taylor expansion and thus improve the accuracy of the simulation. 
There are several Runge-Kutta methods, thus only an example is given here. 

One of the most widely used Runge-Kutta methods solves the scalar equation x — fix, t) with 
initial condition ./:(()) = x 0 where fix. t) can be linear or nonlinear as well as time varying. This 
includes the case x (t) = ax it) + g{t) where a is constant and git) is an externally applied force. 
With Xi and At defined as before, the formulas for the response are 

At 

%i+i — Xi + ——{Hu + 2ha + 2ha + hi 4 ) (18.9) 

o 



where 



hn = f(xi,ti ) 



h a 



( At 

( Xi + — hn, 




hi 3 



f At A t\ 

f \ x i + —hi2, U + — I 



hiA = f(xi + A th i3 , ti + At) 



This is referred to as a four-stage formula and represents a substantial improvement over the Euler 
method. 

Additional improvement can be gained by adjusting the time step At at each interval based on 
how rapidly the solution x(t) is changing. If the solution is not changing very rapidly, a large value 
of A U , the /th increment of time is used. On the other hand if xit) is changing rapidly, a small At t 
is chosen. In fact, the At t can be chosen automatically as part of the algorithm. 
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18.4 Vibration Response by Computer Simulation 



All of these methods (as well as many others not mentioned) can be applied to the simulation of 
the response of vibrating systems. Essentially the Runge-Kutta and Euler formulas can be applied 
directly to Eq. (18.3) by simply enforcing a vector notation. For instance, the Euler formula applied 
to Eq. (18.3) becomes 



z(ii+i ) = z(tj) + AtAz(ti) + F(ii) (18.10) 



using z(0) as the initial value. The result will be a list of numerical values for z(t,) versus the 
successive times U. Equation (18.10) can be programmed on a programmable calculator or 
computer system. However, many commercially available codes provide more than adequate 
numerical integration schemes for solving ordinary differential equations and systems of ordinary 
differential equations as described by Eq. (18.10). Such codes are easy to use and allow studies of 
the effects of initial conditions and parameter changes while providing detailed solutions to 
complex problems. 

Next a simple example is introduced to illustrate the formulation of a vibration problem into state 
space form in preparation for numerical simulation. Consider then the equations of motion of a 
damped two-degree-of-freedom system 



9 O' 




Xi (t) 


4 - 


27 


-0.3 ' 




X\ 


4 - 


co 

1 

b- 

CN 




X\ 


0 1 . 




_x 2 (t) _ 


i 


_-0.3 


0.3 




. x 2 . 


i 


L —3 3 




. x 2 . 



3 

0 



sin 3 1 



(18.11) 



subject to the initial conditions 



x(0) = 



0.1 

0 



*( 0 ) = 



0 

0 



Here all units are SI so that x(£) is in meters, etc. However, any consistent set of units can be used. 
This is a simple example with only two degrees of freedom so chosen to fit the given space 
limitations. The procedure is, however, not dependent on such low order. The matrix M~ l in this 
case is simply 



so that 



M~ l 



l 

9 



0 



0 

1 



M 1 K 



3 -0.333 

-3 3 



and M~ l C 



0.3 -0.033 

-0.3 0.3 



and the state matrix becomes 
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A 



- 0 0 1 0 - 

0 0 0 1 

-3 0.333 0.3 0.033 

- 3 -3 0.3 -0.3 - 



where the state vector and forcing vector are 



' X \ ' 




■ 0 ■ 


X2 


and F(f) = 


0 


Xi 


sin 3 1 


-X 2 - 




- 0 - 



respectively. Next, Eq. (18.10) can be applied with these values. In the past it was required of the 
vibration engineer to program Eq. (18.10) or some other versions of it. However, commercial 
software allows the matrix A to be computed as well as fairly sophisticated simulation. 

18.5 Commercial Software for Simulation 

A variety of simple-to-use, efficient and relatively inexpensive interactive software packages are 
available for simulating the response. Such programs reduce by a factor of 10 the amount of 
computer code that actually has to be written by the user. Some examples of available software 
containing numerical integration packages are Matlab® and Mathcad. Many finite element 
packages also contain numerical integration routines. Here we illustrate the use of Matlab to 
simulate the result of the simple example above and to print the results. The Matlab code is listed 
in Table 18.1 and the output is plotted in Fig. 18.2. The algorithm used in Table 18.1 is a 
modification of the formulas given in Eq. (18.9), known as a Runge-Kutta-Fehlberg integration 
method. This method uses a fourth- and fifth-order pair of formulas and an automatic step size. 

Table 18.1 Matlab Code. 



MATLAB code for computing and plotting the displacement versus time response of the two-degree-of-freedom 
system in the text. The % symbol denotes comments. Part A indicates how to input the given system and part B 
illustrates how to integrate and plot the response. 

Part A 

function zdot = system (t, z) 

%This m-file defines the mechanical properties of the system being studied. 

%The input is the current time and the previous state vector (initial conditions). 

%The output is obtained by solving the state equation: zdot = A * z + f 
%First, the mass, damping and stiffness matrices are defined. 

M= [9,0; 0,1]; 

C= [2, 7, -0.3; -0.3, 0.3]; 

K= [27, -3; -3, 3]; 

/= [0; 0; sin(3 * f); 0]; 

%The vector of external forces is defined next. 

%The state matrix is assembled. 
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A = [zeros(2, 2) eye(2, 2); -inv(M) * K - inv(M) * C]; 

Part B 

%This is the main file used in the simulation. 

%First the initial state is defined. 
zO = [0.1; 0; 0; 0]; 

%Then, the solution is obtained through numerical integration using the ode command calling the "system" input 
file proposed in part A. 
ti = 0; %Initial time of the simulation 
tf= 50; %Final time of the simulation 

[time, solution] = ode45('system', ti, tf, z0); %Perform integration 

%The displacement of each degree-of-freedom is plotted. 

subplot (2,1,1); 

plot (time, solution!:, 1)); 

xlabel('t[s]'); 

ylabel(’zl[m]'); 

title(’First DOF;); 

subplot (2,1,2); 

plot(time, solution!:, 2)); 

xlabel('t[s]'); 

ylabel('z2[m]'); 

title('Second DOF'); 



Figure 18.2 The output of the Matlab Code of Table 18.1 illustrating the simulation of the displacement 
versus time response of the system given by Eq. (18.11). 
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The use of software such as Matlab is becoming extremely commonplace. The slide rule has 
given way to the calculator, and the calculator to the personal computer. Combined with 
commercial software, the simulation of large and complex vibration problems can be performed 
without resorting to writing code in lower-level languages. This time savings allows the vibration 
engineer more time to devote to design and analysis. It is however important to note that 
simulation through numerical integration is still an approximation and as such is subject to 
error — both formula errors and round-off errors. These should be well understood by the user. 

Defining Terms 

Euler method: A simple numerical solution to a first order ordinary differential equation based on 
approximating the derivative by a slope. 

Formula error: Error in the computed response due to the difference between the exact solution 
and the approximate formula. 

Nomograph: A graph of displacement, velocity, and acceleration versus frequency for a 
single-degree-of-freedom system. 

Round-off error: Error in the computed response due to numerical round-off and truncation in 
computer arithmetic. 

Runge-Kutta method: A numerical solution to a first-order ordinary differential equation based 
on approximating the derivative by several estimates of the first few terms of a Taylor series 
expansion of the solution. 

Simulation: Numerical integration to solve an (ordinary) differential equation using time steps to 
produce the time history of the response (of a vibrating system). 
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Further Information 

Further information can be found by consulting the references. More information on Matlab can 
be obtained from 

The MATHWORKS 
24 Prime Park Way 
Natick, MA 01760-1500 
Information on Mathcad can be obtained from 
MathS oft, Inc. 

101 Main 

Cambridge, MA 02142 
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19 

Test Equipment and Measuring Instruments 



19.1 Vibration and Shock Test Machines 

Vibration Test Machines • Shaker Performance Considerations • Shock Test Machines • Shock 
Test Machine Performance Considerations 

19.2 Transducers and Signal Conditioners 

Transducers • Transducer Performance Considerations • Signal Conditioners 

19.3 Digital Instrumentation and Computer Control 

Terrence W. Baird 

Hewlett-Packard Company 

Dynamic test and measurement finds application in many engineering and scientific 
disciplines. Although each has evolved uniquely in its types of equipment and methods 
employed, there exists a degree of commonality in the operating principles and 
performance criteria of the various apparatuses used. Rather than attempting 
comprehensive treatment of each application or equipment type available, focus will be 
directed toward this commonality through a discussion of the components of a 
generalized test system. 

The generalized model from which the discussion will be developed is as follows. A 
device is subjected to a specified dynamic environment produced by a test machine. The 
test machine input and device response motions are measured by transducers, whose 
signals are conditioned and subsequently analyzed for purposes of data reduction and 
test machine control. Descriptions will be limited to some commonly used test 
equipment and instrumentation and their key performance criteria. 

Although the model described will be used as the basis for this introduction to test 
equipment, it is the author's intent that the technical content and principles of equipment 
performance be relevant to any application. The reader is encouraged to research the 
references and resources cited at the end of the chapter to more fully explore today's 
dynamic test technology on an application- specific basis. 
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19.1 Vibration and Shock Test Machines 



Vibration Test Machines 

Vibration test machines, also referred to as shakers, are available in several distinct 
designs. Two common shaker designs are electrohydraulic and electrodynamic, whose 
names are based on the method of force generation. 

Electrohydraulic shakers generate force through electrically controlled hydraulics 
where power is converted from the high-pressure flow of hydraulic fluid to the vibratory 
motion of the shaker's table. Figure 19.1 [Unholtz, 1988] illustrates a block diagram of a 
typical electrohydraulic shaker system and Fig. 19.2 shows an actual system. 
Availability of large force generation, long displacement stroke and low-frequency 
performance are advantages of an electrohydraulic shaker. 

Figure 19.1 Block diagram of an electrohydraulic shaker. ( Source : Harris, C. and Crede, C. 
1988. Shock and Vibration Handbook, 3rd ed. McGraw-Hill, New York. Reproduced with 
permission.) 




Electrodynamic (also called electromagnetic) shakers generate force by means of a 
coil carrying a current flow placed in a magnetic field, which passes through the coil, 
causing motion of the coil, moving element, and table assembly (called the armature ). 
The operating principle is not unlike that of a loudspeaker system. Some electrodynamic 
shakers use a "double-ended" design, which incorporates both an upper and lower field 
coil, resulting in reduced stray magnetic fields above the table and increased operating 
efficiency. A typical double-ended shaker design is shown in Fig. 19.3. Higher 
frequency performance is a major advantage of an electrodynamic shaker. 
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Figure 19.2 Electrohydraulic shaker system including hydraulic supply, shaker, and digital 
controller. (Courtesy Lansmont Corp.) 




Figure 19.3 Schematic of double-ended electrodynamic shaker design. (Courtesy 
Unholtz-Dickie Corp.) 



TABLE MOTION 




Shaker Performance Considerations 

The following criteria should be evaluated relative to the application regardless of 
shaker type. 

1 . Force rating. The maximum force available is typically specified as a continuous 
rating for sine vibration through a usable frequency range. Estimated acceleration 
performance can be determined from: 

A = F/W (19.1) 
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where 

A = maximum acceleration, g 

F = force rating in pounds-force, lbf 

W - total load, lb, including armature, table, and test specimen 
weight 

2. Frequency range. Frequency versus amplitude performance is generally specified 
in a series of performance curves presented for various test loads. Representative 
ranges for typical general-purpose shakers are 1-500 Hz for electrohydraulic and 
10-3000 Hz for electrodynamic, depending on test parameters. 

3. Waveform quality/harmonic distortion. This will vary by design but should be 
specified. 

4. Magnetic fields. This may be a concern for some applications, in which case it 
should be specified for electrodynamic shakers. It is not a concern with 
electrohydraulic shakers. 

5. Table or head expander frequency response. The practical frequency range will 
depend, in part, on the table attached to the shaker. Basic design, mass, damping, 
and frequency response characteristics should be specified. 

6. Test orientation. Consideration should be given to design type if independent 
vertical and horizontal test capability is desired. For instance, it is relatively 
common for an electrodynamic shaker to be supported by a base with a trunnion 
shaft whereby the entire body can be rotated about its center providing for either 
vertical or horizontal vibration. 



Shock Test Machines 

Three specification types are used in defining a shock test: 

1. Specification of the shock test machine (also called shock machine ) including 
mounting and operating procedures. Shock machines unique to a specification will 
not be discussed. 

2. Specification of shock motion described by simple shock pulse waveforms and 
parameters of peak acceleration, duration, and velocity change. An example is 
shown in Fig. 19.4. 

3. Specification of the shock response spectrum (SRS) that the test 
produces. 

Two types of machines used for shock generation are the free-fall shock machine and 
the previously described shakers. 
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Figure 19.4 Preferred shock pulse waveforms of IEC 68-2-27. (Source: Broch, J. T. 1984. 
Mechanical Vibration and Shock Measurement, 2nd ed. Bruel & Kjaer, Naerum, Denmark. 
Reproduced with permission.) 




A typical free-fall shock machine (sometimes called a drop table or drop tester) is 
shown in Fig. 19.5 and is used for generating simple or classical pulse waveforms such 
as those in Fig. 19.4. Operation is straightforward. The shock table, whose orientation 
and free-fall path is controlled by guide rods, is raised to a desired height and allowed to 
fall and impact upon a pulse programmer. Brakes are employed to prevent multiple 
impacts after rebound. Shock pulse velocity change is controlled by drop height. Pulse 
waveform, resulting peak acceleration, and duration are determined by programmer 
type. Significant velocity and peak acceleration capabilities are advantages of this type 
of shock machine. 
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Figure 19.5 Shock machine and associated instrumentation. (Courtesy MTS Systems 
Corp.) 
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Shakers with appropriate digital controllers are not only capable of producing 
classical waveforms, but can also be used for applications such as SRS programming or 
capturing a real-world shock pulse and using it as a control waveform for subsequent 
shock tests. Shakers have limitations for shock test in terms of available displacement, 
velocity, and peak acceleration. However, for low-level shocks of light- to 
medium- weight specimens, test flexibility, control, and repeatability are excellent if the 
test parameters are within the performance limits of the shaker. 

Shock Test Machine Performance Considerations 

Performance criteria that should be evaluated against the intended application include: 

1. Maximum peak acceleration. Some shakers can achieve 100-200 g. A 
general-purpose free-fall shock machine is usually limited to less than 1000 g, 
whereas a high-performance shock machine may be capable of 20 000 g for 
lightweight specimens. 

2. Pulse duration, maximum and minimum. 

3. Velocity change. Shakers will normally be limited to less than 100 inches/second 
(ips). A general-purpose free-fall shock machine will achieve 300 ips and a 
high-performance shock machine may be capable of 1000 ips. For very low 
velocity changes (0-50 ips), control and repeatability can be difficult with a 
free-fall shock machine. 

4. Waveform flexibility and programmer design. 

5. Table size and weight capacity. 

6. Table performance, frequency response, damping, and waveform 
quality. 

7. Potential need for SRS control and waveform synthesis. 

19.2 Transducers and Signal Conditioners 



Transducers 

The ANSI/ISA definition of transducer is "a device which provides a usable output in 
response to a specified measurand" [ANSI/ISA S37.1]. The measurand is the physical 
quantity to be measured and the output is an electrical quantity whose amplitude is 
proportional to that of the measurand. The measurand is the primary descriptor of a 
transducer type and for dynamic testing would likely be displacement, velocity, or 



© 1998 by CRC PRESS LLC 



acceleration. The most common measurand is acceleration, so this discussion will be 
limited to acceleration transducers, more commonly referred to as accelerometers. Two 
common categories of accelerometers are piezoelectric and piezoresistive, which differ 
fundamentally in their electrical transduction principles. 

Piezoelectric (PE) accelerometers incorporate sensing elements, typically quartz or 
ceramic crystals, that have the property of producing a charge when mechanically 
stressed. Specifically, when subjected to an acceleration, the PE accelerometer produces 
a charge proportional to the applied acceleration and is said to be self- generating in that 
the electrical output is produced without the need for auxiliary power excitation to the 
accelerometer. Typically, this charge then needs to be converted to a voltage in an 
external signal conditioner for subsequent analysis or readout. An exception to this rule 
is the now commonly available PE accelerometer with built-in integrated-circuit signal 
conditioning. 

Piezoresistive (PR) accelerometers incorporate a semiconductor material such as a 
solid state silicon resistor, which serves as a strain-sensing or strain gage element. 
Arranged in pairs and typically connected electrically in a Wheatstone-bridge circuit, 
these PR elements exhibit a change in electrical resistance proportional to an applied 
acceleration. The PR accelerometer is referred to as a passive type accelerometer in that 
it does require an external power source to operate. The PR accelerometer's primary 
advantage is its ability to measure down to DC or steady-state acceleration, making it 
particularly suitable to long-duration pulses and other low-frequency applications. PE 
and PR accelerometer designs are shown in Fig. 19.6. 



Figure 19.6 Accelerometer designs. (Courtesy Endevco Corp.) 
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Transducer Performance Considerations 

The following performance criteria should be evaluated prior to an accelerometer's use. 
The first three are most critical and for a given design are interrelated, representing the 
likely trade-offs or compromises in accelerometer selection. 
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1 . Sensitivity. Defined as the ratio of change in output to change in acceleration, 
sensitivity is expressed as coulomb/g or volt/g, depending on accelerometer type. 
The higher the sensitivity is, the greater the system signal-to-noise ratio will 

be. 

2. Frequency response. Both low- and high-frequency response may be important to 
an application. 

3. Mass and size. Accelerometer weights can range from 1 to 60 g. Typically, 
minimizing size and mass is desirable. 

4. Mass loading effect. Mounting an accelerometer with finite mass onto a structure 
changes the mechanics of the structure at that point. If the mass of the 
accelerometer is a significant percentage of the effective mass of the structure at 
the point of attachment, the structure's frequency response will be altered, 
resulting in a poor measurement. A simple rule of thumb or exercise to determine 
if mass loading is a problem is to: 

a. Measure a frequency response function of the structure using the desired 
accelerometer. 

b. Mount a second accelerometer of the same mass at the same point of 
attachment (i.e., mass is now doubled) and repeat the 
measurement. 

c. Compare the two measurements for amplitude changes and frequency shifts. If 
differences are significant, then mass loading is a problem. (Although not 
discussed in the text, some measurement situations do exist in which mass 
loading effects, extreme surface temperatures, rotating structures, or other test 
conditions preclude the practical use of a contact transducer, such as an 
accelerometer. In these instances, a noncontact transducer can be 
employed — such as a laser Doppler vibrometer for motion detection — where 
the electro-optical transduction principle is employed.) 

5. Amplitude range and linearity. Sensitivity is constant within stated tolerances over 
a certain amplitude range, beyond which sensitivity is nonlinear. This is usually 
expressed as a percentage deviation from nominal sensitivity as a function of the 
applied acceleration. 

6. Transverse sensitivity. For a single-axis accelerometer, there is still a small 
sensitivity to transverse accelerations, which is usually expressed as a percentage 
of main axis sensitivity. 

7. Temperature sensitivity. Percent deviation from the nominal sensitivity is 
expressed as a function of temperature. 

8. Mounting considerations. Although not a characteristic of accelerometer design, 
the way in which an accelerometer is mounted to the structure for measurement 
has a significant influence on its effective frequency response. Figure 19.7 shows 
various methods used to mount accelerometers and their effect on frequency 
response. 
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Figure 19.7 Typical accelerometer mounting techniques and relative frequency response 
characteristics. ( Source : Broch, J. T. 1984. Mechanical Vibration and Shock Measurement, 2nd 
ed. Bruel & Kjaer, Naerum, Denmark. Reproduced with permission of Bruel & Kjaer.) 
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Signal Conditioners 

It is typical for a signal conditioner to be located in the measurement system between 
the transducer and the final readout or recording instruments. Signal conditioners range 
from simple to sophisticated and can employ internal electronics for significant signal 
modification or calculation of related physical quantities. Rather than describe the 
operating principles of signal conditioners, the following simply lists some of the key 
functions and available features. 

1. Supply excitation voltage to a passive-circuit transducer (e.g., PR 
accelerometer) 

2. Charge conversion to voltage from a PE accelerometer 

3. "Dial-in" accelerometer sensitivity normalization 

4. Gain or attenuation control to provide optimum signal-to-noise ratio in the readout 
instrument 

5. Low-pass or high-pass filters 

6. Grounding options 

7. Internal electronics to perform functions such as single or double integration to 
obtain velocity or displacement data from acceleration signals 



19.3 Digital Instrumentation and Computer Control 



It is assumed the reader is familiar with the application and operating principles of 
time-based instruments such as the oscilloscope. Time-based instruments will be not be 
discussed in this text. 

Today's laboratories are commonly equipped with fast Fourier transform (FFT) 
analysis and digital microprocessor control capabilities both for data analysis and 
reduction as well as test machine signal control. It is beyond the scope of this chapter to 
provide a comprehensive treatment of signal analysis and computer control techniques 
or of the many software, firmware, and hardware platforms in which these capabilities 
are available. The reader can find such treatments in several of the references cited at 
the end of this chapter. Rather, it is the author's intent to simply recognize some of the 
functionality and features available to the user in applying these techniques and 
instruments. 

Dynamic signal or FFT analyzers may be used independently of test machine control 
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for purposes of data collection and analysis. Available functionality includes: 

1. Time domain or frequency domain analysis 

2. Shock analysis 

• Waveform capture 

• Digital filtering 

• Math capabilities such as integration, differentiation, and multiaxis vector 
resolution 

• SRS computation 

3. Vibration analysis 

• Power/auto spectrum analysis 

• Frequency response and transfer functions 

• Band power, harmonic power, and harmonic distortion 
measurements 

• Waterfall analysis 

4. Programming capabilities to allow user-defined functionality 

Digital control for vibration testing is generally tailored specifically to closed-loop 
shaker control and would normally contain fewer general analysis capabilities as 
compared to an independent dedicated FFT analyzer. Functions typically 
include: 

1. Sine or random vibration control 

2. Swept- sine on random 

3. Narrow band random on random 

4. Multiple control and response channels 

5. Test control and abort limits 

6. Capability of using field vibration data as shaker input signal 

7. Basic vibration data analysis (e.g., FFT, frequency response, etc.) 

Digital control for shock-testing refers specifically to the case of controlling a shaker 
for shock test generation. Functions typically include: 

1. Classical waveform control (e.g., half sine) 

2. Direction of shock and multiple shock control 

3. Transient capture of real-world shock pulses and subsequent use as shaker 
control 

4. SRS and waveform synthesis, a function allowing the operator to specify a 
required SRS to the controller, which in turn synthesizes a control waveform 
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resulting in the desired SRS 

5. Basic waveform analyses such as single/double integration, vector resolution, 
FFT, and SRS computation 

This section has provided a brief introduction to some of the test equipment, 
capabilities, and performance considerations associated with dynamic test and 
measurement. The reader is reminded that the examples cited represent only a small 
sample of what is available and currently in use. More thorough presentation of the 
concepts introduced and additional discussion on application- specific methods and 
equipment can be found through the resources provided at the end of the section. 

Defining Terms 

Frequency response: As a transducer characteristic, frequency response is the change 
of transducer sensitivity as a function of frequency. Normally, an operating 
frequency range is specified over which the sensitivity does not vary more than a 
stated percentage from the rated sensitivity. More generally, for a mechanical 
system, frequency response is a ratio of output response to input excitation as a 
function of frequency. 

g: The acceleration produced by the force of gravity. Acceleration amplitudes are 
commonly described as multiples of g, where 
1 (j = 980.665 cm/s 2 = 386.087 in./s 2 = 32.1739 ft/s 2 . 

Shock response spectrum (SRS): Also called shock spectrum, the SRS is a curve that 
indicates a theoretical maximum response as a function of pulse duration and 
responding system natural frequency. The shock spectrum of a waveform is an 
indication of the shock's damage potential in the frequency domain. 

Transducer: A device that provides a usable output in response to a specified 
measurand [ANSI/ISA S37. 1-1975]. 

Velocity change: The acceleration-time integral or the area under an acceleration-time 
shock pulse waveform. It is a function of the energy of the shock pulse and can be 
related to other physical quantities such as equivalent free-fall drop height. 
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THE LONG TRAVEL DAMPER (LTD) CLUTCH— The introduction of the Long Travel Damper 
(LTD) clutch by Rockwell has addressed driver concerns of engine and drivetrain torsional vibration. The 
15.5", diaphragm-spring, two-plate, pull-type clutch absorbs and dampens vibrations and torque loads 
passed through from the engine flywheel, providing a smoother ride for drivers and increased drivetrain 
component life. The LTD is available in three different capacities for use in low, medium and high 
horsepower ranges and features a fifth rivet to help alleviate clutch drag. (Photo courtesy of Rockwell 
Automotive.) 
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THIS SECTION COMBINES KINEMATICS AND MECHANISMS and certain aspects of 
mechanical design to provide an introductory coverage of certain aspects of the theory of machines 
and mechanisms. This is the branch of engineering that deals with design and analysis of moving 
devices (or mechanisms) and machinery and their components. Kinematic analysis is usually the 
first step in the design and evaluation of mechanisms and machinery, and involves studying the 
relative motion of various components of a device or evaluating the geometry of the force system 
acting on a mechanism or its components. Further analysis and evaluation may involve calculation 
of the magnitude and sense of the forces and the stresses produced in each part of a mechanism or 
machine as a result of such forces. The overall subject of the theory of machines and mechanisms 
is broad and would be difficult to cover in this section. Instead, the authors in this section provide 
an introduction to some topics in this area to give readers an appreciation of the broad nature of 
this subject as well as to provide a readily available reference on the topics covered. 

The first chapter is an introductory coverage of linkages and cams. These are mechanisms found 
in a variety of applications, from door hinges to robot manipulators and the valve mechanisms used 
in present-day motor vehicles. The scope of the presentation is displacement analysis dealing with 
understanding the relative motion between the input and output in such mechanisms. The second 
chapter goes beyond kinematic analysis and deals with the effects of the interactions between two 
surfaces in relative motion. This subject is referred to as tribology, and it is an important topic in 
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mechanical design, the theory of machines, and other fields. Tribology is an old field but still has 
many applications in areas where mechanical movement is achieved by relative motion between 
two surfaces. Present applications of tribology range from understanding the traction properties of 
tires used in automobiles to understanding the interfacial phenomena in magnetic storage systems 
and devices. The third chapter in this section deals with mechanical devices used for stopping 
relative motion between the contacting surfaces of machine elements or for coupling two moving 
mechanical components. These include mechanical fasteners, brakes, and clutches. Many 
mechanical devices and machines require the use of bolts and nuts (which are fasteners) for their 
construction. Brakes are usually used to stop the relative motion between two moving surfaces, and 
clutches reduce any mismatch in the speed of two mechanical elements. These components are 
used in a variety of applications; probably their best- known application is their use in the motor 
vehicle. 

The fourth chapter deals with another mechanical element in the automotive industry, namely, 
the journal bearing used in the crankshaft of the automotive engine (which is usually an internal 
combustion engine). The last chapter in this sectiondeals with mechanical seals used to protect 
against leakage of fluids from mechanical devices and machines. When two mechanical 
components are brought into contact or relative motion as part of a machine, the gap between the 
contacting surfaces must be sealed if fluid is used for lubrication or other purposes in the machine. 
This chapter provides an introduction to the mechanical seals used to protect against leakage of 
fluids. 

In summary, the authors in this section have provided easy-to-read introductions to selected 
topics in the field of theory of machines and mechanisms that can be used as a basis for further 
studies or as a readily available reference on the subject. 
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Mechanical movement of various machine components can be coordinated using linkages and 
cams. These devices are assembled from hinges, ball joints, sliders, and contacting surfaces and 
transform an input movement such as a rotation into an output movement that may be quite 
complex. 

20.1 Linkages 

Rigid links joined together by hinges parallel to each other are constrained to move in parallel 
planes and the system is called a planar linkage. A generic value for the degree of freedom, or 
mobility, of the system is given by the formula F = 3(n — 1) — 2j , where n is the number of links 
and j is the number of hinges. 

Two links and one hinge form the simplest open chain linkage. Open chains appear as the 
structure of robot manipulators. In particular, a three-degree-of-freedom planar robot is formed by 
four bodies joined in a series by three hinges, as in Fig. 20.1(b). 

If the series of links close to form a loop, the linkage is a simple closed chain. The simplest case 
is a quadrilateral (n = 4, j = 4) with one degree of freedom (See Figs. 20.1(a) and 20.3); notice 
that a triangle has mobility zero. A single loop with five links has two degrees of freedom and one 
with six links has three degrees of freedom. This latter linkage also appears when two planar 
robots hold the same object. 

A useful class of linkages is obtained by attaching a two-link chain to a four-link quadrilateral in 
various ways to obtain a one-degree-of-freedom linkage with two loops. The two basic forms of 
this linkage are known as the Stephenson and Watt six-bar linkages, shown in Fig. 20.2. 
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Figure 20.1 (a) Planar four-bar linkage; and (b) planar robot. 




Figure 20.2 (a) A Watt six-bar linkage; and (b) a Stephenson six-bar linkage. 





Figure 20.3 Dimensions used to analyze a planar 4R linkage. 
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In each of these linkages a sliding joint, which constrains a link to a straight line rather than a 
circle, can replace a hinge to obtain a different movement. For example, a slider-crank linkage is a 
four-bar closed chain formed by three hinges and a sliding joint. 



20.2 Spatial Linkages 

The axes of the hinges connecting a set of links need not be parallel. In this case the system is no 
longer constrained to move in parallel planes and forms a spatial linkage. The robot manipulator 
with six hinged joints (denoted R for re volute joint) is an example of a spatial 6R open chain. 

Spatial linkages are often constructed using joints that constrain a link to a sphere about a point, 
such as a ball-in-socket joint, or a gimbal mounting formed by three hinges with concurrent 
axes — each termed a spherical joint (denoted S). The simplest spatial closed chain is the RSSR 
linkage, which is often used in place of a planar four-bar linkage to allow for misalignment of the 
cranks (Fig. 20.4). 



Figure 20.4 A spatial RSSR linkage. 




Figure 20.5 A spherical 4R linkage. 




Another useful class of spatial mechanisms is produced by four hinges with concurrent axes that 
form a spherical quadrilateral known as a spherical linkage. These linkages provide a controlled 
reorientation movement of a body in space (Fig. 20.5). 



20.3 Displacement Analysis 

The closed loop of the planar 4R linkage (Fig. 20.3) introduces a constraint between the crank 
angles 6 and if; given by the equation 
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A cos ip + B sin ip = C (20.1) 



where 

A = 2 gb — 2abcos9 
B = —2 ab sin 6 

C - Ii 2 — g 2 — b 2 — a 2 + 2 ga cos 6 

This equation can be solved to give an explicit formula for the angle ip of the output crank in terms 
of the input crank rotation 6: 

ip (9) = tan -1 ( ^ ] ± cos -1 ( ^ = 

\Aj V V a: 2 + B°- 

The constraint equations for the spatial RSSR and spherical 4R linkages have the same form as that 
of the planar 4R linkage, but with coefficients as follows. For spatial RSSR linkage (Fig. 20.4): 

A = — 2 ab cos 7 cos 6 — 2br\ sin 7 
B = 2 bg — 2 a 6 sin 6 

C = h 2 — g' 2 — b 2 — a 2 - r\ — rf + 2rir 2 cos 7 
+2ar 2 sin 7 cos 6 + 2 ga sin 9 
For spherical 4R linkage (Fig. 20.5): 

A = sin a sin o cos 7 cos 9 — cos a sin (3 sin 7 
B = sin a sin (3 sin 9 
C - cos 7] — sin a cos / 3 sin 7 cos 9 
— cos a cos f3 cos 7 

The formula for the output angle ip in terms of 9 for both cases is identical to that already given for 
the planar 4R linkage. 

20.4 Cam Design 

A cam pair (or cam-follower) consists of two primary elements called the cam and follower. The 
cam's motion, which is usually rotary, is transformed into either follower translation, oscillation, or 
combination, through direct mechanical contact. Cam pairs are found in numerous manufacturing 
and commercial applications requiring motion, path, and/or function generation. Cam pair 
mechanisms are usually simple, inexpensive, compact, and robust for the most demanding design 
applications. Moreover, a cam profile can be designed to generate virtually any desired follower 
motion, by either graphical or analytical methods. 




20.5 Classification of Cams and Followers 

The versatility of cam pairs is evidenced by the variety of shapes, forms, and motions for both cam 
and follower. Cams are usually classified according to their basic shape as illustrated in Fig. 20.6: 
(a) plate cam, (b) wedge cam, (c) cylindric or barrel cam, and (d) end or face cam. 
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Figure 20.6 Basic types of cams. 





Followers are also classified according to their basic shape with optional modifiers describing 
their motion characteristics. For example, a follower can oscillate [Figs. 20.7(a-b)] or translate 
[20.7(c-g)j. As required by many applications, follower motion may be offset from the cam shaft's 
center as illustrated in Fig. 20.7(g). For all cam pairs, however, the follower must maintain 
constant contact with cam surface. Constant contact can be achieved by gravity, springs, or other 
mechanical constraints such as grooves. 



© 1998 by CRC PRESS LLC 




Figure 20.7 Basic types of followers. 




20.6 Displacement Diagrams 

The cam's primary function is to create a well-defined follower displacement. If the cam's 
displacement is designated by 9 and follower displacement by y, a given cam is designed such that 
a displacement function 



V = m (20.3) 
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is satisfied. A graph of y versus 6 is called the follower displacement diagram (Fig. 20.8). On a 
displacement diagram, the abscissa represents one revolution of cam motion ( 8 ) and the ordinate 
represents the corresponding follower displacement (y). Portions of the displacement diagram, 
when follower motion is away from the cam's center, are called rise. The maximum rise is called 
lift. Periods of follower rest are referred to as dwells, and returns occur when follower motion is 
toward the cam's center. 

Figure 20.8 Displacement diagram. 



y 




The cam profile is generated from the follower displacement diagram via graphical or analytical 
methods that use parabolic, simple harmonic, cycloidal, and/or polynomial profiles. For many 
applications, the follower's velocity, acceleration, and higher time derivatives are necessary for 
proper cam design. 

Cam profile generation is best illustrated using graphical methods where the cam profile can be 
constructed from the follower displacement diagram using the principle of kinematic inversion. As 
shown in Fig. 20.9, the prime circle is divided into a number of equal angular segments and 
assigned station numbers. The follower displacement diagram is then divided along the abscissa 
into corresponding segments. Using dividers, the distances are then transferred from the 
displacement diagram directly onto the cam layout to locate the corresponding trace point position. 
A smooth curve through these points is the pitch curve. For the case of a roller follower, the roller 
is drawn in its proper position at each station and the cam profile is then constructed as a smooth 
curve tangent to all roller positions. Analytical methods can be employed to facilitate 
computer-aided design of cam profiles. 
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Figure 20.9 Cam layout. 




Figure 20.9 Cam layout. 



Defining Terms 

Linkage Terminology 

Standard terminology for linkages includes the following: 

Degree of freedom: The number of parameters, available as input, that prescribe the 
configuration of a given linkage, also known as its mobility. 

Planar linkage: A collection of links constrained to move in parallel planes. 

Revolute joint: A hinged connection between two links that constrains their relative movement to 
the plane perpendicular to the hinge axis. 

Spatial linkage: A linkage with at least one link that moves out of a plane. 

Spherical joint: A connection between two links that constrains their relative movement to a 
sphere about a point at the center of the joint. 

Spherical linkage: A collection of links constrained to move on concentric spheres. 

Cam Terminology 

The standard cam terminology is illustrated in Fig. 20.10 and defined as follows: 

Base circle: The smallest circle, centered on the cam axis, that touches the cam profile (radius 
Rb). 

Cam profile: The cam's working surface. 

Pitch circle: The circle through the pitch point, centered on the cam axis (radius R p ). 

Pitch curve: The path of the trace point. 

Pitch point: The point on the pitch curve where pressure angle is maximum. 

Pressure angle: The angle between the normal to the pitch curve and the instantaneous direction 
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of trace point motion. 

Prime circle: The smallest circle, centered on the cam axis, that touches the pitch curve (radius 

Ra ). 

Trace point: The contact point of a knife-edge follower, the center of a roller follower, or a 
reference point on a flat-faced follower. 



Figure 20.10 Cam terminology. 
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In this chapter we first present the history of macrotribology and micro/nanotribology and their 
significance. We then describe mechanisms of friction, wear, and lubrication, followed by 
micro/nanotribology . 

21.1 History of Tribology and Its Significance to 

Industry 

Tribology is the science and technology of two interacting surfaces in relative motion and of 
related subjects and practices. The popular equivalent is friction, wear, and lubrication. The word 
tribology, coined in 1966, is derived from the Greek word tribos meaning "rubbing," so the literal 
translation would be the science of rubbing [Jost, 1966]. It is only the name tribology that is 
relatively new, because interest in the constituent parts of tribology is older than recorded history 
[Dowson, 1979]. It is known that drills made during the Paleolithic period for drilling holes or 
producing fire were fitted with bearings made from antlers or bones, and potters' wheels or stones 
for grinding cereals clearly had a requirement for some form of bearings [Davidson, 1957]. A ball 
thrust bearing dated about 40 a.d. was found in Lake Nimi near Rome. 

Records show the use of wheels from 3500 b.c., which illustrates our ancestors' concern with 
reducing friction in translationary motion. The transportation of large stone building blocks and 
monuments required the know-how of frictional devices and lubricants, such as water-lubricated 
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sleds. Figure 21.1 illustrates the use of a sledge to transport a heavy statue by Egyptians circa 1880 
b.c. [Layard, 1853]. In this transportation, 172 slaves are being used to drag a large statue weighing 
about 600 kN along a wooden track. One man, standing on the sledge supporting the statue, is seen 
pouring a liquid into the path of motion; perhaps he was one of the earliest lubrication engineers. 
[Dowson (1979) has estimated that each man exerted a pull of about 800 N. On this basis the total 
effort, which must at least equal the friction force, becomes 172 x 800 N. Thus, the coefficient of 
friction is about 0.23.] A tomb in Egypt that was dated several thousand years b.c. provides the 
evidence of use of lubricants. A chariot in this tomb still contained some of the original animal-fat 
lubricant in its wheel bearings. 



Figure 21.1 Egyptians using lubricant to aid movement of Colossus, El-Bersheh, c. 1880 B.c. 




During and after the glory of the Roman empire, military engineers rose to prominence by 
devising both war machinery and methods of fortification, using tribological principles. It was the 
Renaissance engineer and artist Leonardo da Vinci (1452-1519), celebrated in his days for his 
genius in military construction as well as for his painting and sculpture, who first postulated a 
scientific approach to friction. Leonardo introduced for the first time the concept of coefficient of 
friction as the ratio of the friction force to normal load. In 1699 Amontons found that the friction 
force is directly proportional to the normal load and is independent of the apparent area of contact. 
These observations were verified by Coulomb in 1781, who made a clear distinction between static 
friction and kinetic friction. 

Many other developments occurred during the 1500s, particularly in the use of improved bearing 
materials. In 1684 Robert Hooke suggested the combination of steel shafts and bell-metal bushes 
as preferable to wood shod with iron for wheel bearings. Further developments were associated 
with the growth of industrialization in the latter part of the eighteenth century. Early developments 
in the petroleum industry started in Scotland, Canada, and the U.S. in the 1850s [Parish, 1935; 
Dowson, 1979]. 

Though essential laws of viscous flow had earlier been postulated by Newton, scientific 
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understanding of lubricated bearing operations did not occur until the end of the nineteenth 
century. Indeed, the beginning of our understanding of the principle of hydrodynamic lubrication 
was made possible by the experimental studies of Tower [1884] and the theoretical interpretations 
of Reynolds [1886] and related work by Petroff [1883]. Since then developments in hydrodynamic 
bearing theory and practice have been extremely rapid in meeting the demand for reliable bearings 
in new machinery. 

Wear is a much younger subject than friction and bearing development, and it was initiated on a 
largely empirical basis. 

Since the beginning of the 20th century, from enormous industrial growth leading to demand for 
better tribology, our knowledge in all areas of tribology has expanded tremendously [Holm, 1946; 
Bowden and Tabor, 1950, 1964; Bhushan, 1990, 1992; Bhushan and Gupta, 1991]. 

Tribology is crucial to modern machinery, which uses sliding and rolling surfaces. Examples of 
productive wear are writing with a pencil, machining, and polishing. Examples of productive 
friction are brakes, clutches, driving wheels on trains and automobiles, bolts, and nuts. Examples 
of unproductive friction and wear are internal combustion and aircraft engines, gears, cams, 
bearings, and seals. According to some estimates, losses resulting from ignorance of tribology 
amount in the U.S. to about 6% of its gross national product or about 200 billion dollars per year, 
and approximately one-third of the world's energy resources in present use appear as friction in one 
form or another. Thus, the importance of friction reduction and wear control cannot be 
overemphasized for economic reasons and long-term reliability. According to Jost [1966, 1976], 
the United Kingdom could save approximately 500 million pounds per annum and the U.S. could 
save in excess of 16 billion dollars per annum by better tribological practices. The savings are both 
substantial and significant and could be obtained without the deployment of large capital 
investment. 

The purpose of research in tribology is understandably the minimization and elimination of 
losses resulting from friction and wear at all levels of technology where the rubbing of surfaces are 
involved. Research in tribology leads to greater plant efficiency, better performance, fewer 
breakdowns, and significant savings. 

21.2 Origins and Significance of Micro/nanotribology 

The advent of new techniques to measure surface topography, adhesion, friction, wear, lubricant 
film thickness, and mechanical properties all on micro- to nanometer scale; to image lubricant 
molecules; and to conduct atomic-scale simulations with the availability of supercomputers has led 
to development of a new field referred to as microtribology, nanotribology, molecular tribology, or 
atomic-scale tribology. This field deals with experimental and theoretical investigations of 
processes ranging from atomic and molecular scales to micro scales, occurring during adhesion, 
friction, wear, and thin-film lubrication at sliding surfaces. The differences between the 
conventional or macrotribology and micro/nanotribology are contrasted in Fig. 21.2. In 
macrotribology, tests are conducted on components with relatively large mass under heavily loaded 
conditions. In these tests, wear is inevitable and the bulk properties of mating components 
dominate the tribological performance. In micro/nanotribology, measurements are made on 
components, at least one of the mating components with relatively small mass under lightly loaded 
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conditions. In this situation negligible wear occurs and the surface properties dominate the 
tribological performance. 

Figure 21.2 Comparison between macrotribology and micro/nano tribology. 
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The micro/nanotribological studies are needed to develop fundamental understanding of 
interfacial phenomena on a small scale and to study interfacial phenomena in micro- and 
nanostructures used in magnetic storage systems, microelectromechanical systems (MEMS) and 
other industrial applications [Bhushan, 1990, 1992], The components used in micro- and 
nanostructures are very light (on the order of few micrograms) and operate under very light loads 
(on the order of few micrograms to few milligrams). As a result, friction and wear (on a nanoscale) 
of lightly loaded micro/nanocomponents are highly dependent on the surface interactions (few 
atomic layers). These structures are generally lubricated with molecularly thin films. Micro- and 
nanotribological techniques are ideal to study the friction and wear processes of micro- and 
nanostructures. Although micro/nanotribological studies are critical to study micro- and 
nanostructures, these studies are also valuable in fundamental understanding of interfacial 
phenomena in macrostructures to provide a bridge between science and engineering. Friction and 
wear on micro- and nanoscales have been found to be generally small compared to that at 
macroscales. Therefore, micro/nanotribological studies may identify the regime for ultra-low 
friction and near zero wear. 

To give a historical perspective of the field [Bhushan, 1995], the scanning tunneling 
microscope (STM) developed by Dr. Gerd Binnig and his colleagues in 1981 at the IBM Zurich 
Research Laboratory, Forschungslabor, is the first instrument capable of directly obtaining 
three-dimensional (3-D) images of solid surfaces with atomic resolution [Binnig et al, 1982], G. 
Binnig and H. Rohrer received a Nobel Prize in Physics in 1986 for their discovery. STMs can 
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only be used to study surfaces that are electrically conductive to some degree. Based on their 
design of STM Binnig et al. developed, in 1985, an atomic force microscope (AFM) to measure 
ultrasmall forces (less than 1 pN ) present between the AFM tip surface and the sample surface 
[1986]. AFMs can be used for measurement of all engineering surfaces, which may be either 
electrically conducting or insulating. AFM has become a popular surface profiler for topographic 
measurements on micro- to nanoscale. Mate et al. [1987] were the first to modify an AFM in order 
to measure both normal and friction forces and this instrument is generally called friction force 
microscope (FFM) or lateral force microscope (LFM). Since then, Bhushan and other researchers 
have used FFM for atomic-scale and microscale friction and boundary lubrication studies 
[Bhushan and Ruan, 1994; Bhushan et al., 1994; Ruan and Bhushan, 1994; Bhushan, 1995; 
Bhushan et al., 1995]. By using a standard or a sharp diamond tip mounted on a stiff cantilever 
beam, Bhushan and other researchers have used AFM for scratching, wear, and measurements of 
elastic/plastic mechanical properties (such as indentation hardness and modulus of elasticity) 
[Bhushan et al., 1994; Bhushan and Koinkar, 1994a, b; Bhushan, 1995; Bhushan et al., 1995]. 

Surface force apparatuses (SFAs), first developed in 1969 [Tabor and Winterton, 1969], are 
other instruments used to study both static and dynamic properties of the molecularly thin liquid 
films sandwiched between two molecularly smooth surfaces [Israelachvili and Adams, 1978; 

Klein, 1980; Tonck et al., 1988; Georges et al, 1993,1994], These instruments have been used to 
measure the dynamic shear response of liquid films [Bhushan, 1995]. Recently, new friction 
attachments were developed that allow for two surfaces to be sheared past each other at varying 
sliding speeds or oscillating frequencies while simultaneously measuring both the friction forces 
and normal forces between them [Peachey et al., 1991; Bhushan, 1995]. The distance between two 
surfaces can also be independently controlled to within ±0.1 nm and the force sensitivity is about 
10 nN. The SFAs are used to study rheology of molecularly thin liquid films; however, the liquid 
under study has to be confined between molecularly smooth optically transparent surfaces with 
radii of curvature on the order of 1 mm (leading to poorer lateral resolution as compared to AFMs). 
SFAs developed by Tonck et al. [1988] and Georges et al. [1993, 1994] use an opaque and smooth 
ball with large radius (« 3 mm) against an opaque and smooth flat surface. Only AFMs/FFMs can 
be used to study engineering surfaces in the dry and wet conditions with atomic resolution. 



21.3 Friction 



Definition of Friction 

Friction is the resistance to motion that is experienced whenever one solid body slides over 
another. The resistive force, which is parallel to the direction of motion, is called the friction force, 
Fig. 21.3(a). If the solid bodies are loaded together and a tangential force (F) is applied, then the 
value of the tangential force that is required to initiate sliding is the static friction force. It may take 
a few milliseconds before sliding is initiated at the interface (F statjc ). The tangential force required 
to maintain sliding is the kinetic (or dynamic) friction force (Akinetic )• The kinetic friction force is 
either lower than or equal to the static friction force, Fig. 21.3(b). 
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Figure 21.3 (a) Schematic illustration of a body sliding on a horizontal surface. W is the normal load and 
F is the friction force, (b) Friction force versus time or displacement. F statK; is the force required to initiate 
sliding and Fkmetic is the force required to sustain sliding, (c) Kinetic friction force versus time or 
displacement showing irregular stick- slip. 
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It has been found experimentally that there are two basic laws of intrinsic (or conventional) 
friction that are generally obeyed over a wide range of applications. The first law states that the 
friction is independent of the apparent area of contact between the contacting bodies, and the 
second law states that the friction force F is proportional to the normal load IT between the bodies. 
These laws are often referred to as Amontons laws, after the French engineer Amontons, who 
presented them in 1699 [Dowson, 1979]. 

The second law of friction enables us to define a coefficient of friction. The law states that the 
friction force F is proportional to the normal load W. That is, 

F = pW (21.1) 

where // is a constant known as the coefficient of friction. It should be emphasized that // is a 
constant only for a given pair of sliding materials under a given set of operating conditions 
(temperature, humidity, normal pressure, and sliding velocity). Many materials show sliding speed 
and normal load dependence on the coefficients of static and kinetic friction in dry and lubricated 
contact. 

It is a matter of common experience that the sliding of one body over another under a steady 
pulling force proceeds sometimes at constant or nearly constant velocity, and on other occasions at 
velocities that fluctuate widely. If the friction force (or sliding velocity) does not remain constant 
as a function of distance or time and produces a form of oscillation, it is generally called a 
stick- slip phenomena, Fig. 21.3(c). During the stick phase, the friction force builds up to a certain 
value and then slip occurs at the interface. Usually, a sawtooth pattern in the friction force-time 
curve [Fig. 21.3(c)] is observed during the stick-slip process. Stick-slip generally arises whenever 
the coefficient of static friction is markedly greater than the coefficient of kinetic friction or 
whenever the rate of change of coefficient of kinetic friction as a function of velocity at the sliding 
velocity employed is negative. The stick-slip events can occur either repetitively or in a random 
manner. 

The stick-slip process generally results in squealing and chattering of sliding systems. In most 
sliding systems the fluctuations of sliding velocity resulting from the stick-slip process and 
associated squeal and chatter are considered undesirable, and measures are normally taken to 
eliminate, or at any rate to reduce, the amplitude of the fluctuations. 

Theories of Friction 

All engineering surfaces are rough on a microscale. When two nominally flat surfaces are placed in 
contact under load, the contact takes place at the tips of the asperities and the load is supported by 
the deformation of contacting asperities, and the discrete contact spots (junctions) are formed, Fig. 
21.4. The sum of the areas of all the contact spots constitutes the real (true) area of the contact 
(A r ) and for most materials at normal loads, this will be only a small fraction of the apparent 
(nominal) area of contact [A a ). The proximity of the asperities results in adhesive contacts caused 
by either physical or chemical interaction. When these two surfaces move relative to each other, a 
lateral force is required to overcome adhesion. This force is referred to as adhesional friction 
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force. From classical theory of adhesion, this friction force (F A ) is defined as follows [Bowden 
and Tabor, 1950]. For a dry contact, 



F a = A r r a (21.2a) 



and for a lubricated contact, 



F a — A r [aT a + (1 - a)n] (21.2b) 



and 



ti = rjiV/h (21.2c) 

where r a and 77 are the shear strengths of the dry contact and of the lubricant film, respectively; a 
is the fraction of unlubricated area; rji is the dynamic viscosity of the lubricant; V is the relative 
sliding velocity; and h is the lubricant film thickness. 

Figure 21.4 Schematic representation of an interface, showing the apparent (A a ) and real (14,.) areas of 
contact. Typical size of an asperity contact is from submicron to a few microns. Inset shows the details of a 
contact on a submicron scale. 




The contacts can be either elastic or plastic, depending primarily on the surface topography and 
the mechanical properties of the mating surfaces. The expressions for real area of contact for 
elastic (e) and plastic (p) contacts are as follows [Greenwood and Williamson, 1966; Bhushan, 
1984, 1990]. For?/; < 0.6, elastic contacts, 

Ae/W ~ 3.2 /E c (op/Rp) 1/2 (21.3a) 

For^ > 1, plastic contacts, 

ArpjW — 1/H (21.3b) 
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Finally, 



■0 = (E c /H) (a p / R p ) 1/2 (21.3c) 

where E c is the composite modulus of elasticity, H is the hardness of the softer material, and a p 
and 1 /R p are the composite standard deviation and composite mean curvature of the summits of 
the mating surfaces. The real area of contact is reduced by improving the mechanical properties 
and in some cases by increasing the roughness (in the case of bulk of the deformation being in the 
elastic contact regime). 

The adhesion strength depends upon the mechanical properties and the physical and chemical 
interaction of the contacting bodies. The adhesion strength is reduced by reducing surface 
interactions at the interface. For example, presence of contaminants or deliberately applied fluid 
film (e.g., air, water, or lubricant) would reduce the adhesion strength. Generally, most interfaces 
in vacuum with intimate solid-solid contact would exhibit very high values for coefficient of 
friction. Few pp of contaminants (air, water) may be sufficient to reduce // dramatically. Thick 
films of liquids or gases would further reduce //. as it is much easier to shear into a fluid film than 
to shear a solid-solid contact. 

So far we have discussed theory of adhesional friction. If one of the sliding surfaces is harder 
than the other, the asperities of the harder surface may penetrate and plough into the softer surface. 
Ploughing into the softer surface may also occur as a result of impacted wear debris. In addition, 
interaction of two rather rough surfaces may result into mechanical interlocking on micro or macro 
scale. During sliding, interlocking would result into ploughing of one of the surfaces. In tangential 
motion the ploughing resistance is in addition to the adhesional friction. There is yet other 
mechanism of friction — deformation (or hysteresis) friction — which may be prevalent in materials 
with elastic hysteresis losses such as in polymers. In boundary lubricated conditions or 
unlubricated interfaces exposed to humid environments, presence of some liquid may result in 
formation of menisci or adhesive bridges and the meniscus/viscous effects may become important; 
in some cases these may even dominate the overall friction force [Bhushan, 1990]. 

Measurements of Friction 

In a friction measurement apparatus two test specimens are loaded against each other at a desired 
normal load, one of the specimens is allowed to slide relative to the other at a desired sliding speed, 
and the tangential force required to initiate or maintain sliding is measured. There are numerous 
apparatuses used to measure friction force [Benzing et al., 1976; Bhushan and Gupta, 1991]. The 
simplest method is an inclined-plane technique. In this method the flat test specimen of weight W is 
placed on top of another flat specimen whose inclination can be adjusted, as shown in Fig. 21.5. 
The inclination of the lower specimen is increased from zero to an angle at which the block begins 
to slide. At this point, downward horizontal force being applied at the interface exceeds the static 
friction force, F stat i C . At the inclination angle 0. at which the block just begins to 
slide, 



Static = W sin 6 
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and the coefficient of static friction //,<, is 



AG = 



-^static 

W COS 9 



tan 9 



(21.4) 



The angle 9 is referred to as friction angle. This simple method only measures the coefficient of 
static friction and does not allow the measurements of the effect of sliding. However, this method 
demonstrates the effects of friction and provides the simplest method to measure coefficient of 
static friction. 



Figure 21.5 Inclined-plane technique to measure static friction force. 




Typical values of coefficient of friction of various material pairs are presented in Table 21.1 
[Avallone and Baumeister, 1987], It should be noted that values of coefficient of friction depend 
on the operating conditions — loads, speeds, and the environment — and the values reported in 
Table 21.1 should therefore be used with caution. 

Table 21.1 Coefficient of Friction /i for Various Material Combinations 
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Brass on mild steel 
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0.52 




Cast iron on oak 






0.49 


0.075(h) 


Leather on cast iron 






0.56 


0.36 it) 
0.13(h) 


Laminated plastic on steel 






0.35 


0.05 it) 


Eluted rubber bearing on 








0.05 (t) 


steel 











Source: Adapted from Avallone, E. A. and Baumeister, T., Ill, 1987. Marks' Standard Handbook for Mechanical 
Engineers, 9th ed. McGraw-Hill, New York. 

Note: Reference letters indicate the lubricant used: 

a = oleic acid 

b = Atlantic spindle oil (light mineral) 
c = castor oil 
d = lard oil 

e = Atlantic spindle oil plus 2% oleic acid 
/= medium mineral oil 
g = medium mineral oil plus Vi% oleic acid 
h = stearic acid 
i = grease (zinc oxide base) 
j = graphite 

k = turbine oil plus 1 % graphite 
/ = turbine oil plus 1 % stearic acid 
m = turbine oil (medium mineral) 
n = olive oil 
p = palmitic acid 
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q = ricinoleic acid 
r = dry soap 
s = lard 
t = water 
u = rape oil 
v = 3-in-l oil 
w = octyl alcohol 
x = triolein 

y = 1 % lauric acid in paraffin oil 



21.4 Wear 

Wear is the removal of material from one or both of two solid surfaces in a solid-state contact. It 
occurs when solid surfaces are in a sliding, rolling, or impact motion relative to one another. Wear 
occurs through surface interactions at asperities, and components may need replacement after a 
relatively small amount of material has been removed or if the surface is unduly roughened. In 
well-designed tribological systems, the removal of material is usually a very slow process but it is 
very steady and continuous. The generation and circulation of wear debris — particularly in 
machine applications where the clearances are small relative to the wear particle size — may be 
more of a problem than the actual amount of wear. 

Wear includes six principal, quite distinct phenomena that have only one thing in common: the 
removal of solid material from rubbing surfaces. These are (1) adhesive; (2) abrasive; (3) fatigue; 
(4) impact by erosion or percussion; (5) corrosive; and (6) electrical arc -induced wear [Archard, 
1980; Bhushan et al., 1985a,b; Bhushan, 1990]. Other commonly encountered wear types are 
fretting and fretting corrosion. These are not distinct mechanisms, but rather combinations of the 
adhesive, corrosive, and abrasive forms of wear. According to some estimates, two-thirds of all 
wear encountered in industrial situations occurs because of adhesive- and abrasive-wear 
mechanisms. 

Of the aforementioned wear mechanisms, one or more may be operating in one particular 
machinery. In many cases wear is initiated by one mechanism and results in other wear 
mechanisms, thereby complicating failure analysis. 

Adhesive Wear 

Adhesive wear occurs when two nominally flat solid bodies are in rubbing contact, whether 
lubricated or not. Adhesion (or bonding) occurs at the asperity contacts on the interface, and 
fragments are pulled off one surface to adhere to the other surface. Subsequently, these fragments 
may come off the surface on which they are formed and either be transferred back to the original 
surface or form loose wear particles. Severe types of adhesive wear are often called galling, 
scuffing, scoring, or smearing, although these terms are sometimes used loosely to describe other 
types of wear. 

Although the adhesive-wear theory can explain transferred wear particles, it does not explain 
how loose wear particles are formed. We now describe the actual process of formation of wear 
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particles. Asperity contacts are sheared by sliding and a small fragment of either surface becomes 
attached to the other surface. As sliding continues, the fragment constitutes a new asperity that 
becomes attached once more to the original surface. This transfer element is repeatedly passed 
from one surface to the other and grows quickly to a large size, absorbing many of the transfer 
elements so as to form a flakelike particle from materials of both rubbing elements. Rapid growth 
of this transfer particle finally accounts for its removal as a wear particle, as shown in Fig. 21.6. 
The occurrence of wear of the harder of the two rubbing surfaces is difficult to understand in terms 
of the adhesion theory. It is believed that the material transferred by adhesion to the harder surface 
may finally get detached by a fatigue process. 

Figure 21.6 Schematic showing generation of wear particle as a result of adhesive wear 
mechanism. 






As a result of experiments carried out with various unlubricated materials — the vast majority 
being metallic — it is possible to write the laws of adhesive wear, commonly referred to as 
Archard's law, as follows [Archard, 1953]. For plastic contacts, 
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V = kWx/H (21.5) 



where V is the volume worn away, W is the normal load, x is the sliding distance, H is the hardness 
of the surface being worn away, and k is a nondimensional wear coefficient dependent on the 
materials in contact and their exact degree of cleanliness. The term k is usually interpreted as the 
probability that a wear particle is formed at a given asperity encounter. 

Equation (21.5) suggests that the probability of a wear-particle formation increases with an 
increase in the real area of contact, A r (A r = W/H for plastic contacts), and the sliding distance. 
For elastic contacts occurring in materials with a low modulus of elasticity and a very low surface 
roughness Eq. (21.5) can be rewritten for elastic contacts (Bhushan's law of adhesive wear) as 
[Bhushan, 1990] 



V = k' W x / E c (a p / R p ) 1/2 (21.6) 

where k' is a nondimensional wear coefficient. According to this equation, elastic modulus and 
surface roughness govern the volume of wear. We note that in an elastic contact — though the 
normal stresses remain compressive throughout the entire contact — strong adhesion of some 
contacts can lead to generation of wear particles. Repeated elastic contacts can also fail by 
surface/subsurface fatigue. In addition, as the total number of contacts increases, the probability of 
a few plastic contacts increases, and the plastic contacts are specially detrimental from the wear 
standpoint. 

Based on studies by Rabinowicz [1980], typical values of wear coefficients for metal on metal 
and nonmetal on metal combinations that are unlubricated (clean) and in various lubricated 
conditions are presented in Table 21.2. Wear coefficients and coefficients of friction for selected 
material combinations are presented in Table 21.3 [Archard, 1980]. 

Table 21.2 Typical Values of Wear Coefficients for Metal on Metal and Nonmetal on Metal 
Combinations 



Metal on Metal 


Condition 


Like 


Unlike* 


Nonmetal on Metal 


Clean (unlubricated) 


1500 ■ Kr B 


15 to 500 ■ 10~ 6 


1.5 ■ 10~ B 


Poorly lubricated 


300 


3 to 100 


1.5 


Average lubrication 


30 


0.3 to 10 


0.3 


Excellent lubrication 


1 


0.03 to 0.3 


0.03 



*The values depend on the metallurgical compatibility (degree of solid solubility when the two metals are melted 
together). Increasing degree of incompatibility reduces wear, leading to higher value of the wear 
coefficients. 
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Table 21.3 Coefficient of Friction and Wear Coefficients for Various Materials in the Unlubricated 
Sliding 



Materials 



Wearing Surface 


Counter Surface 


Vickers 

Microhardness 

(kg/mm 2 ) 


Coefficient of 
Friction 


Wear Coefficient 
(k) 


Mild steel 


Mild steel 


186 


0.62 


o 

h- 1 

o 

1 

GO 


60/40 leaded 


Tool steel 


95 


0.24 


6.0 • 10^ 4 


brass 


Ferritic stainless 


Tool steel 


250 


0.53 


i.7- nr 5 


steel 


Stellite 


Tool steel 


690 


0.60 


5.5 • 10^ 5 


PTFE 


Tool steel 


5 


0.18 


2.4 • 10~ 5 


Polyethylene 


Tool steel 


17 


0.53 


1.3 • 10- 7 


Tungsten carbide 


Tungsten carbide 


1300 


0.35 


1.0 • 10^ 6 



Source: Archard, J. F. 1980. Wear theory and mechanisms. In Wear Control Handbook, ed. M. B. Peterson and 
W. O. Winer, pp. 35-80. ASME, New York. 

Note: Load = 3.9 N; speed = 1.8 m/s. The stated value of the hardness is that of the softer (wearing) material in 
each example. 



Abrasive Wear 

Abrasive wear occurs when a rough, hard surface slides on a softer surface and ploughs a series of 
grooves in it. The surface can be ploughed (plastically deformed) without removal of material. 
However, after the surface has been ploughed several times, material removal can occur by a 
low-cycle fatigue mechanism. Abrasive wear is also sometimes called ploughing, scratching, 
scoring, gouging, or cutting, depending on the degree of severity. There are two general situations 
for this type of wear. In the first case the hard surface is the harder of two rubbing surfaces 
(two-body abrasion), for example, in mechanical operations such as grinding, cutting, and 
machining. In the second case the hard surface is a third body, generally a small particle of grit or 
abrasive, caught between the two other surfaces and sufficiently harder that it is able to abrade 
either one or both of the mating surfaces (three-body abrasion), for example, in lapping and 
polishing. In many cases the wear mechanism at the start is adhesive, which generates wear debris 
that gets trapped at the interface, resulting in a three-body abrasive wear. 

To derive a simple quantitative expression for abrasive wear, we assume a conical asperity on 
the hard surface (Fig. 21.7). Then the volume of wear removed is given as follows [Rabinowicz, 
1965]: 



V = kWx tan B/H (21.7) 



where tan 9 is a weighted average of the tan 9 values of all the individual cones and k is a factor 
that includes the geometry of the asperities and the probability that a given asperity cuts (removes) 
rather than ploughs. Thus, the roughness effect on the volume of wear is very 
distinct. 
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Figure 21.7 Abrasive wear model in which a cone removes material from a surface. (Source: 
Rabinowicz, E. 1965. Friction and Wear of Materials. John Wiley & Sons, New York. With 
permission.) 




dx 



Fatigue Wear 

Subsurface and surface fatigue are observed during repeated rolling and sliding, respectively. For 
pure rolling condition the maximum shear stress responsible for nucleation of cracks occurs some 
distance below the surface, and its location moves towards the surface with an application of the 
friction force at the interface. The repeated loading and unloading cycles to which the materials are 
exposed may induce the formation of subsurface or surface cracks, which eventually, after a 
critical number of cycles, will result in the breakup of the surface with the formation of large 
fragments, leaving large pits in the surface. Prior to this critical point, negligible wear takes place, 
which is in marked contrast to the wear caused by adhesive or abrasive mechanism, where wear 
causes a gradual deterioration from the start of running. Therefore, the amount of material removed 
by fatigue wear is not a useful parameter. Much more relevant is the useful life in terms of the 
number of revolutions or time before fatigue failure occurs. Time to fatigue failure is dependent on 
the amplitude of the reversed shear stresses, the interface lubrication conditions, and the fatigue 
properties of the rolling materials. 



Impact Wear 

Two broad types of wear phenomena belong in the category of impact wear: erosive and 
percussive wear. Erosion can occur by jets and streams of solid particles, liquid droplets, and 
implosion of bubbles formed in the fluid. Percussion occurs from repetitive solid body impacts. 
Erosive wear by impingement of solid particles is a form of abrasion that is generally treated rather 
differently because the contact stress arises from the kinetic energy of a particle flowing in an air or 
liquid stream as it encounters a surface. The particle velocity and impact angle combined with the 
size of the abrasive give a measure of the kinetic energy of the erosive stream. The volume of wear 
is proportional to the kinetic energy of the impinging particles, that is, to the square of the velocity. 
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Wear rate dependence on the impact angle differs between ductile and brittle materials. [Bitter, 
1963], 

When small drops of liquid strike the surface of a solid at high speeds (as low as 300 m/s), very 
high pressures are experienced, exceeding the yield strength of most materials. Thus, plastic 
deformation or fracture can result from a single impact, and repeated impact leads to pitting and 
erosive wear. Caviation erosion arises when a solid and fluid are in relative motion and bubbles 
formed in the fluid become unstable and implode against the surface of the solid. Damage by this 
process is found in such components as ships' propellers and centrifugal 
pumps. 

Percussion is a repetitive solid body impact, such as experienced by print hammers in high-speed 
electromechanical applications and high asperities of the surfaces in a gas bearing (e.g., 
head-medium interface in magnetic storage systems). In most practical machine applications the 
impact is associated with sliding; that is, the relative approach of the contacting surfaces has both 
normal and tangential components known as compound impact [Engel, 1976]. 

Corrosive Wear 

Corrosive wear occurs when sliding takes place in a corrosive environment. In the absence of 
sliding, the products of the corrosion (e.g., oxides) would form a film typically less than a 
micrometer thick on the surfaces, which would tend to slow down or even arrest the corrosion, but 
the sliding action wears the film away, so that the corrosive attack can continue. Thus, corrosive 
wear requires both corrosion and rubbing. Machineries operating in an industrial environment or 
near the coast generally corrode more rapidly than those operating in a clean environment. 
Corrosion can occur because of chemical or electrochemical interaction of the interface with the 
environment. Chemical corrosion occurs in a highly corrosive environment and in high 
temperature and high humidity environments. Electrochemical corrosion is a chemical reaction 
accompanied by the passage of an electric current, and for this to occur a potential difference must 
exist between two regions. 



Electrical Arc-Induced Wear 

When a high potential is present over a thin air film in a sliding process, a dielectric breakdown 
results that leads to arcing. During arcing, a relatively high-power density (on the order of 1 
kW/mm 2 ) occurs over a very short period of time (on the order of 100 /is). The heat affected zone 
is usually very shallow (on the order of 50 /mi). Heating is caused by the Joule effect due to the 
high power density and by ion bombardment from the plasma above the surface. This heating 
results in considerable melting, corrosion, hardness changes, other phase changes, and even the 
direct ablation of material. Arcing causes large craters, and any sliding or oscillation after an arc 
either shears or fractures the lips, leading to abrasion, corrosion, surface fatigue, and fretting. 
Arcing can thus initiate several modes of wear, resulting in catastrophic failures in electrical 
machinery [Bhushan and Davis, 1983]. 
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Fretting and Fretting Corrosion 

Fretting occurs where low-amplitude vibratory motion takes place between two metal surfaces 
loaded together [Anonymous, 1955]. This is a common occurrence because most machinery is 
subjected to vibration, both in transit and in operation. Examples of vulnerable components are 
shrink fits, bolted parts, and splines. Basically, fretting is a form of adhesive or abrasive wear 
where the normal load causes adhesion between asperities and vibrations cause ruptures, resulting 
in wear debris. Most commonly, fretting is combined with corrosion, in which case the wear mode 
is known as fretting corrosion. 

21.5 Lubrication 

Sliding between clean solid surfaces is generally characterized by a high coefficient of friction and 
severe wear due to the specific properties of the surfaces, such as low hardness, high surface 
energy, reactivity, and mutual solubility. Clean surfaces readily adsorb traces of foreign 
substances, such as organic compounds, from the environment. The newly formed surfaces 
generally have a much lower coefficient of friction and wear than the clean surfaces. The presence 
of a layer of foreign material at an interface cannot be guaranteed during a sliding process; 
therefore, lubricants are deliberately applied to produce low friction and wear. The term 
lubrication is applied to two different situations: solid lubrication and fluid (liquid or gaseous) 
film lubrication. 



Solid Lubrication 

A solid lubricant is any material used in bulk or as a powder or a thin, solid film on a surface to 
provide protection from damage during relative movement to reduce friction and wear. Solid 
lubricants are used for applications in which any sliding contact occurs, for example, a bearing 
operative at high loads and low speeds and a hydrodynamically lubricated bearing requiring 
start/stop operations. The term solid lubricants embraces a wide range of materials that provide 
low friction and wear [Bhushan and Gupta, 1991]. Hard materials are also used for low wear under 
extreme operating conditions. 

Fluid Film Lubrication 

A regime of lubrication in which a thick fluid film is maintained between two sliding surfaces by 
an external pumping agency is called hydrostatic lubrication. 

A summary of the lubrication regimes observed in fluid (liquid or gas) lubrication without an 
external pumping agency (self-acting) can be found in the familiar Stribeck curve in Fig. 21.8. This 
plot for a hypothetical fluid-lubricated bearing system presents the coefficient of friction as a 
function of the product of viscosity (77) and rotational speed (A) divided by the normal pressure 
(p). The curve has a minimum, which immediately suggests that more than one lubrication 
mechanism is involved. The regimes of lubrication are sometimes identified by a lubricant film 
parameter A equal to h/a, which is mean film thickness divided by composite standard deviation 
of surface roughnesses. Descriptions of different regimes of lubrication follow [Booser, 1984; 
Bhushan, 1990]. 
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Figure 21.8 Lubricant film parameter (A) and coefficient of friction as a function of 7jN/p (Stribeck 
curve) showing different lubrication regimes observed in fluid lubrication without an external pumping 
agency. Schematics of interfaces operating in different lubrication regimes are also 
shown. 




(h > 0.25 pm) (/? ~ 0.025-2.5 /im) 




Mixed 



Breakdown of 
boundary film 






lubricant 
•3 nm 



Boundary 
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Hydrostatic Lubrication 

Hydrostatic bearings support load on a thick film of fluid supplied from an external pressure 
source — a pump — which feeds pressurized fluid to the film. For this reason, these bearings are 
often called "externally pressurized." Hydrostatic bearings are designed for use with both 
incompressible and compressible fluids. Since hydrostatic bearings do not require relative motion 
of the bearing surfaces to build up the load-supporting pressures as necessary in hydrodynamic 
bearings, hydrostatic bearings are used in applications with little or no relative motion between the 
surfaces. Hydrostatic bearings may also be required in applications where, for one reason or 
another, touching or rubbing of the bearing surfaces cannot be permitted at startup and shutdown. 

In addition, hydrostatic bearings provide high stiffness. Hydrostatic bearings, however, have the 
disadvantage of requiring high-pressure pumps and equipment for fluid cleaning, which adds to 
space and cost. 

Hydrodynamic Lubrication 

Hydrodynamic (HD) lubrication is sometimes called fluid-film or thick-film lubrication. As a 
bearing with convergent shape in the direction of motion starts to spin (slide in the longitudinal 
direction) from rest, a thin layer of fluid is pulled through because of viscous entrainment and is 
then compressed between the bearing surfaces, creating a sufficient (hydrodynamic) pressure to 
support the load without any external pumping agency. This is the principle of hydrodynamic 
lubrication, a mechanism that is essential to the efficient functioning of the self-acting journal and 
thrust bearings widely used in modern industry. A high load capacity can be achieved in the 
bearings that operate at high speeds and low loads in the presence of fluids of high 
viscosity. 

Fluid film can also be generated only by a reciprocating or oscillating motion in the normal 
direction {squeeze), which may be fixed or variable in magnitude (transient or steady state). This 
load-carrying phenomenon arises from the fact that a viscous fluid cannot be instantaneously 
squeezed out from the interface with two surfaces that are approaching each other. It takes time for 
these surfaces to meet, and during that interval — because of the fluid's resistance to extrusion — a 
pressure is built up and the load is actually supported by the fluid film. When the load is relieved or 
becomes reversed, the fluid is sucked in and the fluid film often can recover its thickness in time 
for the next application. The squeeze phenomenon controls the buildup of a water film under the 
tires of automobiles and airplanes on wet roadways or landing strips (commonly known as 
hydroplaning) that have virtually no relative sliding motion. 

HD lubrication is often referred to as the ideal lubricated contact condition because the 
lubricating films are normally many times thicker (typically 5-500 pm) than the height of the 
irregularities on the bearing surface, and solid contacts do not occur. The coefficient of friction in 
the HD regime can be as small as 0.001 (Fig. 21.8). The friction increases slightly with the sliding 
speed because of viscous drag. The behavior of the contact is governed by the bulk physical 
properties of the lubricant, notable viscosity, and the frictional characteristics arise purely from the 
shearing of the viscous lubricant. 
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Elastohydrodynamic Lubrication 

Elastohydrodynamic (EHD) lubrication is a subset of HD lubrication in which the elastic 
deformation of the bounding solids plays a significant role in the HD lubrication process. The film 
thickness in EHD lubrication is thinner (typically 0.5-2. 5 /mi) than that in HD lubrication (Fig. 
21.8), and the load is still primarily supported by the EHD film. In isolated areas, asperities may 
actually touch. Therefore, in liquid lubricated systems, boundary lubricants that provide boundary 
films on the surfaces for protection against any solid-solid contact are used. Bearings with heavily 
loaded contacts fail primarily by a fatigue mode that may be significantly affected by the lubricant. 
EHD lubrication is most readily induced in heavily loaded contacts (such as machine elements of 
low geometrical conformity), where loads act over relatively small contact areas (on the order of 
one-thousandth of journal bearing), such as the point contacts of ball bearings and the line contacts 
of roller bearings and gear teeth. EHD phenomena also occur in some low elastic modulus contacts 
of high geometrical conformity, such as seals and conventional journal and thrust bearings with 
soft liners. 

Mixed Lubrication 

The transition between the hydrodynamic/elastohydrodynamic and boundary lubrication regimes 
constitutes a gray area known as mixed lubrication, in which two lubrication mechanisms may be 
functioning. There may be more frequent solid contacts, but at least a portion of the bearing 
surface remains supported by a partial hydrodynamic film (Fig. 21.8). The solid contacts, if 
between unprotected virgin metal surfaces, could lead to a cycle of adhesion, metal transfer, wear 
particle formation, and snowballing into seizure. However, in liquid lubricated bearings, the physi- 
or chemisorbed or chemically reacted films (boundary lubrication) prevent adhesion during most 
asperity encounters. The mixed regime is also sometimes referred to as quasihydrodynamic, partial 
fluid, or thin-film (typically 0.5- 2.5 //in ) lubrication. 

Boundary Lubrication 

As the load increases, speed decreases or the fluid viscosity decreases in the Stribeck curve shown 
in Fig. 21.8; the coefficient of friction can increase sharply and approach high levels (about 0.2 or 
much higher). In this region it is customary to speak of boundary lubrication. This condition can 
also occur in a starved contact. Boundary lubrication is that condition in which the solid surfaces 
are so close together that surface interaction between monomolecular or multimolecular films of 
lubricants (liquids or gases) and the solids dominate the contact. (This phenomenon does not apply 
to solid lubricants.) The concept is represented in Fig. 21.8, which shows a microscopic cross 
section of films on two surfaces and areas of asperity contact. In the absence of boundary 
lubricants and gases (no oxide films), friction may become very high (>1). 

21.6 Micro/nanotribology 

AFM/FFMs are commonly used to study engineering surfaces on micro- to nanoscales. These 
instruments measure the normal and friction forces between a sharp tip (with a tip radius of 
30-100 nm) and an engineering surface. Measurements can be made at loads as low as less than 1 
nN and at scan rates up to about 120 Hz. A sharp AFM/ FFM tip sliding on a surface simulates a 
single asperity contact. FFMs are used to measure coefficient of friction on micro- to nanoscales 
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and AFMs are used for studies of surface topography, scratching/ wear and boundary lubrication, 
mechanical property measurements, and nanofabrication/nanomachining [Bhushan and Ruan, 

1994; Bhushan et al., 1994; Bhushan and Koinkar, 1994a, b; Ruan and Bhushan, 1994; Bhushan, 
1995; Bhushan et al., 1995]. For surface roughness, friction force, nano scratching and nanowear 
measurements, a microfabricated square pyramidal Si 3 N 4 tip with a tip radius of about 30 nm is 
generally used at loads ranging from 10 to 150 nN. For micro scratching, microwear, 
nanoindentation hardness measurements, and nanofabrication, a three-sided pyramidal 
single-crystal natural diamond tip with a tip radius of about 100 nm is used at relatively high loads 
ranging from 10 p.N to 150 /./ N. Friction and wear on micro- and nanoscales are found to be 
generally smaller compared to that at macroscales. For an example of comparison of coefficients of 
friction at macro- and microscales see Table 21.4. 

Table 21.4 Surface Roughness and Micro- and Macroscale Coefficients of Friction of Various 
Samples 



Material 


RMS Roughness, nm 


Microscale 


Macroscale Coefficient of Friction versus 
Alumina Ball 2 
0.1 N IN 


Si (111) 


0.11 


Coefficient of 
Friction versus Si.3 N 4 
Tip 1 
0.03 


0.18 


0.60 


C + - implanted Si 


0.33 


0.02 


0.18 


0.18 



1 Si3N 4 tip (with about 50 nm radius) in the load range of 10—150 nN (1.5— 3.8 GPa), a scanning speed of 4 //m/s 
and scan area of 1 fi m x 1 fan . 

2 Alumina ball with 3-mm radius at normal loads of 0.1 and 1 N (0.23 and 0.50 GPa) and average sliding speed of 
0.8 mm/s. 



Defining Terms 

Friction: The resistance to motion whenever one solid slides over another. 

Lubrication: Materials applied to the interface to produce low friction and wear in either of two 
situations — solid lubrication or fluid (liquid or gaseous) film 
lubrication. 

Micro/nanotribology: The discipline concerned with experimental and theoretical investigations 
of processes (ranging from atomic and molecular scales to microscales) occurring during 
adhesion, friction, wear, and lubrication at sliding surfaces. 

Tribology: The science and technology of two interacting surfaces in relative motion and of 
related subjects and practices. 

Wear: The removal of material from one or both solid surfaces in a sliding, rolling, or impact 
motion relative to one another. 
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Further Information 

Major conferences: 

ASME/STLE Tribology Conference held every October in the U.S. 

Leeds-Lyon Symposium on Tribology held every year at Leeds, U.K., or Lyon, France 
(alternating locations). 

International Symposium on Advances in Information Storage and Processing Systems held 
annually at ASME International Congress and Exposition in November/December in the 
U.S. 

International Conference on Wear of Materials held every two years; next one to be held in 
1995. 

Eurotrib held every four years; next one to be held in 1997. 

Societies: 

Information Storage and Processing Systems Division, The American Society of Mechanical 
Engineers, New York. 

Tribology Division, The American Society of Mechanical Engineers, New 
York. 

Institution of Mechanical Engineers, London, U.K. 

Society of Tribologists and Lubrication Engineers, Park Ridge, IL. 
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Section 22.1 presents a discussion of threaded fasteners, namely, the nut and bolt, the machine 
screw, the cap screw, and the stud. Equations are presented for the spring stiffness of the portion of 
a bolt, or a cap screw, within the clamped zone, which generally consists of the unthreaded shank 
portion and the threaded portion. Equations for the resultant bolt load and the resultant load on the 
members are also included in the discussion. The section concludes with a relation that provides an 
estimate of the torque that is required to produce a given preload. Section 22.2 presents a 
discussion of clutches and brakes and the important features of these machine elements. Various 
types of frictional-contact clutches and brakes are included in the discussion, namely, the radial, 
axial, disk, and cone types. Information on positive-contact clutches and brakes is also provided. 
The section includes energy considerations, equations for the temperature-rise, and the 
characteristics of a friction material. 

22.1 Threaded Fasteners 

The bolted joint with hardened steel washers is a common solution when a connection is required 
that can be easily disassembled (without destructive methods) and is strong enough to resist 
external tensile loads and shear loads. The clamping load, which is obtained by twisting the nut 
until the bolt is close to the elastic limit, stretches or elongates the bolt. This bolt tension will 
remain as the clamping force, or preload, providing the nut does not loosen. The preload induces 
compression in the members, which are clamped together, and exists in the connection after the nut 
has been properly tightened, even if there is no external load. Care must be taken to ensure that a 
bolted joint is properly designed and assembled [Blake, 1986]. When tightening the connection, 
the bolt head should be held stationary and the nut twisted. This procedure will ensure that the bolt 
shank will not experience the thread-friction torque. During the tightening process, the first thread 
on the nut tends to carry the entire load. However, yielding occurs with some strengthening due to 
the cold work that takes place, and the load is eventually distributed over about three nut threads. 
For this reason, it is recommended that nuts should not be reused; in fact, it can be dangerous if 
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this practice is adopted [Shigley and Mischke, 1989]. 

There are several styles of hexagonal nut, namely, (1) the general hexagonal nut, (2) the 
washer-faced regular nut, (3) the regular nut chamfered on both sides, (4) the jam nut with washer 
face, and (5) the jam nut chamfered on both sides. Flat nuts only have a chamfered top [Shigley 
and Mischke, 1986]. The material of the nut must be selected carefully to match that of the bolt. 
Carbon steel nuts are usually made to conform to ASTM A563 Grade A specifications or to SAE 
Grade 2. A variety of machine screw head styles also exist; they include (1) fillister head, (2) flat 
head, (3) round head, (4) oval head, (5) truss head, (6) binding head, and (7) hexagonal head 
(trimmed and upset). There are also many kinds of locknuts, which have been designed to prevent 
a nut from loosening in service. Spring and lock washers placed beneath an ordinary nut are also 
common devices to prevent loosening. 

Another tension-loaded connection uses cap screws threaded into one of the members. Cap 
screws can be used in the same applications as nuts and bolts and also in situations where one of 
the clamped members is threaded. The common head styles of the cap screw include (1) hexagonal 
head, (2) fillister head, (3) flat head, and (4) hexagonal socket head. The head of a hexagon-head 
cap screw is slightly thinner than that of a hexagon-head bolt. An alternative to the cap screw is the 
stud, which is a rod threaded on both ends. Studs should be screwed into the lower member first, 
then the top member should be positioned and fastened down with hardened steel washers and 
nuts. The studs are regarded as permanent and the joint should be disassembled by removing only 
the nuts and washers. In this way, the threaded part of the lower member is not damaged by 
reusing the threads. 

The grip of a connection is the total thickness of the clamped material [Shigley and Mischke, 
1989]. In the bolted joint the grip is the sum of the thicknesses of both the members and the 
washers. In a stud connection the grip is the thickness of the top member plus that of the washer. 
The spring stiffness, or spring rate, of an elastic member such as a bolt is the ratio of the force 
applied to the member and the deflection caused by that force. The spring stiffness of the portion 
of a bolt, or cap screw, within the clamped zone generally consists of two parts, namely, (1) that of 
the threaded portion, and (2) that of the unthreaded shank portion. Therefore, the stiffness of a bolt 
is equivalent to the stiffness of two springs in series: 



111 k T k d 

— = — + — or kb = 

kb k T k d k T + k d 



( 22 . 1 ) 



The spring stiffnesses of the threaded and unthreaded portions of the bolt in the clamped zone, 
respectively, are 



AfE A d E 

k T = and k d = (22.2) 

Lt L d 

where A t is the tensile-stress area, L T is the length of the threaded portion in the grip, A d is the 
major-diameter area of the fastener, L d is the length of the unthreaded portion in the grip, and E is 
the modulus of elasticity. Substituting Eq. (22.2) into Eq. (22.1), the estimated effective stiffness of 
the bolt (or cap screw) in the clamped zone can be expressed as 
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k b 



for short fasteners the unthreaded area is small and so the first of the expressions in Eq. (22.2) 
can be used to evaluate k b . In the case of long fasteners the threaded area is relatively small, so the 
second expression in Eq. (22.2) can be used to evaluate the effective stiffness of the bolt. 
Expressions can also be obtained for the stiffness of the members in the clamped zone [Juvinall, 
1983]. Both the stiffness of the fastener and the stiffness of the members in the clamped zone must 
be known in order to understand what happens when the connection is subjected to an external 
tensile load. There may of course be more than two members included in the grip of the fastener. 
Taken together the members act like compressive springs in series, and hence the total spring 
stiffness of the members is 
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If one of the members is a soft gasket, its stiffness relative to the other members is usually so 
small that for all practical purposes the other members can be neglected and only the gasket 
stiffness need be considered. If there is no gasket, the stiffness of the members is difficult to obtain, 
except by experimentation, because the compression spreads out between the bolt head and the nut 
and hence the area is not uniform. There are, however, some cases in which this area can be 
determined. Ultrasonic techniques have been used to determine the pressure distribution at the 
member interface in a bolt-flange assembly [Ito et al., 1977]. The results show that the pressure 
stays high out to about 1.5 times the bolt radius and then falls off farther away from the bolt. 
Rotsher's pressure-cone method has been suggested for stiffness calculations with a variable cone 
angle. This method is quite complicated and a simpler approach is to use a fixed cone angle [Little, 
1967], 

Consider what happens when an external tensile load is applied to a bolted connection. 

Assuming that the preload has been correctly applied (by tightening the nut before the external 
tensile load is applied), the tensile load causes the connection to stretch through some distance. 

This elongation can be related to the stiffness of the bolts, or the members, by the equation 

P b P m k b 

6 = — = — or P b = —P m (22.5 

U, 7 - 0 U m K > 

Avfr l\j in rti m 



where P b is the portion of the external tensile load P taken by the bolt and P m is the portion of P 
taken by the members. Since the external tensile load P is equal to P b -t- P m , 



P b = 



k b 



k b 



P and P m — 
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The resultant bolt load is F b = P b + F) and the resultant load on the members is F rn — P m - F, , 
where F- L is the preload. Therefore, the resultant bolt load can be written as 
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F b = ( k '\ ) P + Fi, F m < 0 (22.7) 
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and the resultant load on the members can be written as 

F m = ( - km i ) P-F u F m < 0 (22.8) 

\ K b k m J 



Equations (22.7) and (22.8) are only valid for the case when some clamping load remains in the 
members, which is indicated by the qualifier in the two equations. Making the grip longer causes 
the members to take an even greater percentage of the external load. If the external load is large 
enough to completely remove the compression, then the members will separate and the entire load 
will be carried by the bolts. 

Since it is desirable to have a high preload in important bolted connections, methods of ensuring 
that the preload is actually developed when the parts are assembled must be considered. If the 
overall length of the bolt, L b , can be measured (say with a micrometer) when the parts are 
assembled, then the bolt elongation due to the preload F, t can be computed from the relation 



= FjL b 
AE 



(22.9) 



where A is the cross-sectional area of the bolt. The nut can then be tightened until the bolt 
elongates through the distance 6, which ensures that the desired preload has been obtained. In 
many cases, however, it is not practical or possible to measure the bolt elongation. For example, 
the elongation of a screw cannot be measured if the threaded end is in a blind hole. In such cases 
the wrench torque that is required to develop the specified preload must be estimated. Torque 
wrenching, pneumatic-impact wrenching, or the turn-of-the-nut method can be used [Blake and 
Kurtz, 1965]. The torque wrench has a built-in dial that indicates the proper torque. With 
pneumatic-impact wrenching, the air pressure is adjusted so that the wrench stalls when the proper 
torque is obtained or, in some cases, the air shuts off automatically at the desired torque. 

The snug-tight condition is defined as the tightness attained by a few impacts of an impact 
wrench or the full effort of a person using an ordinary wrench. When the snug-tight condition is 
attained, all additional turning develops useful tension in the bolt. The turn-of-the-nut method 
requires that fractional number of turns necessary to develop the required preload from the 
snug-tight condition be computed. For example, for heavy hexagon structural bolts, the 
turn-of-the-nut specification requires that under optimum conditions the nut should be turned a 
minimum of 180° from the snug-tight condition. A good estimate of the torque required to produce 
a given preload Fi can be obtained from the relation [Shigley and Mischke, 1989] 
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where d rn is the mean diameter of the bolt, L is the lead of the thread, a is half the thread angle, /i c 
is the coefficient of thread friction, /; c is the coefficient of collar friction, and d c is the mean collar 
diameter. The coefficients of friction depend upon the surface smoothness, the accuracy, and the 
degree of lubrication. Although these items may vary considerably, it is interesting to note that on 
the average both // and are approximately 0.15. 



22.2 Clutches and Brakes 

A clutch is a coupling that connects two shafts rotating at different speeds and brings the output 
shaft smoothly and gradually to the same speed as the input shaft. Clutches and brakes are machine 
elements associated with rotation and have in common the function of storing or transferring 
rotating energy [Remling, 1983]. When the rotating members are caused to stop by means of a 
brake, the kinetic energy of rotation must be absorbed by the brake. In the same way, when the 
members of a machine that are initially at rest are brought up to speed, slipping must occur in the 
clutch until the driven members have the same speed as the driver. Kinetic energy is absorbed 
during slippage of either a clutch or a brake, and this energy appears in the form of heat. The 
important features in the performance of these devices are (1) the actuating force, (2) the 
transmitted torque, (3) the energy loss, and (4) the temperature rise. The torque that is transmitted 
is related to the actuating force, the coefficient of friction, and the geometry of the device. 
Essentially this is a problem in statics and can be studied separately for each geometric 
configuration. The rise in temperature, however, can be studied without regard to the type of 
device because the heat-dissipating surfaces are the geometry of interest. An approximate guide to 
the rise in temperature in a drum brake is the horsepower per square inch [Spotts, 1985]. 

The torque capacity of a clutch or brake depends upon the coefficient of friction of the material 
and a safe normal pressure. The character of the load may be such, however, that if this torque 
value is permitted, the clutch or brake may be destroyed by the generated heat. Therefore, the 
capacity of a clutch is limited by two factors: (a) the characteristics of the material, and (b) the 
ability of the clutch to dissipate the frictional heat. The temperature rise of a clutch or brake 
assembly can be approximated by the relation 

H 

AT = ( 22.11 

CW V ' 

where AT is in °F, H is the heat generated in Btu, C is the specific heat in Btu/(lbm °F ), and W is 
the mass of the clutch or brake assembly in lbm . If SI units are used, then 

E 

AT = ( 22 . 12 ) 

Cm 

where AT is in °C, E is the total energy dissipated during the clutching operation or the braking 
cycle in J, C is in J/kg °C, and m is the mass of the clutch or brake assembly in kg. Equation 
(22.1 1) or (22.12) can be used to explain what happens when a clutch or a brake is operated. 
However, there are so many variables involved that it is most unlikely that the analytical results 
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would approximate experimental results. For this reason such analyses are only useful, for 
repetitive cycling, in pinpointing the design parameters that have the greatest effect on 
performance. 

The friction material of a clutch or brake should have the following characteristics, to a degree 
that is dependent upon the severity of the service: (a) a high and uniform coefficient of friction, (b) 
imperviousness to environmental conditions, such as moisture, (c) the ability to withstand high 
temperatures, as well as a good heat conductivity, (d) good resiliency, and (e) high resistance to 
wear, scoring, and galling. The manufacture of friction materials is a highly specialized process, 
and the selection of a friction material for a specific application requires some expertise. Selection 
involves a consideration of all the characteristics of a friction material as well as the standard sizes 
that are available. The woven-cotton lining is produced as a fabric belt, which is impregnated with 
resins and polymerized. It is mostly used in heavy machinery and can be purchased in rolls up to 
50 feet in length. The thicknesses that are available range from 0.125 to 1 in. and the width may be 
up to 12 in. A woven-asbestos lining is similar in construction to the cotton lining and may also 
contain metal particles. It is not quite as flexible as the cotton lining and comes in a smaller range 
of sizes. The woven-asbestos lining is also used as a brake material in heavy machinery. 

Molded-asbestos linings contain asbestos fiber and friction modifiers; a thermoset polymer is 
used, with heat, to form a rigid or a semirigid molding. The principal use is in drum brakes. 
Molded-asbestos pads are similar to molded linings but have no flexibility; they are used for both 
clutches and brakes. Sintered- metal pads are made of a mixture of copper and/or iron particles with 
friction modifiers, molded under high pressure and then heated to a high temperature to fuse the 
material. These pads are used in both brakes and clutches for heavy-duty applications. Cermet pads 
are similar to the sintered-metal pads and have a substantial ceramic content. Typical brake linings 
may consist of a mixture of asbestos fibers to provide strength and ability to withstand high 
temperatures; various friction particles to obtain a degree of wear resistance and higher coefficient 
of friction; and bonding materials. Some clutch friction materials may be run wet by allowing them 
to dip in oil or to be sprayed by oil. This reduces the coefficient of friction, but more heat can be 
transferred and higher pressure can be permitted. 

The two most common methods of coupling are the frictional-contact clutch and the 
positive-contact clutch. Other methods include the overrunning or freewheeling clutch, the 
magnetic clutch, and the fluid coupling. In general, the types of frictional-contact clutches and 
brakes can be classified as rim type or axial type [Marks, 1987]. The analysis of all types of 
frictional-clutches and brakes follows the same general procedure, namely, (a) determine the 
pressure distribution on the frictional surfaces, (b) find a relation between the maximum pressure 
and the pressure at any point, and (c) apply the conditions of static equilibrium to find the actuating 
force, the torque transmitted, and the support reactions. The analysis is useful when the dimensions 
are known and the characteristics of the friction material are specified. In design, however, 
synthesis is of more interest than analysis. Here the aim is to select a set of dimensions that will 
provide the best device within the limitations of the frictional material that is specified by the 
designer [Proctor, 1961]. 
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Rim-Type Clutches and Brakes 

The rim-type brake can be designed for self-energizing, that is, using friction to reduce the 
actuating force. Self-energization is important in reducing the required braking effort; however, it 
also has a disadvantage. When rim-type brakes are used as vehicle brakes, a small change in the 
coefficient of friction will cause a large change in the pedal force required for braking. For 
example, it is not unusual for a 30% reduction in the coefficient of friction (due to a temperature 
change or moisture) to result in a 50% change in the pedal force required to obtain the same 
braking torque that was possible prior to the change. 

The rim types may have internal expanding shoes or external contracting shoes. An internal shoe 
clutch consists essentially of three elements: (1) a mating frictional surface, (2) a means of 
transmitting the torque to and from the surfaces, and (3) an actuating mechanism. Depending upon 
the operating mechanism, such clutches can be further classified as expanding-ring, centrifugal, 
magnetic, hydraulic, or pneumatic. The expanding-ring clutch benefits from centrifugal effects, 
transmits high torque even at low speeds, and requires both positive engagement and ample release 
force. This type of clutch is often used in textile machinery, excavators, and machine tools in 
which the clutch may be located within the driving pulley. The centrifugal clutch is mostly used for 
automatic operation. If no spring is present, the torque transmitted is proportional to the square of 
the speed [Beach, 1962]. This is particularly useful for electric motor drives in which, during 
starting, the driven machine comes up to speed without shock. Springs can be used to prevent 
engagement until a certain motor speed has been reached, but some shock may occur. Magnetic 
clutches are particularly useful for automatic and remote-control systems and are used in drives 
subject to complex load cycles. Hydraulic and pneumatic clutches are useful in drives having 
complex loading cycles, in automatic machinery, and in manipulators. Here the fluid flow can be 
controlled remotely using solenoid valves. These clutches are available as disk, cone, and 
multiple-plate clutches. 

In braking systems the internal-shoe or drum brake is used mostly for automotive applications. 
The actuating force of the device is applied at the end of the shoe away from the pivot. Since the 
shoe is usually long, the distribution of the normal forces cannot be assumed to be uniform. The 
mechanical arrangement permits no pressure to be applied at the heel; therefore, frictional material 
located at the heel contributes very little to the braking action. It is standard practice to omit the 
friction material for a short distance away from the heel, which also eliminates interference. In 
some designs the hinge pin is allowed to move to provide additional heel pressure. This gives the 
effect of a floating shoe. A good design concentrates as much frictional material as possible in the 
neighborhood of the point of maximum pressure. Typical assumptions made in an analysis of the 
shoe include the following: (1) the pressure at any point on the shoe is proportional to the distance 
from the hinge pin (zero at the heel); (2) the effect of centrifugal force is neglected (in the case of 
brakes, the shoes are not rotating and no centrifugal force exists; in clutch design, the effect of this 
force must be included in the equations of static equilibrium); (3) the shoe is rigid (in practice, 
some deflection will occur depending upon the load, pressure, and stiffness of the shoe; therefore, 
the resulting pressure distribution may be different from the assumed distribution); and (4) the 
entire analysis is based upon a coefficient of friction that does not vary with pressure. Actually, the 
coefficient may vary with a number of conditions, including temperature, wear, and the 
environment. 

For pivoted external shoe brakes and clutches, the operating mechanisms can be classified as 
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solenoids, levers, linkages or toggle devices, linkages with spring loading, hydraulic devices, and 
pneumatic devices. It is common practice to concentrate on brake and clutch performance without 
the extraneous influences introduced by the need to analyze the statics of the control mechanisms. 
The moments of the frictional and normal forces about the hinge pin are the same as for the 
internal expanding shoes. It should be noted that when external contracting designs are used as 
clutches, the effect of the centrifugal force is to decrease the normal force. Therefore, as the speed 
increases, a larger value of the actuating force is required. A special case arises when the pivot is 
symmetrically located and also placed so that the moment of the friction forces about the pivot is 
zero. 




AFTERMARKET BRAKE PRODUCTS 

The genuine OEM quality brake replacement parts by Rockwell are the exact components that are 
used for new vehicles' original equipment. Shown above are non-asbestos lined brake shoes, 
automatic slack adjusters, and cold-rolled 28-tooth spline camshafts. Rockwell genuine 
replacement parts are reliable and offer long-lasting quality. Other original OEM aftermarket brake 
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products include major and minor overhaul kits, unlined brake shoes, manual slack adjusters, a 

variety of s-cam shafts, and air dryers. (Photo courtesy of Rockwell 

Automotive.) 



Axial-Type Clutches and Brakes 

In an axial clutch the mating frictional members are moved in a direction parallel to the shaft. One 
of the earliest axial clutches was the cone clutch, which is simple in construction and, yet, quite 
powerful. Except for relatively simple installations, however, it has been largely replaced by the 
disk clutch, which employs one or more disks as the operating members. Advantages of the disk 
clutch include (1) no centrifugal effects, (2) a large frictional area that can be installed in a small 
space, (3) more effective heat dissipation surfaces, and (4) a favorable pressure distribution. There 
are two methods in general use to obtain the axial force necessary to produce a certain torque and 
pressure (depending upon the construction of the clutch). The two methods are (1) uniform wear, 
and (2) uniform pressure. If the disks are rigid then the greatest amount of wear will first occur in 
the outer areas, since the work of friction is greater in those areas. After a certain amount of wear 
has taken place, the pressure distribution will change so as to permit the wear to be uniform. The 
greatest pressure must occur at the inside diameter of the disk in order for the wear to be uniform. 
The second method of construction employs springs to obtain a uniform pressure over the area. 

Disk Clutches and Brakes 

There is no fundamental difference between a disk clutch and a disk brake [Gagne, 1953]. The disk 
brake has no self-energization and, hence, is not as susceptible to changes in the coefficient of 
friction. The axial force can be written as 

F a = 0.57 t P D 1 (D 2 - D,) (22.13) 

where p is the maximum pressure, and D\ and D > are the inner and outer diameters of the disk, 
respectively. The torque transmitted can be obtained from the relation 

T = 0.5 pF a D m (22.14) 

where /i is the coefficient of friction of the clutch material, and the mean diameter 

2 (D 3 — D 3 ) 

D m = 0.5(D 2 + Di) or D rn = (22.15) 

for uniform wear or for uniform pressure distribution, respectively. 

A common type of disk brake is the floating caliper brake. In this design the caliper supports a 
single floating piston actuated by hydraulic pressure. The action is much like that of a screw 
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clamp, with the piston replacing the function of the screw. The floating action also compensates for 
wear and ensures an almost constant pressure over the area of the friction pads. The seal and boot 
are designed to obtain clearance by backing off from the piston when the piston is 
released. 

Cone Clutches and Brakes 

A cone clutch consists of (1) a cup (keyed or splined to one of the shafts), (2) a cone that slides 
axially on the splines or keys on the mating shaft, and (3) a helical spring to hold the clutch in 
engagement. The clutch is disengaged by means of a fork that fits into the shifting groove on the 
friction cone. The axial force, in terms of the clutch dimensions, can be written as 

F a = 7rD m pbsin a (22.16) 

where p is the maximum pressure, b is the face width of the cone, D m is the mean diameter of the 
cone, and a is one-half the cone angle in degrees. The mean diameter can be approximated as 
0.5(132 + Di) . The torque transmitted through friction can be obtained from the relation 

T = flFaDm (22.17) 

2 sin a 

The cone angle, the face width of the cone, and the mean diameter of the cone are the important 
geometric design parameters. If the cone angle is too small, say, less than about 8°, the force 
required to disengage the clutch may be quite large. The wedging effect lessens rapidly when 
larger cone angles are used. Depending upon the characteristics of the friction materials, a good 
compromise can usually be found using cone angles between 10° and 15° . For clutches faced with 
asbestos, leather, or a cork insert, a cone angle of 12.5° is recommended. 

Positive- Contact Clutches 

A positive-contact clutch does not slip, does not generate heat, cannot be engaged at high speeds, 
sometimes cannot be engaged when both shafts are at rest, and, when engaged at any speed, is 
accompanied by shock. The greatest differences among the various types of positive-contact 
clutches are concerned with the design of the jaws. To provide a longer period of time for shift 
action during engagement, the jaws may be ratchet shaped, spiral shaped, or gear-tooth shaped. 

The square-jaw clutch is another common form of a positive-contact clutch. Sometimes a great 
many teeth or jaws are used, and they may be cut either circumferentially, so that they engage by 
cylindrical mating or on the faces of the mating elements. Positive-contact clutches are not used to 
the same extent as the frictional-contact clutches. 

Defining Terms 

Snug-tight condition: The tightness attained by a few impacts of an impact wrench, or the full 
effort of a person using an ordinary wrench. 
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Turn-of-the-nut method: The fractional number of turns necessary to develop the required 
preload from the snug-tight condition. 

Self-energizing: A state in which friction is used to reduce the necessary actuating force. The 
design should make good use of the frictional material because the pressure is an allowable 
maximum at all points of contact. 

Self-locking: When the friction moment assists in applying the brake shoe, the brake will be 

self-locking if the friction moment exceeds the normal moment. The designer must select the 
dimensions of the clutch, or the brake, to ensure that self-locking will not occur unless it is 
specifically desired. 

Fail-safe and dead-man: These two terms are often encountered in studying the operation of 
clutches and brakes. Fail-safe means that the operating mechanism has been designed such 
that, if any element should fail to perform its function, an accident will not occur in the 
machine or befall the operator. Dead-man, a term from the railroad industry, refers to the 
control mechanism that causes the engine to come to a stop if the operator should suffer a 
blackout or die at the controls. 
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Glacier Clevite Heavywall Bearings 

In modern internal combustion engines, there are two kinds of bearings in the category of 
crankshaft journal bearings — namely, the main bearings and the connecting rod bearings. 

Basically, these are wraparound, semicylindrical shell bearings. Two of them make up a set and, 
depending on the position in the assembly, one is called the upper and the other the lower bearing. 
They are of equal sizes. The main bearings support the crankshaft of the engine and the forces 
transmitted to the crankshaft from the cylinders. The connecting rod bearings (or, simply, rod 
bearings) are instrumental in transferring the forces from the cylinders of the internal combustion 
engine to the crankshaft. These connecting rod bearings are also called big end bearings or crank 
pin bearings. Supporting the crankshaft and transferring the pressure-volume work from the 
cylinders to the pure rotational mechanical energy of the crankshaft are accomplished elegantly 
with minimal energy loss by shearing a suitable lubricating medium between the bearings and the 
journals. The segment of the crankshaft within the bounds of a set of bearings, whether main 
bearings or rod bearings, is called the journal. Consequently, these bearings are called journal 
bearings. 

23.1 Role of the Journal Bearings in the Internal Combustion 
Engine 

The crankshafts of internal combustion engines of sizes from small automotive to large slow-speed 
engines run at widely varying rpm (e.g., 72 to 7700). When the internal combustion engine 
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continues to run after the start-up, the crankshaft, including the crank pins, is suspended in the 
lubricating oil — a fluid of very low friction. In such a condition, it is conceivable that 
precision-machined, semicylindrical steel shells can function as good bearings. However, there are 
stressful conditions, particularly in the case of automotive, truck, and medium-speed engines, when 
the crankshaft remains in contact with the bearings and there is little or no lubricating oil present. 
This condition corresponds to the initial and subsequent start-ups. The oil pump is driven directly 
by the engine and it takes several revolutions of the crankshaft before a good oil film is developed, 
as shown in Fig. 23.1, so that the journals are completely lifted and suspended. During the 
revolutions prior to the formation of a sufficiently thick oil film, the journal contacts the bearing 
surface. In such situations, the bearings provide sufficient lubrication to avoid scuffing and 
seizure. Another stressful situation, but not as critical as the start-up, is the slowing down and 
shutting off of the engine when the oil film reduces to a boundary layer. 

Figure 23.1 Schematic representation of the hydrodynamic lubricant film around a rotating journal in its 
bearing assembly. ( Source : Slaymaker, R. R. 1955. Bearing Lubrication Analysis. John Wiley & Sons, 
New York. With permission.) 



In the case of slow-speed engines, the oil pump, which is electrically driven, is turned on to 
prelubricate the bearings. This provides some lubrication. Nonetheless, bearings with liners and 
overlays are used to avoid seizure, which can result in costly damage. 

Essentially, the function of journal bearings can be stated as follows:Development of the 
hydrodynamic lubricating oil films in the journal bearings lifts the journals from the surfaces of 
the bearings and suspends the entire crankshaft on the oil films by the journals. [Theoretical 
aspects of this will be considered later.] The lifting of the crankshaft or, equivalently, lifting of the 
journals is in the range of 30 to 1000 micro-inch in the entire range of IC engines. This process 
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allows the crankshaft to rotate with minimal energy loss. The journal bearings make it possible so 
that the internal combustion engine can be started, utilized, and stopped as many times as needed. 



23.2 Construction of Modern Journal Bearings 

The majority of modern crankshaft journal bearings have three different layers of metallic 
materials with distinct characteristics and functions. Conventionally, these are called trimetal 
bearings. The remaining bearings belong to the class of bimetal bearings and have two different 
metallic material layers. Bimetallic bearings are becoming very popular in the automotive 
industry. 

All crankshaft journal bearings have a steel backing, normally of low-carbon steels. Steel 
backing is the thickest layer in the bearing. The next layer bonded to the steel backing is the 
bearing liner. This is the layer that supports the load and determines the life of the bearing. The 
third layer bonded to the bearing liner is the overlay. Generally, this is a precision electrodeposited 
layer of (1) lead, tin, and copper, (2) lead and tin, or (3) lead and indium. A very thin 
electrodeposited layer of nickel (0.000 05 in.) is used as a bonding layer between the liner and the 
lead-tin-copper overlay. This nickel layer is considered a part of the overlay, not a separate layer. 
Construction of a trimetal bronze bearing is illustrated in Fig. 23.2. 



Figure 23.2 Schematic representation of the construction of a trimetal bearing. 
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There are two classes of bearing liners in widespread use nowadays. These are the leaded 
bronzes and aluminum-based (frequently precipitation- strengthened) materials, such as 
aluminum-tin and aluminum-silicon. Bimetallic bearings have the advantage of being slightly more 
precise (about 0.0002 to 0.0003 in.) than the trimetal bearings. The bimetal bearings have a bored 
or broached internal diametral (ID) surface. The electrodepo sited layer in the trimetal bearings is 
applied onto the bored or broached surface. The nickel bonding layer is applied first onto the liner, 
followed by the deposition of the lead-tin-copper overlay. The electrodepo sited overlay introduces 
a certain degree of variation in the wall thickness of the bearings. In a limited application, babbitt 
overlays are centrifugally cast on bronze liners for slow-speed diesel engine journal 
bearings. 

Another class of bearings is the single layer solid metal bearings — namely, solid bronze and 
solid aluminum bearings. These bearings are not generally used as crankshaft journal bearings. 
However, solid aluminum is used in some of the medium-speed and slow-speed diesel 
engines. 

The most popular copper-tin-based leaded bearing liner in current use has 2 to 4% tin, 23 to 27% 
lead, and 69 to 75% copper (all by weight). This material is applied directly on mild steel by 
casting or sintering. The aluminum materials are roll-bonded to steel. The material as such is 
produced by powder rolling as a strip or by casting and rolling. 

23.3 The Function of the Different Material Layers in 
Crankshaft Journal Bearings 

The bulk of modern crankshaft journal bearings is mild steel (1008 to 1026 low-carbon 
steels). This is the strongest of the two or three layers in the bearing. It supports the 
bearing liner, with or without the overlay. The bearing liner derives a certain degree of 
strength from the steel backing. The function of the steel backing is to carry the bearing 
liner, which on its own is weaker, much thinner, and less ductile. With the support of 
the steel backing, the bearings can be seated with a high degree of conformance and 
good interference fit in the housing bore (steel against steel). 

The bearing liners in automotive and truck bearings have a thickness in the range of 
0.006 to 0.030 in. In the case of the medium-speed and slow-speed engines, the 
thickness of the liner ranges from 0.010 to 0.080 in. The liner material contains 
sufficient amounts of antifriction elements, such as lead and tin. Lead is the most 
valuable antifriction element in the current materials and is present as a separate phase 
in the matrix of copper- tin alloy in the leaded bronze materials. Similarly, tin is present 
as an insoluble second phase in the matrix of aluminum-based materials. Lead is also 
insoluble in the aluminum matrix. The liner materials play the most critical role in the 
bearings. Once the liner material is damaged significantly, the bearing is considered 
unfit for further use. In a trimetal bearing, when the overlay is lost due to wear or 
fatigue, the bronze liner will continue to support the load and provide adequate 
lubrication in times of stress. The friction coefficient of liner materials is designed to be 
low. Besides, the soft phases of lead (in bronze) and tin (in aluminum) function as sites 
for embedment of dirt particles. 
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The overlay, which by definition is the top layer of the bearing surface, is the softest layer in the 
bearing. Its functions are to provide lubrication to the journal in the initial start-up situations, adjust 
to any misalignment or out-of-roundness of the journal, and capture dirt particles by embedment. 
The overlay provides sufficient lubrication during the subsequent start-up and shut-down 
conditions also. The journal makes a comfortable running environment in the bearing assembly 
during the initial runs by "bedding in." As a result of this, the wear rate of the overlay is higher in 
the beginning. As long as the overlay is present, the phenomenon of seizure will not occur. Once 
the wear progresses through the overlay, the bearing liner will provide adequate lubrication during 
start-up and shut-down conditions. However, if the oil supply is severely compromised or cut off 
for more than several seconds to a minute or so, seizure can take place once the overlay is gone, 
depending on the nature of the bearing liner and the load. 

23.4 The Bearing Materials 



All modern crankshaft journal bearing materials are mainly composed of five elements — namely, 

copper, aluminum, lead, tin, and silicon. These elements account for the leaded bronze and 
aluminum-tin, aluminum-lead, and aluminum-silicon materials. Indium is used as a constituent of 

the overlays. Antimony is used in babbitts. Silver is a bearing material with good tribological 
properties, but it is too expensive to use as a bearing liner in journal bearings. However, it is used 
in special applications in some locomotive engines. An important characteristic of a good bearing 
material is its ability to conduct heat. Silver, copper, and aluminum are, indeed, good conductors of 
heat. Silver has no affinity for iron, cobalt, and nickel [Bhushan and Gupta, 1991]. Therefore, it is 
expected to run very well against steel shafts. Both copper and aluminum possess a certain degree 
of affinity for iron. Therefore, steel journals can bond to these metals in the absence of antifriction 
elements, such as lead and tin, or lubricating oil. Aluminum spontaneously forms an oxide layer, 
which is very inert, in the presence of air or water vapor. This suppresses the seizure or the 
bonding tendency of aluminum. Besides, the silicon particles present in the aluminum- silicon 
materials keep the journals polished to reduce friction. 

The microstructure of the most widely used cast leaded bronze bearing liner is shown in Fig. 

23.3. This has a composition of 2 to 4% tin, 23 to 27% lead, and 69 to 75% copper. Another 
material in widespread use, especially in automotive applications, is aluminum with 20% tin. A 
typical micro structure of this material is shown in Fig. 23.4. It can be used as the liner for both 
bimetal and trimetal bearings. The copper-tin- lead material shown in Fig. 23.3 is mainly used in 
trimetal bearings. 
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Figure 23.3 SEM photomicrograph of a typical cross section of the cast leaded bronze diesel locomotive 
engine bearing material manufactured by Glacier Clevite Heavywall Bearings. The nominal composition is 
3% tin, 25% lead, and 72% copper. The light gray, irregular spots represent lead in a matrix of copper-tin. 
This material is bonded to mild steel at the bottom. (Magnification 50 x .)] 




Figure 23.4 SEM photomicrograph of a typical cross section of aluminum-tin material roll bonded to 
mild steel, manufactured by Glacier Vandervell Ltd. The nominal composition is 20% tin, 1% copper, and 
79% aluminum. The light gray, irregular spots represent tin in the aluminum-copper matrix. Below the 
aluminum-tin layer is a layer of pure aluminum which functions as a bonding layer to the mild steel 
underneath. (Magnification 210 x.) 
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23.5 Basics of Hydrodynamic Journal Bearing Theory 
Load-Carrying Ability 

As mentioned previously, when running in good condition, the journal which was initially lying on 
the surface of the bearing is lifted and surrounded by the lubricant. It becomes suspended in the 
surrounding film of lubricating oil. If the engine keeps running, the journal will remain in its state 
of suspension indefinitely. The inertial load of the crankshaft and the forces transmitted from the 
cylinders to the crankshaft are supported by the lubricant films surrounding the main bearing 
journals. The oil film surrounding the rod bearing journal supports the gas forces developed in the 
cylinder and the inertial load of the piston and connecting rod assembly. Around each journal, a 
segment of the oil film develops a positive pressure to support the load, as shown in Fig. 23.5. In 
the following brief theoretical consideration, the process that develops this load-carrying positive 
pressure will be illustrated. 

Figure 23.5 Schematic representation of the profile of the load supporting pressure in the oil 
film. ( Source : Slaymaker, R. R. 1955. Bearing Lubrication Analysis. John Wiley & Sons, New 
York. By permission.) 




As a background to the theoretical considerations, the following assumptions are 
made. The flow of the lubricating oil around the journal at all speeds is assumed to be 
laminar. The length of the bearing L is assumed to be infinite, or the flow of the 
lubricant from the edges of the bearing is negligible. The lubricant is assumed to be 
incompressible. 
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Consider a very small volume element of the lubricant moving in the direction of rotation of the 
journal — in this case, the x direction. The forces that act on this elemental volume and stabilize it 
are shown in Fig. 23.6. Here, P is the pressure in the oil film at a distance x. It is independent of 
the thickness of the oil film or the y dimension. S is the shear stress in the oil film at a distance y 
above the bearing surface, which is at y = 0 . The length L of the bearing is in the z direction. The 
equilibrium condition of this volume element gives us the following relationship [Slaymaker, 
1955; Fuller, 1984]: 



P + 




dx 



dy dz + S dx dz 




dx dz — P dy dz — 0 



(23.1) 



Therefore, 





(23.2) 



Equation (23.2) represents a very important, fundamental relationship. It clearly shows how the 
load-carrying pressure P is developed. It is the rate of change of the shear stress in the direction of 
the oil film thickness that generates the hydrostatic pressure P. As we shall see from Eq. (23.3), the 
shear stress is directly proportional to the shearing rate of the oil film ( dv/dy ) — as ( dv/dy ) 
increases, ( dS/dy ) must increase. Since the thickness of the oil film decreases in the direction of 
rotation of the journal, a progressive increase in the shearing rate of the oil film automatically 
occurs because the same flow rate of oil must be maintained through diminishing cross sections 
(i.e., decreasing y dimension). This progressive increase in the shearing rate is capable of 
generating very high positive hydrostatic pressures to support very high loads. A profile of the 
pressure generated in the load-supporting segment of the oil film is shown in Fig. 23.5. By 
introducing the definition of the coefficient of viscosity, we can relate the shear stress to a more 
measurable parameter, such as the velocity, v, of the lubricant, as 



s ="(S) < 23 - 3 > 



Figure 23.6 Schematic representation of the forces acting on a tiny volume element in the hydrodynamic 
lubricant film around a rotating journal. 
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Substituting for ( dS/dy ) from Eq. (23.3) in Eq. (23.2), we obtain a second order partial 
differential equation in v. This is integrated to give the velocity profile as a function of y. This is 
then integrated to give Q, the total quantity of the lubricant flow per unit time. Applying certain 
boundary conditions, one can deduce the well-known Reynolds equation for the oil film 
pressure: 




6/tV 

~hF 



(h-h i) 



(23.4) 



where h is the oil film thickness, h\ is the oil film thickness at the line of maximum oil film 
pressure, and V is the peripheral velocity of the journal. The variable x in the above equation can 
be substituted in terms of the angle of rotation 6 and then integrated to obtain the Etarrison equation 
for the oil film pressure. With reference to the diagram in Fig. 23.7, the thickness of the oil film 
can be expressed as 



h = c(l + e cos 0) (23.5) 



where c is the radial clearance and £ is the eccentricity ratio. The penultimate form of the Harrison 
equation can be expressed as 
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(23.6) 



where P, is the pressure of the lubricant at 0 = 0 in Fig. 23.7, and 6\ is the angle at which the oil 
film pressure is a maximum. Brief derivations of the Reynolds equation and the Harrison equation 
are given in section 23.8. 



Figure 23.7 Illustration of the geometric relationship of a journal rotating in its bearing assembly. 

(Source: Slaymaker, R. R. 1955. Bearing Lubrication Analysis. John Wiley and Sons, New York. By permission.) 
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For practical purposes, it is more convenient to carry out the integration of Eq. (23.6) 
numerically rather than using Eq. (23.14) in section 23.8. This is done with good accuracy using 
special computer programs. The equations presented above assume that the end leakage of the 
lubricating oil is equal to zero. In all practical cases, there will be end leakage and, hence, the oil 
film will not develop the maximum possible pressure profile. Therefore, its load-carrying 
capability will be diminished. The flow of the lubricant in the z direction needs to be taken into 
account. However, the Reynolds equation for this case has no general solution [Fuller, 1984], 
Hence, a correction factor between zero and one is applied, depending on the length and diameter 
of the bearing (L/D ratio) and the eccentricity ratio of the bearing. Indeed, there are tabulated 
values available for the side leakage factors for bearings with various L/D ratios and eccentricity 
ratios [Fuller, 1984]. Some of these values are given in Table 23.1. 



Table 23,1 Side Leakage Correction Factors for Journal Bearings 



Eccentricity Ratio 


L/D Ratio 


0.80 


0.90 


0.92 


0.94 


0.96 


0.98 


0.99 


0 


1.0 


1.0 


1.0 


1.0 


1.0 


1.0 


1.0 


2 


— 


0.867 


0.88 


0.905 


0.937 


0.97 


0.99 


1 


0.605 


0.72 


0.745 


0.79 


0.843 


0.91 


0.958 


0.5 


0.33 


0.50 


0.56 


0.635 


0.732 


0.84 


0.908 


0.3 


0.17 


0.30 


0.355 


0.435 


0.551 


0.705 


0.81 


0.1 


— 


0.105 


0.115 


0.155 


0.220 


0.36 


0.53 



Booker [1965] has done considerable work in simplifying the journal center orbit calculations 
without loss of accuracy by introducing new concepts, such as dimensionless journal center 
velocity/force ratio (i.e., mobility) and maximum film pressure/specific load ratio (i.e., maximum 
film pressure ratio). This whole approach is called the mobility method. This has been developed 
into computer programs which are widely used in the industry to calculate film pressures and 
thicknesses. Further, this program calculates energy loss due to the viscous shearing of the 
lubricating oil. These calculations are vital for optimizing the bearing design and selecting the 
appropriate bearing liner with the required fatigue life. This is determined on the basis of the peak 
oil film pressure (POFP). In Booker's mobility method, the bearing assembly, including the 
housing, is assumed to be rigid. In reality, the bearings and housings are flexible to a certain 
degree, depending on the stiffness of these components. Corrections are now being made to these 
deviations by the elastohydrodynamic theory, which involves finite element modeling of the 
bearings and the housing. Also, the increase in viscosity as a function of pressure is taken into 
account in this calculation. The elastohydrodynamic calculations are presently done only in very 
special cases and have not become part of the routine bearing analysis. 
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23.6 The Bearing Assembly 



Housing 

The housing into which a set of bearings is inserted and held in place is a precision-machined 
cylindrical bore with close tolerance. The surface finishes of the housing and the backs of the 
bearings must be compatible. Adequate contact between the backs of the bearings and the surface 
of the housing bore is a critical requirement to ensure good heat transfer through this interface. The 
finish of the housing bore is expected to be in the range of 60 to 90 //in. (R a ) (39.4 //in. = 1 
micron). The finish on the back of the bearings is generally set at 80 //in. maximum. Nowadays, 
the finishes on the housing bore and the backs of the bearings are becoming finer. The finish at the 
parting line face of bearings of less than 12 in. gage size is expected to be less than 63 //in . For 
larger bearings, this is set at a maximum of 80 //in . The bearing backs may be rolled, turned, or 
ground. All the automotive and truck bearings have rolled steel finish at the back. The housing can 
be bored, honed, or ground, but care must be taken to avoid circumferential and axial 
banding. 



The Bearing Crush 

The term crush is not used in a literal sense in this context. A quantitative measure of the crush of 
a bearing is equal to the excess length of the exterior circumference of the bearing over half the 
interior circumference of the bearing housing. Effectively, this is equal to the sum of the two 
parting line heights. When the bearing assembly is properly torqued, the parting line height of each 
bearing in the set is reduced to zero. In that state, the back of the bearing makes good contact with 
the housing and applies a radial pressure in the range of 800 to 1200 psi (5.5 to 8.24 MPa). 
Thereby, a good interference fit is generated. If the bearings are taken out of the assembly, they are 
expected to spring back to their original state. Therefore, nothing is actually 
crushed. 

The total crush or the parting line height of a bearing has three components — namely, the 
housing bore tolerance crush, the checking load crush, and the engineering crush. The housing 
bore tolerance crush is calculated as 0.5n(D 2 — D t ) , where D and D> are the lower and upper 
limits of the bore diameter, respectively. Suppose a bearing is inserted in its own inspection block 
(the diameter of which corresponds to the upper limit of the diameter of the bearing housing). The 
housing bore tolerance crush does not make a contribution to the actual crush, as shown in Fig. 

23.8 (high limit bore). If load is applied on its parting lines in increasing order and the values of 
these loads are plotted as a function of the cumulative decrease in parting line height, one may 
expect it to obey Hooke's law. Initially, however, it does not obey Hooke's law, but it does so 
thereafter. The initial nonlinear segment corresponds to the checking load crush. The checking 
load corresponds to the load required to conform the bearing properly in its housing. The final 
crush or the parting line height of the bearing is determined in consultation with the engine 
manufacturer. 
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Figure 23.8 Schematic illustration of the components of crush of a bearing in the thinwall bearing 
inspection block, before application of load (i.e., in the free state). The magnitude of the crush components 
is exaggerated. 

IN LOW-LIMIT BORE IN HIGH-LIMIT BORE 



FREE STATE: 



FREE STATE: 





Other Factors Affecting Bearing Assembly 

These factors are (1) freespread, (2) bore distortion, (3) cap offset or twist, (4) misalignment of the 
crankshaft, (5) out-of-roundness of the journal, and (6) deviation of the bearing clearance. The 
outside diameter of the bearing at the parting lines must be slightly greater than the diameter of the 
housing bore. This is called the freespread. It helps to snap the bearings into the housing. The 
required degree of freespread is determined by the wall thickness and the diameter. In the case of 
wall thickness, the freespread is inversely proportional to it. For a wide range of bearings, the 
freespread is in the range of 0.025 to 0.075 in. Bearings with negative freespread are not used 
because, when bolted, the side of the parting lines could rub against the journal and lead to 
possible seizure while running. It is possible to change the freespread from negative to positive by 
reforming the bearing. Bore distortion, cap offset or twist, and misalignment of the crankshaft can 
lead to the journal making rubbing contacts with the bearing surface. The conformability of the 
bearings can take care of these problems to a certain degree by local wearing of the overlay in a 
trimetal bearing or by melting the soft phase in a bimetal bearing, which results in the two-phase 
structure crushing and conforming. In severe cases, the liner materials in both cases are 
damaged. 

By developing high oil film pressures on the peaks of the lobes, out-of-roundness in the journal 
can accelerate fatigue of the bearing. 

If the clearance is not adequate, the bearing will suffer from oil starvation and the temperature 
will rise. In extreme cases, this will lead to bearing seizure and engine damage. On the other hand, 
if the clearance is excessive, there will be increased noise and increased peak oil film pressure, 
which will bring about premature fatigue of the loaded bearing. 
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23.7 The Design Aspects of Journal Bearings 

Even though the journal bearings are of simple semicylindrical shape and apparently of 
unimpressive features, there are important matters to be taken into account in their design. The 
bearing lengths, diameters, and wall thicknesses are generally provided by the engine builder or 
decided in consultation with the bearing manufacturer. A journal orbit study must be done to 
optimize the clearance space between the journal and the bearing surface. This study also provides 
the minimum oil film thickness (MOFT) and the POFP (Fig. 23.9). Values of these parameters 
for the optimized clearance are important factors. The MOFT is used in the calculation of the oil 
flow, temperature rise, and heat balance. According to Conway-Jones and Tarver [1993], about 
52% of the heat generated in connecting rod bearings in automobile engines is carried away by the 
oil flow. Approximately 38% of the remaining heat flows into the adjacent main bearings via the 
crankshaft. The remaining 10% is lost by convection and radiation. In the case of main bearings, 
about 95% of the total heat is carried away by the oil flow, which is estimated to be more than five 
times the flow through the connecting rod bearings, which were fed by a single oil hole drilled in 
the crank pin. The POFP is the guiding factor in the selection of a bearing liner with adequate 
fatigue strength or fatigue life. 

Figure 23.9 Journal center orbit diagram of two-stroke cycle medium-speed (900 rpm) diesel engine 
main bearings (no. 1 position). The inner circle represents the clearance circle of the bearings. It also 
represents the bearing surface. The entire cross section of the journal is reduced to a point coinciding with 
the center of the journal. The upper main bearing has an oil hole at the center with a circumferential groove 
at the center of the bearing represented by the dark line. Maximum unit load: 1484 psi. MOFT: 151 //in. @ 
70/166. POFP: 11 212 psi @ 55/171. Oil: SAE 30W. Cylinder pressure data given by the manufacturer of 
the engine. Clockwise rotation. The journal orbit analysis done at Glacier Clevite Heavywall Bearings. 

— * — 0-180 crank angle, 1 180-360 crank angle, @ crank angle/bearing angle. Arrow indicates the 

location of MOFT. 




The bearing must be properly located in the housing bore. This is achieved by having a notch at 
one end of the bearing at the parting line. There must be provisions to bring in the lubricant and 
remove it. Therefore, appropriate grooves and holes are required. The best groove to distribute the 
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lubricant is a circumferential groove with rounded edges, centrally placed in both bearings. If this 
is a square groove, the flow will be diminished by 10%. If these grooves are in the axial direction, 
the oil flow is decreased by 60% with respect to the circumferential ones. Having a circumferential 
groove in the loaded half of the bearings does increase the POFP. In the case of large slow-speed 
diesel engines, the POFPs are generally very low compared to the pressures in automotive, truck, 
and medium-speed diesel engines. Therefore, central circumferential grooves are best suited for 
slow-speed engines. 

In the automotive, truck, and medium-speed engines, the loaded halves of the bearings do not 
have circumferential grooves. However, the other halves have the circumferential grooves. Some 
of the loaded bearings have partial grooves. Otherwise, some type of oil spreader machined in the 
location below the parting line is desirable in the case of larger bearings. If the oil is not spread 
smoothly, the problems of cavitation and erosion may show up. The end of the partial groove or 
the oil spreader must be blended. 

The edges of all the bearings must be rounded or chamfered to minimize the loss of the lubricant. 
Edges are also chamfered to eliminate burrs. A sharp edge acts as an oil scraper and thereby 
enhances oil flow in the axial direction along the edges, which is harmful. Finally, bearings have a 
small relief just below the parting lines along the length on the inside surface. This is meant to 
protect the bearings in case of slight misalignment or offset at the parting 
lines. 



23.8 Derivations of the Reynolds and Harrison Equations for Oil 
Film Pressure 

The background for deriving these equations is given in section 23.5 of the text. The equilibrium 
condition of a tiny volume element of the lubricating oil (Fig. 23.6) is represented by the following 
equation [Slaymaker, 1955; Fuller, 1984]: 



P + 




dx 



dy dz + S dx dz 




dx dz — P dy dz = 0 



(23.7) 



Therefore, 





(23.8) 



Now, by introducing the definition of the coefficient of viscosity n, we can relate the shear stress 
to a more measurable parameter, like the velocity v of the lubricant, as 



S' = y 




(23.9) 



Substituting for ( dS/dy ) from Eq. (23.9) in Eq. (23.8), a second order partial differential equation 
in v is obtained. This is integrated to give an expression for the velocity profile as 
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( hy-y 2 ) (23.10) 



V 1 ( dP \ 

V ~ ~h y ~ 2fl V ~dx) 

In Eq. (23.10), V is the peripheral velocity of the journal and h is the oil film thickness. The 
boundary conditions used to derive Eq. (23.10) are (1) v = V when y = h, and (2) v — 0 when 
y — 0 (at the surface of the bearing). Now applying the relationship of continuity, the oil flowing 
past any cross section in the z direction of the oil film around the journal must be equal. The 
quantity Q of oil flow per second is given by 



Q 




(23.11) 



where L is the length of the bearing which is in the z direction. Now substituting for v from Eq. 
(23.10) in Eq. (23.11) and integrating, 



Vh h 3 ( dP\ 

2 12 y, \ dx ) 



(23.12) 



The pressure P varies as a function of x in the oil film, which is in the direction of rotation of the 
journal. At some point, it is expected to reach a maximum. At that point, ( dP/dx ) becomes zero. 
Let h\ represent the oil film thickness at that point. Therefore, 



LV 

Q = —hi 



(23.13) 



Now we can use Eq. (23.13) to eliminate Q from Eq. (23.12). Hence, 

6/iV 



( dP 
\ dx 



h 3 



(h-hi) (23.14) 



Equation (23.14) is the Reynolds equation for the oil film pressure as a function of distance in the 
direction of rotation of the journal. The variable x in Eq. (23.14) can be substituted in terms of the 
angle of rotation 6 and then integrated to obtain the Harrison equation for the oil filmpressure. 
With reference to the diagram in Fig. 23.7, the oil film thickness h can be expressed as 

h = e cos 6 + \J ' (r + c) 2 — e 2 sin 2 6 - r (23.15) 

Here, e is the eccentricity, c is the radial clearance, and e — ce , where e is the eccentricity ratio. 
The quantity e 2 sin 2 6 is much smaller compared to (r + c) 2 . Therefore, 

h = c(l + e cos 6) (23.16) 

Now, ( dP/dx ) is converted into polar coordinates by substituting rdf) for dx. Therefore, Eq. 
(23.14) can be expressed as 

/ dP \ 6 yV re 

\~d6J ~ c 2 



cos 6 — cos 6 1 
(1 + £ cos 0 ) 3 



(23.17) 
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where 9\ is the angle at which the oil film pressure is a maximum. Integration of Eq. (23.17) from 
6 — 0 to 6 = 27t can be expressed as 



n 27 t 

/ dP =J 

0 J 0 



•2tt 



6 re 



cos 9 — cos 9 1 
. (1 + ccos 9) 3 



cW = P - P 0 (23.18) 



where P 0 is the pressure of the lubricant at the line of centers (9 — 0) in Fig. 23.7. If ( P — P<> ) is 
assumed to be equal to zero at 9 = 0 and 9 = 2tt , the value of cos 0\ , upon integration of Eq. 
(23.18), is given by 



cos 9\ — 



3c 

2 +£ 2 



(23.19) 



and the Harrison equation for the oil film pressure for a full journal bearing 
by 



6 nVre sin 9(2 + ccos 9) 

C 2 (2 + £ 2 )(1 + £COS 9) 2 



(23.20) 
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Defining Terms 

Boundary layer lubrication: This is a marginally lubricating condition. In this case, the surfaces 
of two components (e.g., one sliding past the other) are physically separated by an oil film 
that has a thickness equal to or less than the sum of the heights of the asperities on the 
surfaces. Therefore, contact at the asperities can occur while running in this mode of 
lubrication. This is also described as "mixed lubrication." In some cases, the contacting 
asperities will be polished out. In other cases, they can generate enough frictional heat to 
destroy the two components. Certain additives can be added to the lubricating oil to reduce 
asperity friction drastically. 

Crush: This is the property of the bearing which is responsible for producing a good interference 
fit in the housing bore and preventing it from spinning. A quantitative measure of the crush is 
equal to the excess length of the exterior circumference of the bearing over half the interior 
circumference of the housing. This is equal to twice the parting line height, if measured in an 
equalized half height measurement block. 

Hydrodynamic lubrication: In this mode of lubrication, the two surfaces sliding past each other 
(e.g., a journal rotating in its bearing assembly) are physically separated by a liquid lubricant 
of suitable viscosity. The asperities do not come into contact in this case and the friction is 
very low. 

Minimum oil film thickness (MOFT): The hydrodynamic oil film around a rotating journal 
develops a continuously varying thickness. The thickness of the oil film goes through a 
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minimum. Along this line, the journal most closely approaches the bearing. The maximum 
wear in the bearing is expected to occur around this line. Therefore, MOFT is an important 
parameter in designing bearings. 

Peak oil film pressure (POFP): The profile of pressure in the load-carrying segment of the oil 
film increases in the direction of rotation of the journal and goes through a maximum (Fig. 
23.5). This maximum pressure is a critical parameter because it determines the fatigue life of 
the bearing. This is also called maximum oil film pressure (MOFP). 

Positive freespread: This is the excess in the outside diameter of the bearing at the parting line 
over the inside diameter of the housing bore. As a result of this, the bearing is clipped in 
position in its housing upon insertion. Bearings with negative freespread will be loose and 
lead to faulty assembly conditions. 

Seizure: This is a critical phenomenon brought about by the breakdown of lubrication. At the core 
of this phenomenon is the occurrence of metal-to-metal bonding, or welding, which can 
develop into disastrous levels, ultimately breaking the crankshaft. With the initiation of 
seizure, there will be increased generation of heat, which will accelerate this phenomenon. 
Galling and adhesive wear are terms which mean the same basic phenomenon. The term 
scuffing is used to describe the initial stages of seizure. 

References 

Bhushan, B. and Gupta, B. K. 1991. Handbook of Tribology. McGraw-Hill, New York. 

Booker, J. F. 1965. Dynamically loaded journal bearings: Mobility method of solution. J. Basic 
Eng. Trans. ASME, series D, 87:537. 

Conway-Jones, J. M. and Tarver, N. 1993. Refinement of engine bearing design techniques. SAE 
Technical Paper Series, 932901, Worldwide Passenger Car Conference and 
Exposition, Dearborn, MI, October 25-27 . 

Fuller, D. D. 1984. Theory and Practice of Lubrication for Engineers, 2nd ed. John Wiley & Sons, 
New York. 

Slaymaker, R. R. 1955. Bearing Lubrication Analysis. John Wiley & Sons, New York. 

Further Information 

Yahraus, W. A. 1987. Rating sleeve bearing material fatigue life in terms of peak oil film pressure. 
SAE Technical Paper Series, 871685, International Off-Highway & Powerplant Congress 
and Exposition, Milwaukee, WI, September 14-17. 

Booker, J. F., 1971. Dynamically loaded journal bearings: Numerical application of the mobility 
method. J. ofEubr. Technol. Trans. ASME, 93:168. 

Booker, J. F., 1989. Squeeze film and bearing dynamics. Handbook of Lubrication, ed. E. R. 
Booser. CRC Press, Boca Raton, FL. 

Hutchings, I. M. 1992. Tribology. CRC Press, Boca Raton, FL. 

Transactions of the ASME, Journal of Tribology. 

STLE Tribology Transactions. 

Spring and Fall Technical Conferences of the ASME/ICED. 



© 1998 by CRC PRESS LLC 



Lebeck, A. O. “Fluid Sealing in Machines, Mechanical Devices...” 
The Engineering Handbook. 

Ed. Richard C. Dorf 

Boca Raton: CRC Press LLC, 2000 



© 1998 by CRC PRESS LLC 




24 

Fluid Sealing in Machines, Mechanical 
Devices, and Apparatus 



24. 1 Fundamentals of Sealing 

24.2 Static Seals 

Gaskets • Self-Energized Seals • Chemical Compound or Liquid Sealants as Gaskets 

24.3 Dynamic Seals 

Rotating or Oscillating Fixed-Clearance Seals • Rotating Surface-Guided Seals — Cylindrical Surface • 
Rotating Surface-Guided Seals — Annular Surface • Reciprocating Fixed-Clearance Seals • Reciprocating 
Surface-Guided Seals • Reciprocating Limited-Travel Seals 

24.4 Gasket Practice 

24.5 O-Ring Practice 

24.6 Mechanical Face Seal Practice 

Alan O. Lebeck 

Mechanical Seal Technology, Inc. 

The passage of fluid (leakage) between the mating parts of a machine and between other 
mechanical elements is prevented or minimized by a fluid seal. Commonly, a gap exists between 
parts formed by inherent roughness or misfit of the parts — where leakage must be prevented by a 
seal. One may also have of necessity gaps between parts that have relative motion, but a fluid seal 
is still needed. The fluid to be sealed can be any liquid or gas. Given that most machines operate 
with fluids and must contain fluids or exclude fluids, most mechanical devices or machines require 
a multiplicity of seals. 

Fluid seals can be categorized as static or dynamic as follows. 

Static: 

• Gap to be sealed is generally very small. 

• Accommodates imperfect surfaces, both roughness and out-of-flatness. 

• Subject to very small relative motions due to pressure and thermal cyclic 
loading. 

• Allows for assembly/disassembly. 

Dynamic: 

• Gap to be sealed is much larger and exists of necessity to permit relative 
motion. 

• Relatively large relative motions between surfaces to be sealed. 

• Motion may be continuous (rotation) in one direction or large reciprocating or amount of 
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motion may be limited. 

• Seal must not constrain motion (usually). 

Although there is some crossover between static and dynamic seal types, by categorizing based on 
the static and dynamic classification, the distinction between the various seal types is best 
understood. 

24.1 Fundamentals of Sealing 

Sealing can be accomplished by causing the gap between two surfaces to become small but defined 
by the geometric relationship between the parts themselves. In this case one has a fixed-clearance 
seal. One may also force two materials into contact with each other, and the materials may be 
either sliding relative to each other or static. In this case one has a surface-guided seal where the 
sealing clearance now becomes defined by the materials themselves and the dynamics of sliding 
in the case of a sliding seal. 

There are two broad classes of surface-guided material pairs. The first and most common 
involves use of an elastomeric, plastic, or other soft material against a hard material. In this case 
the soft material deforms to conform to the details of the shape of the harder surface and will 
usually seal off completely in the static case and nearly completely in the dynamic case. A rubber 
gasket on metal is an example. The second class, far less common, is where one mates a hard but 
wearable material to a hard material. Here the sealing gap derives from a self-lapping process plus 
the alignment of the faces of the material. Since both materials are relatively hard, if one material 
develops a roughness or grooves, the seal will leak. A mechanical face seal is an 
example. 



24.2 Static Seals 

Static seals can be categorized as follows: 

Gaskets 

Single or composite compliant material 
Metal encased 
Wrapped and spiral wound 
Solid metal 

Self-energized elastomeric rings 
Circular cross section (O-ring) 

Rectangular cross section 
Chemical compound or liquid sealants as gaskets 
Rubbers 
Plastics 



Gaskets 

Within the category of static seals, gaskets comprise the greatest fraction. The sealing principle 
common to gaskets is that a material is clamped between the two surfaces being sealed. Clamping 
force is large enough to deform the gasket material and hold it in tight contact even when the 
pressure attempts to open the gap between the surfaces. 
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A simple single-material gasket clamped between two surfaces by bolts to prevent leakage is 
shown in Fig. 24.1. Using a compliant material the gasket can seal even though the sealing 
surfaces are not flat. As shown in Fig. 24.2, the gasket need not cover the entire face being sealed. 
A gasket can be trapped in a groove and loaded by a projection on the opposite surface as shown in 
Fig. 24.3. Composite material gaskets or metal gaskets may be contained in grooves as in Fig. 

24.4. Gaskets are made in a wide variety of ways. A spiral-wound metal/fiber composite, metal or 
plastic clad, solid metal with sealing projections, and a solid fiber or rubber material are shown in 
Fig. 24.5. 

Figure 24.1 Gasket. Figure 24.2 Gasket. 





Figure 24.3 Loaded gasket. 




3. Loaded Gasket 



Figure 24.4 Hard ring gasket. 




4. Hard Ring Gasket 



Figure 24.5 Varieties of gaskets. 
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Gaskets can be made of relatively low-stiffness materials such as rubber or cork for applications 
at low pressures and where the surfaces are not very flat. For higher pressures and loads, one must 
utilize various composite materials and metal-encased materials as in Fig. 24.5. 

For the highest pressures and loads a gasket may be retained in a groove and made either of very 
strong composite materials or even metal, as shown in Fig. 24.4. 
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Self-Energized Seals 

Elastomeric or self-energized rings can seal pressures to 20 MPa or even higher. As shown in 
Figs. 24.6 and 24.7, the two metal parts are clamped tightly together and they are not supported by 
the elastomer. As the pressure increases, the rubber is pushed into the corner through which 
leakage would otherwise flow. An elastomer acts much like a fluid so that the effect of pressure on 
one side is to cause equal pressure on all sides. Thus, the elastomer pushes tightly against the metal 
walls and forms a seal. The limitation of this type of seal is that the rubber will flow or extrude out 
of the clearance when the pressure is high enough. This is often not a problem for static seals, since 
the gap can be made essentially zero as shown in Fig. 24.6, which represents a typical way to 
utilize an elastomeric seal for static sealing. 



Figure 24.6 Elastomeric O-ring. Figure 24.7 Elastomeric rectangular ring. 




Although the O-ring (circular cross section) is by far the most common elastomeric seal, one can 
also utilize rectangular cross sections (and even other cross sections) as shown in Fig. 24.7. 

Chemical Compound or Liquid Sealants as Gaskets 

Formed-in-place gaskets such as in Fig. 24.8 are made by depositing a liquid-state compound on 
one of the surfaces before assembly. After curing, the gasket retains a thickness and flexibility, 
allowing it to seal very much like a separate gasket. Such gaskets are most commonly created 
using room temperature vulcanizing rubbers (RTV), but other materials including epoxy can be 
used. 

Figure 24.8 Formed-in-place elastomeric gasket. 




6. Formed in Place 
Elastomeric Gasket 
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While formed-in-place gaskets retain relatively high flexibility, there are other types of plastic 
materials (including epoxy and anaerobic hardening fluids) that can be used to seal two surfaces. 
These fluids are coated on the surfaces before assembly. Once the joint is tightened and the 
material hardens, it acts like a form-fitted plastic gasket, but it has the advantage that it is also 
bonded to the sealing surfaces. Within the limits of the ability of the materials to deform, these 
types of gaskets make very tight joints. But one must be aware that relative expansion of dissimilar 
materials so bonded can weaken the bond. Thus, such sealants are best utilized when applied to 
tight-fitting assemblies. These same materials are used to lock and seal threaded assemblies, 
including pipe fittings. 

There have been many developments of chemical compounds for sealing during the past 25 
years, and one is well advised to research these possibilities for sealing/assembly 
solutions. 



24.3 Dynamic Seals 

Dynamic seals can be categorized as follows: 

Rotating or oscillating shaft 
Fixed clearance seals 
Labyrinth 

Clearance or bushing 
Visco seal 
Floating-ring seal 
Ferrofluid seal 
Surface-guided seals 
Cylindrical surface 
Circumferential seal 
Packing 
Lip seal 

Elastomeric ring 
Annular surface (radial face) 
Mechanical face seal 
Lip seal 

Elastomeric ring 
Reciprocating 

Fixed clearance seals 
Bushing seal 
Floating-ring seal 
Clearance or bushing 
Surface-guided seals 
Elastomeric rings 
Solid cross section 
U-cups, V-rings, chevron rings 
Split piston rings 
Limited-travel seals 
Bellows 
Diaphragm 
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One finds considerable differences between dynamic seals for rotating shaft and dynamic seals for 
reciprocating motion, although there is some crossover. One of the largest differences in seal types 
is between fixed-clearance seals and surface-guided seals. Fixed-clearance seals maintain a sealing 
gap by virtue of the rigidity of the parts and purposeful creation of a fixed sealing clearance. 
Surface-guided seals attempt to close the sealing gap by having one of the sealing surfaces actually 
(or nearly) touch and rub on the other, so that the position of one surface becomes guided by the 
other. Fixed-clearance seals leak more than surface-guided seals as a rule, but each has its place. 
Finally, dynamic seals usually seal to either cylindrical surfaces or annular (radial) surfaces. 

Sealing to cylindrical surfaces permits easy axial freedom, whereas sealing to radial surfaces 
permits easy radial freedom. Many seals combine these two motions to give the needed freedom of 
movement in all directions. 



Rotating or Oscillating Fixed-Clearance Seals 

The labyrinth seal is shown in Fig. 24.9. This seal has a calculable leakage depending 
on the exact shape, number of stages, and clearance and is commonly used in some 
compressors and turbomachinery as interstage seals and sometimes as seals to 
atmosphere. Its components can be made of readily wearable material so that a 
minimum initial clearance can be utilized. 



Figure 24.9 Labyrinth seal. ( Source : Lebeck, A. O. 
1991 . Principles and Design of Mechanical Face Seals. 
John Wiley & Sons, New York. With permission.) 




Figure 24.10 Bushing seal. ( Source : Lebeck, A. O. 
1991 . Principles and Design of Mechanical Face Seals. 
John Wiley & Sons, New York. With permission.) 




The clearance or bushing seal in Fig. 24.10 may leak more for the same clearance, but this 
represents the simplest type of clearance seal. Clearance bushings are often used as backup seals to 
limit flow in the event of failure of yet other seals in the system. As a first approximation, flow can 
be estimated using flow equations for fluid flow between parallel plates. Clearance-bushing 
leakage increases significantly if the bushing is eccentric. 
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In high-speed pumps and compressors, bushing seals interact with the shaft and bearing system 
dynamically. Bushing seals can utilize complex shapes and patterns of the shaft and seal surfaces 
to minimize leakage and to modify the dynamic stiffness and damping characteristics of the 
seal. 

The visco seal or windback seal in Fig. 24.1 1 is used to seal highly viscous substances where it 
can be fairly effective. It acts like a screw conveyor, extruder, or spiral pump to make the fluid 
flow backward against sealed pressure. It can also be used at no differential pressure to retain oil 
within a shaft seal system by continuously pumping leaked oil back into the 
system. 

Figure 24.11 Visco seal. ( Source : Lebeck, A. O. 1991. Figure 24.12 Floating-ring seal. ( Source : Lebeck, A. O. 

Principles and Design of Mechanical Face Seals. 1991. Principles and Design of Mechanical Face Seals. 

John Wiley & Sons, New York. With permission.) John Wiley & Sons, New York. With permission.) 



The floating-ring seal in Fig. 24.12 is used in gas compressors (can be a series of 
floating rings). It can be used to seal oil where the oil serves as a barrier to gas leakage 
or it can seal product directly. This seal can be made with a very small clearance around 
the shaft because the seal can float radially to handle larger shaft motions. The 
floating-ring seal is a combination of a journal bearing where it fits around the shaft and 
a face seal where it is pressed against the radial face. Most of the leakage is between the 
shaft and the bore of the bushing, but some leakage also occurs at the face. This seal can 
be used in stages to reduce leakage. It can be balanced to reduce the load on the radial 
face. Leakage can be less than with a fixed-bushing seal. 

The ferrofluid seal in Fig. 24.13 has found application in computer disk drives where a true 
"positive seal" is necessary to exclude contaminants from the flying heads of the disk. The 
ferrofluid seal operates by retaining a ferrofluid (a suspension of iron particles in a special liquid) 
within the magnetic flux field, as shown. The fluid creates a continuous bridge between the 
rotating and nonrotating parts at all times and thus creates a positive seal. Each stage of a ferrofluid 
seal is capable of withstanding on the order of 20000 Pa (3 psi), so although these seals can be 
staged they are usually limited to low-differential pressure applications. 
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Figure 24.13 Ferrofluid seal. ( Source : Lebeck, A. O. 1991. Principles and Design of Mechanical Face 
Seals. John Wiley & Sons, New York. With permission.) 




Rotating Surface- Guided Seals — Cylindrical Surface 

Figure 24.14 shows a segmented circumferential seal. The seal consists of angular segments with 
overlapping ends, and the segments are pulled radially inward by garter spring force and the sealed 
pressure. The seal segments are pushed against the shaft and thus are surface guided. They are also 
pushed against a radial face by pressure. This seal is similar to the floating-ring seal except that the 
seal face is pushed tight against the shaft because the segments allow for circumferential 
contraction. Circumferential segmented seals are commonly used in aircraft engines to seal oil and 
gas. 

Figure 24.14 Circumferential seal. T7 . ~ . . _ „ .. 

& Figure 24.15 Soft packing. 
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There are many types of soft packing used in the manner shown in Fig. 24.15. The packing is 
composed of various types of fibers and is woven in different ways for various purposes. It is often 
formed into a rectangular cross section so it can be wrapped around a shaft and pushed into a 
packing gland as shown. As the packing nut is tightened the packing deforms and begins to press 
on the shaft (or sleeve). Contact or near contact with the shaft forms the seal. If the packing is 
overtightened the packing material will generate excessive heat from friction and burn. If it is too 
loose, leakage will be excessive. At the point where the packing is properly loaded, there is some 
small leakage which acts to lubricate between the shaft and the packing material. Although other 
types of sealing devices have replaced soft packing in many applications, there are still many 
applications (e.g., pump shafts, valve stems, and hot applications) that utilize soft packing, and 
there has been a continuous development of new packing materials. Soft packing for continuously 
rotating shafts is restricted to moderate pressures and speeds. For valve stems and other 
reciprocating applications, soft packing can be used at high pressure and temperature. 



Figure 24.16 Lip seal. 
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16. Lip Seal 



The lip seal (oil seal) operating on a shaft surface represents one of the most common sealing 
arrangements. The lip seal is made of rubber (or, much less commonly, a plastic) or similar 
material that can be readily deflected inward toward the shaft surface by a garter spring. The lip is 
very lightly loaded, and, in operation in oils with rotation, a small liquid film thickness develops 
between the rubber lip and the shaft. The shape of the cross section determines which way the seal 
will operate. As shown in Fig. 24.16 the seal will retain oil to the left. Lip seals can tolerate only 
moderate pressure (100000 Pa maximum). The normal failure mechanism is deterioration 
(stiffening) of the rubber, so lip seals have a limited speed and temperature of service. Various 
elastomers are best suited for the variety of applications. 
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The elastomeric ring as described for static seals can also be used to seal continuous or 
oscillating rotary motion, given low-pressure and low-speed applications. As shown in Fig. 24.17, 
the control of the pressure on the rubber depends on the squeeze of the rubber itself, so that 
compression set of the rubber will cause a loss of the seal. But, yet, if the squeeze is too high, the 
seal will develop too much friction heat. The use of a backup ring under high-pressure or high-gap 
conditions and the slipper seal to reduce friction are also shown in Fig. 24.17. 



Figure 24.17 Elastomeric ring seals for 
rotating and reciprocating motion. 
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Figure 24.18 Mechanical face seal. ( Source : Lebeck, A. O. 
1991. Principles and Design of Mechanical Face Seals. 

John Wiley & Sons, New York. With permission.) 
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Sealing Surfaces 



Rotating Surface- Guided Seals — Annular Surface 

The mechanical face seal, as shown in Fig. 24.18, has become widely used to seal rotating and 
oscillating shafts in pumps and equipment. The mechanical face seal consists of a self-aligning 
primary ring, a rigidly mounted mating ring, a secondary seal such as an O-ring or bellows that 
gives the primary ring freedom to self-align without permitting leakage, springs to provide loading 
of the seal faces, and a drive mechanism to flexibly provide the driving torque. It is common to 
have the pressure to be sealed on the outside, but in some cases the pressure is on the inside. The 
flexibly mounted primary ring may be either the rotating or the nonrotating 
member. 
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Face seal faces are initially lapped very flat (1 micrometer or better) so that when they come into 
contact only a very small leakage gap results. In fact, using suitable materials, such faces lap 
themselves into conformity so that such a seal can leak as little as a drop of liquid per hour. Face 
seals also can be used for sealing gas. 

One may also utilize a lip seal or an elastomeric ring to seal rotationally on an annular 
face. 



Reciprocating Fixed-Clearance Seals 

The clearance or bushing seal (Fig. 24.10) and the floating-ring seal (Fig. 24.12) can also be used 
for reciprocating motion, such as sealing piston rods. In fact, the bushing can be made to give a 
near-zero clearance by deformation in such applications. 



Reciprocating Surface- Guided Seals 

An elastomeric ring can be used to seal the reciprocating motion of a piston, as shown in Fig. 
24.19. But more commonly used for such applications are cup seals (Fig. 24.20), U-cups, V- or 
chevron rings, or any of a number of specialized shapes (Fig. 24.21). Various types of these seals 
are used to seal piston rods, hydraulic cylinders, air cylinders, pumping rods, and 
pistons. 



Figure 24.19 Elastomeric ring seal. 




Figure 24.20 Cup seal. 



Figure 24.21 Elastomeric ring 
reciprocating seals. 
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Split rings such as shown in Fig. 24.22 can be made of rigid materials. They are split for 
installation and so that they are loaded tightly against the wall by fluid pressure. Metal piston rings 
can be used in very hot environments. Plastic piston rings are suited to lower-temperature 
compressors. 
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Reciprocating Limited-Travel Seals 

Most commonly used in pressure regulator and other limited-travel devices is the diaphragm 
shown in Fig. 24.23. Properly designed, this seal can be absolute and have significant travel. It can 
also allow for angular misalignment. In Fig. 24.24 is shown a metal bellows and in Fig. 24.25 is a 
rubber bellows. Both of these permit limited axial and angular motion. They have the advantage of 
being absolute seals because they do not rely on a sealing interface or suffer from wear and have 
no significant friction. Metal bellows may be made from edge-welded disks as shown or formed 
from a thin metal tube. 



Figure 24.22 Split ring seal (piston ring). 



Figure 24.23 Diaphragm. 
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Figure 24.24 Welded metal bellows. 



Figure 24.25 Rubber bellows. 
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24.4 Gasket Practice 



For a gasket to seal, certain conditions must be met. There must be enough bolt or clamping force 
initially to seat the gasket. Then there also must be enough force to keep the gasket tightly clamped 
as the joint is loaded by pressure. 

One may take the ASME Pressure Vessel Code [1980] formulas and simplify the gasket design 
procedure to illustrate the basic ideas. The clamping force, to be applied by bolts or other suitable 
means, must be greater than the larger of the following: 

W\ — —D 2 P + 7t2 bDmP (24.1) 

4 

Wi = irDby (24.2) 



where 



D = effective diameter of gasket (m) 

b = effective seating width of gasket (m) 

2b - effective width of gasket for pressure (m) 

P = maximum pressure (Pa) 
m = gasket factor 
y = seating load (Pa) 

Equation (24.1) is a statement that the clamping load must be greater than the load created by 
pressure plus a factor m times the same pressure applied to the area of the gasket in order to keep 
the gasket tight. Equation (24.2) is a statement that the initial clamping load must be greater than 
some load associated with a seating stress on the gasket material. To get some idea of the 
importance of the terms, a few m and y factors are given in Table 24. 1 . One should recognize that 
the procedure presented here is greatly simplified, and the user should consult one of the 
comprehensive references cited for details. 



Table 24.1 Gasket Factors 



Type 


m 


v (MPa) 


Soft elastometer 


0.5 


0 


Elastometer with fabric insertion 


2.5 


20 


Metal jacketed and filled 


3.5 


55 


Solid flat soft copper 


4.8 


90 



24.5 O-Ring Practice 

To seal properly, an O-ring must have the proper amount of squeeze or preload, have enough 
room to thermally expand, not have to bridge too large a gap, have a rubber hardness suitable to 
the job, and be made of a suitable rubber. Table 24.2 shows an abbreviated version of 
recommendations for static O-rings and Table 24.3 for reciprocating O-rings. In many cases one 
will want to span gaps larger or smaller than those recommended in the tables, so Fig. 24.26 shows 
permissible gap as a function of pressure and hardness based on tests. 
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